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1 Introduction

There has been a significant amount of interest over the past thirty years in
the study of chemical kinetics mechanisms. In general, the nonlinear models
derived to describe chemical kinetics systems permit a variety of exotic be-
haviours, including periodic and chaotic behaviour, multiple steady states,
and switch-like behaviour [4, 5]. However, in the early 1970’s Horn, Jackson
and Feinberg showed that there exists a class of chemical reaction mech-
anisms, called complex balanced systems, which exhibits “nice” behaviour
in the sense that concentrations generally tend asymptotically to a single
well-defined positive steady state [6, 8, 9].

The method of Horn and Jackson was to use a Lyapunov-like function
derived from chemical kinetics, called the pseudo-Helmholtz function, to
demonstrate the uniqueness and asymptotic stability of equilibrium con-
centrations. While their results showed that there was a neighbourhood
about the equilibrium concentration such that solutions originating within
the neighbourhood tended to the equilibrium concentration x∗, they did
not conjecture as to the possible rate of such convergence [9]. In 1994,
Bamberger and Billette used the first-order approximation of the Lyapunov
function considered by Horn and Jackson to prove the local asymptotic con-
vergence of solutions to x∗ [2]. They were also able to show that the integral

∫ ∞

0
(x(t)− x∗)2dt (1)

converges. The authors conjectured through an example that the conver-
gence was exponential-like, a result implying (1).

In this paper, we apply the theory of linearization of nonlinear differ-
ential equations about equilibrium values to complex balanced systems. In
addition to demonstrating the local asymptotical stability of complex bal-
anced equilibria (Theorem 5.5), the results presented here are sufficient to
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demonstrate the local exponential convergence of solutions towards equilib-
rium concentrations of complex balanced systems (Theorem 5.6). As such,
they provide a confirmation of the conjecture of Bamberger and Billette.
This approach represents a generalization of the study of local behaviour
considered in Section 2 of [2]. We complete the analysis presented in this
section to show explicitly the bounds of the exponential decay guaranteed by
this approach (Lemma 5.4). We compare the estimates guaranteed by the
standard approach (Theorem 5.6) and Bamberger and Billette’s approach
(Lemma 5.4) through an example.

The paper will proceed as follows: in Section 2, we present the necessary
background of chemical kinetics system, and in particular the results of
Horn and Jackson; in Section 3, we present the necessary linear algebra
results needed to analyze complex balanced systems linearized about their
equilibrium concentrations; in Section 4, we derive the linearized form of a
general complex balanced mechanism; in Section 5, we analyze the linearized
form to recapture the stability results obtained by Horn and Jackson, as well
as guaranteeing the exponential convergence of solutions in the process; we
close in Section 6 with some examples and concluding remarks.

Unless otherwise noted, we will denote column vectors by lower-case
bold-face letters (e.g. z = [z1 z2 · · · zn]T ∈ C

n). We let z∗ denote the
complex conjugate of z ∈ C

n. It will be sufficient for the purposes of this
paper to consider matrices over the real values. We let Mn and Mnm denote
the sets of n × n and n × m matrices of real values, respectively. It will
also be notationally convenient to consider functions of real-valued vectors;
in particular, we define ln(x) = [ln x1, ln x2, . . . , ln xn]T and xy =

∏n
i=1 xyi

i

where x,y ∈ R
n. We define R

n
+ = {x ∈ R

n | xi > 0, i = 1, . . . , n}.

2 Background

In this section, we outline the important concepts of chemical kinetics which
will be needed throughout this paper. We introduce the concept of complex
balancing first introduced in [6, 8, 9] and outline the relevant results of these
papers.

2.1 Chemical Reaction Mechanisms

Elementary chemical reactions consist of a set of reactants combining at
some fixed rate to form some set of products. If we allow for r elementary
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reactions, schematically this can be represented as

m
∑

i=1

zp−(j)iAi
kj−→

m
∑

i=1

zp+(j)iAi, for j = 1, . . . , r (2)

where the kj > 0 is the rate constant of the jth reaction. In (2), the Ai,
i = 1, . . . ,m, are referred to as the species or reactants of the system. The
set of all species is denoted by S and the number of distinct chemical species
will be denoted by |S| = m.

The linear combination of species to the left and right of each of the
reaction arrows are referred to as complexes. The terms zp−(j)i and zp+(j)i are
nonnegative integers called the stoichiometric coefficients of the complexes.
They index the multiplicity of the species within the complexes. In general,
complexes may appear multiple times in the elementary reaction set (2). The
set of distinct complexes will be denoted by C and the number of distinct
complexes will be denoted by |C| = n.

It is common within the literature to view reactions not as a list of
elementary reactions as in (2) but as interactions between the n distinct
complexes of the system. In this setting, (2) can also be represented by

Ci
k(i,j)−→ Cj , for i, j = 1, . . . , n, (3)

where Ci =
∑m

j=1 zijAj is a complex and k(i, j) is the rate constant for
the reaction with reactant complex Ci and product complex Cj, [9]. This
representation of a chemical kinetics mechanism will be called the complex
graph. Note that if either i = j or the mechanism does not contain a reaction
with Ci as the reactant and Cj as the product, then k(i, j) = 0. Otherwise,
k(i, j) > 0. To each distinct complex Ci we can associate a stoichiometric
vector zi with entries zij , j = 1, . . . ,m. The set of index pairs (i, j) for
which k(i, j) > 0 will be denoted by R and the number of reactions will be
denoted by |R| = r.

2.2 Mass-Action Kinetics

We are particularly interested in the evolution of the concentrations of the
chemical species. We will let xi = [Ai] denote the concentration of the ith

species and denote by x = [x1 x2 · · · xm]T ∈ R
m the concentration vector.

The differential equations governing the chemical reactions systems un-
der the assumption of mass action dynamics can be expressed in several
ways. One particularly useful formulation, which follows from the notation
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of (2), is

ẋ =
n

∑

i,j=1

k(i, j)(zj − zi)x
zi (4)

where xzi =
∑m

j=1 x
zij

j .
Several fundamental properties of chemical kinetics systems are read-

ily derived from this formulation. In particular, it is clear from (4) that
solutions are not able to wander around freely in R

m. Instead, they are
restricted to stoichiometric compatibility classes, [9].

Definition 2.1. The stoichiometric subspace for a chemical reaction
mechanism (2) is the linear subspace S ⊂ R

m such that

S = span {(zj − zi) | (i, j) ∈ R} .

The dimension of the stoichiometric subspace will be denoted by |S| = s.

Definition 2.2. The positive stoichiometric compatibility class con-
taining the initial composition x0 ∈ R

m
+ is the set Cx0 = (x0 + S) ∩ R

m
+ .

Proposition 2.1 ([9, 14]). Let x(t) be the solution to (4) with x(0) = x0 ∈
R

m
+ . Then x(t) ∈ Cx0 for t ≥ 0.

Note that a solution x(t) of (4) with x(0) = x0 ∈ R
m
+ may exist only on a

finite interval 0 ≤ t < T , in which case x(t) ∈ Cx0 for 0 ≤ t < T . Throughout
this paper we only consider solutions to (4) satisfying x(0) = x0 ∈ R

m
+ , so

that Proposition 2.1 holds.

2.3 Reaction Mechanisms as Graphs

It is clear that in the setting of (3) we can represent chemical reaction
mechanisms as directed graphs where each distinct complex represents a
node and each reaction arrow represents a directed edge between nodes. Not
surprisingly, the graph theoretical properties of these mechanisms have been
exploited to produce results regarding the behaviour of chemical kinetics
systems [6, 8, 9].

We state here a few important concepts of directed graphs as they ap-
ply to chemical reaction mechanisms. For a more complete introduction to
directed graphs, see [3].

Definition 2.3. We say Cν0 is connected to Cνk
if there exists a sequence

of indexes (νi−1, νi), i = 1, . . . , k, such that either

Cνi−1 −→ Cνi
or Cνi

−→ Cνi−1 , i = 1, . . . , k.
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Definition 2.4. We say there is a path from Cν0 to Cνk
if there exists a

sequence of indexes (νi−1, νi), i = 1, . . . , k, such that

Cν0 −→ Cν1 −→ · · · −→ Cνk−1
−→ Cνk

.

Definition 2.5. A linkage class is a maximal set of complex indices
{ν0, . . . , νk} such that Cνi

and Cνj
are connected for i, j = 1, . . . , k. We will

let ` denote the number of distinct linkage classes L1, . . . ,L` of the reaction
mechanism.

Since each complex is distinct, it follows that the complex set C of any
chemical reaction mechanism can be partitioned into distinct linkage classes
L1, . . . ,L` such that

Li ∩ Lj = ∅, i, j = 1, . . . , `, i 6= j

and

C =
⋃̀

i=1

Li.

We can now define two other particularly important qualities of chem-
ical reaction mechanisms. In [6, 8, 9], the authors relate these concepts to
properties of the equilibrium set of a chemical reaction mechanism. These
results will be discussed later in this section.

Definition 2.6. We say a chemical reaction mechanism is weakly re-

versible if for every path from Ci to Cj, there exists a path from Cj to
Ci.
Definition 2.7. The deficiency of a mechanism is defined as

δ = n− `− s

where n is the number of distinct complexes, ` is the number of linkage
classes, and s is the dimension of the stoichiometric space.

2.4 Complex Balanced Systems

Following the notation from (3), we can rewrite (4) in a way which em-
phasizes the dependence of the evolution of species on the structure of the
complex graph.

To do this, we will need to define two matrices, the complex matrix and
the kinetics matrix, which together map the dynamics of the complexes to
the dynamics of the species.

6



Definition 2.8. We define the m× n complex matrix Z to be

Z =



 z1 · · · zn



 (5)

where the zi’s are the stoichiometric vectors with entries zij indexing the
multiplicity of the jth species in the ith complex.

Definition 2.9. We define the n× n kinetics matrix K to be

K =











−∑n
i=1 k(1, i) k(2, 1) · · · k(n, 1)

k(1, 2) −∑m
i=1 k(2, i) · · · k(n, 2)

...
...

. . .
...

k(1, n) k(2, n) · · · −∑m
i=1 k(n, i)











. (6)

The complex matrix represents a transformation from complex space R
n

to the species space R
m. The kinetics matrix keeps track of the interactions

between complexes. It belongs to a more general class of matrices called
kinetics matrices, the properties of which can be found in [7].

To each node Ci in the complex graph we can correspond a complex
reaction rate xzi . Using Z and K, we can rearrange the dynamics implied
by (4) in terms of the complex reaction rates to get

ẋ = ZKxz (7)

where
xz = [xz1 xz2 · · · xzn ]T . (8)

This formulation closely relates to the concept of complex balancing which
will be discussed in this section. It is the formulation which will be used for
the bulk of this paper.

First we need some discussion of the relevant equilibrium sets of (7).
We note first of all that we consider in this paper only equilibrium points
with strictly positive components (i.e. x∗

i > 0, i = 1, 2, . . . ,m). As such, we
ignore equilibrium points lying on ∂Cx0 .

Definition 2.10. A concentration x∗ is a positive equilibrium point of
(7) if it belongs to the set

E =
{

x∗ ∈ R
m
+ | ZK (x∗)z = 0m

}

(9)

where Z is as in (5), K is as in (6), and (x∗)z is as in (8).
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In this paper, we will be particular interested in the following notion of
equilibrium [9].

Definition 2.11. A concentration x∗ will be called a complex balanced

equilibrium point of (7) if it belongs to the set

C =
{

x∗ ∈ R
m
+ | K(x∗)z = 0n

}

(10)

where K is as in (6) and (x∗)z is as in (8).

Alternatively, the complex balanced equilibrium condition can be stated
as a condition on the flow rates of the reaction mechanism across each com-
plex at equilibrium. Specifically, an equilibrium x∗ is complex balanced if
and only if for every complex Ci of the mechanism, the sum of the rates
of the reactions with Ci as a reactant equals the sum of the rates of the
reactions with Ci as a product. This means that

n
∑

j=1

k(j, i)(x∗)zj = (x∗)zi

n
∑

j=1

k(i, j) (11)

for all i = 1, . . . , n, where (x∗)zi =
∏m

l=1(x
∗
l )

zkl .
It is obvious from this definition that any point x∗ ∈ R

m
+ satisfying (10)

is an equilibrium of (7) by (9). The converse is not necessarily true, as can
be seen by the system

A1
α−→ A2

2A2
β−→ 2A1.

(12)

In fact, no equilibrium permitted by the mechanism (12) is a complex bal-
anced equilibrium point.

We are now prepared to define what it means for a mass-action system
to be complex balanced.

Definition 2.12. A mass-action system is said to be complex balanced

for a given set of rate constants k(i, j) if every positive equilibrium point x∗

permitted by the mechanism is a complex balanced equilibrium point.

2.5 Results of Horn, Jackson and Feinberg

In [6, 8, 9], the authors consider extensively the properties of complex bal-
anced systems. In particular, in [9] the authors ascertain the uniqueness
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(relative to compatibility classes) and asymptotic stability of complex bal-
anced equilibria x∗ through the use of the Liapunov function

L(x) =

m
∑

i=1

xi(ln xi − ln x∗
i − 1) + x∗

i . (13)

The authors showed that L(x) satisfies the traditional properties of a Li-
apunov function, such as nonnegativity, and has a time-derivative along
solutions satisfying

L̇(x) ≤ 0

with L̇(x) = 0 if and only if x ∈ E. Since solutions are restricted to
compatibility classes, this is sufficient to prove the local asymptotic stability
of complex balanced equilibrium points.

We state here without proof some of the more pertinent results of these
papers.

Lemma 2.1 (Lemma 5B, [9]). If a mass action system is complex balanced
at some concentration x∗ ∈ R

m
+ , then it is complex balanced at all equilibrium

concentrations.

Lemma 2.2 (Lemma 5A, [9]). The positive equilibrium set of a complex
balanced mass action system satisfies

E =
{

x ∈ R
m
+ | ln(x) − ln(x∗) ∈ S⊥

}

(14)

where x∗ ∈ R
m
+ is an arbitrary positive equilibrium of the system.

Their main results were the following, which relate the long-term dy-
namics of mass-action systems to the complex balancing condition and, ul-
timately, properties of the complex graph of the chemical reaction mecha-
nism.

Theorem 2.1. If a mass-action system is complex balanced, then there ex-
ists within each positive compatibility class Cx0 a unique positive equilibrium
point x∗ which is asymptotically stable.

This result implies a certain “niceness” of the dynamics of complex bal-
anced systems. It should be noted, however, that this result is local in
nature and does not necessarily imply the global convergence within Cx0 to
x∗; however, some limitations on the long-term behaviour of solutions are
known, including an ω-limit set theorem [13].

The following result relates complex balancing of equilibria to algebraic
conditions on the graph of the mechanism.
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Theorem 2.2. A mass-action system is complex balanced for all sets of rate
constants if and only if

1. the mechanism is weakly reversible; and

2. the deficiency of the system is zero.

This result implies that, if a chemical reaction mechanism is weakly re-
versible and has zero deficiency, the system has a unique, positive, asymptot-
ically stable equilibrium point within each compatibility class by Theorem
2.1. It is worth noting that both weak reverisibility and the deficiency of a
system are properties which can be derived from the graph alone. Conse-
quently, this result has made the determination of whether a system has this
“nice” dynamics computations significantly easier since these conditions can
be found without determining the equilibrium set itself.

3 Linear Systems

In this paper, we approach the question of stability of complex balanced
equilibrium points through the method of linearization about equilibria. A
general outline of this method can be found in most introductory differential
equation texts (see [12, 15]); however, we withhold detailed discussion and
application of these approaches until Section 5.

In this section, we outline some basic linear algebra results which will be
required in later sections. In Section 3.1, we give several results regarding the
definiteness of a matrix and its eigenvalues. In Section 3.2, we develop some
important properties of the range and nullspace of a matrix, in particular
how they relate to the eigenspaces corresponding to various eigenvalues.
In Section 3.3, we introduce a particular kind of matrix, called a cyclic
connections matrix, which is a cornerstone for the analysis conducted in
proceding sections.

3.1 Eigenvalues and Definiteness

In this section, we present several results which relate the definiteness of a
matrix A to its spectrum, σ(A).

We assume the reader is familiar with the concept of a Hermitian matrix
and the notions of positive and negative definite and semidefinite matrices
(see [11]). Since all the matrices considered in this paper are real-valued we
will speak of symmetric matrices rather than Hermitian matrices (A ∈ Mn
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such that A = AT ). We still, however, consider the the quadratic form x∗Ax
over complex vectors x ∈ C

n unless otherwise noted.
Many properties of a nonsymmetric matrix A can be derived by consid-

ering the definiteness of the symmetric part of A given by Ã = 1
2 (A + AT ).

Of particular importance is that the spectrum of the symmetric part of a
matrix contains only real values.

The following result relates the spectrum of a symmetric matrix A to its
definiteness [10].

Theorem 3.1. A symmetric matrix A is positive definite (respectively, pos-
itive semidefinite) if and only if σ(A) ⊂ (0,∞) (σ(A) ⊂ [0,∞)). Simi-
larly, A is negative definite (respectively, negative semidefinite) if and only
if σ(A) ⊂ (−∞, 0) (σ(A) ⊂ (−∞, 0]).

The definiteness of a matrix is preserved under several operations. The
following properties can be easily extended to each of the notions of definite-
ness presented in this section; however, for our purposes it will be sufficient
to consider only negative semidefinite matrices.

Theorem 3.2. Let A,A1, A2 ∈ Mn be negative semidefinite matrices, P ∈
Mnm, and α > 0. Then the following properties hold:

1. Scalar multiplication: αA is negative semidefinite.

2. Subadditivity: A1 + A2 is negative semidefinite.

3. Transformation: P T AP is negative semidefinite.

Proof. We can jointly prove properties 1 and 2 by considering A1, A2 ∈Mn

to be negative semidefinite matrices and taking α1, α2 > 0. It follows that,
for any x ∈ C

n,

x∗(α1A1 + α2A2)x = α1x
∗A1x + α2x

∗A2x ≤ 0.

Property 3 follows from the observation that, for a negative semidefinite
matrix A ∈Mn and any P ∈Mnm and x ∈ C

n,

x∗(P T AP )x = (Px)∗A(Px) = y∗Ay ≤ 0

where y = Px.

The following is a well-known result. A proof can be found in [10].
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Theorem 3.3 (Geršgorin). Consider A ∈Mn and define

Ri =







z ∈ C | |z − aii| ≤
n

∑

j=1,j 6=i

|aij|







.

Then the spectrum of A, σ(A), satisfies

σ(A) ⊆
n
⋃

i=1

Ri.

3.2 Eigenspace Decomposition of Rn

In this section, we investigate the properties of the eigenvectors associated
with various eigenvalues, since they determine the behaviour of the stable,
unstable, and centre manifolds locally in the linearization of a nonlinear
system of differential equations about an equilibrium. Since we are only
interested in solutions to (7) lying in R

n, we restrict our consideration to
real-valued eigenspaces.

We need to divide eigenvectors and generalized eigenvectors according
to their eigenvalues: λ = 0, λ real and nonzero, and λ strictly complex.

Definition 3.1. Let A ∈Mn and define

Λ0 = {λ | det(A− λI) = 0, λ ∈ R, λ = 0}
Λr = {λ | det(A− λI) = 0, λ ∈ R, λ 6= 0}
Λc = {λ | det(A− λI) = 0, λ 6∈ R, λ ∈ C} .

We define the generalized zero eigenspace N0, generalized real

eigenspace Nr, and generalized complex eigenspace Nc to be

N0 = span {v ∈ R
n | (A− λI)νv = 0, λ ∈ Λ0} (15)

Nr = span {v ∈ R
n | (A− λI)νv = 0, λ ∈ Λr} (16)

Nc = span {Re(v), Im(v) ∈ R
n | (A− λI)νv = 0, λ ∈ Λc} (17)

where ν is the algebraic multiplicity of a given eigenvalue λ.

The following is a consequence of the real Jordan Canonical Form The-
orem and can be found in [12].

Theorem 3.4. For any real-valued matrix A ∈Mn,

R
n = N0 ⊕Nr ⊕Nc

where N0, Nr and Nc are mutually linearly independent sets.
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The following is a key result used in the next section.

Lemma 3.1. Let A ∈ Mn. If the zero eigenvalue is nondeficient, then the
generalized eigenspaces of A given by (15)-(17) satisfy the following:

1. null(A) = N0,

2. range(A) = Nr ⊕Nc.

Proof. The proof can be found in the Appendix.

We now present a few results demonstrating how the range and nullspace
of a matrix are changed under simple transformations.

Lemma 3.2. Consider Mmn and B ∈Mnk. Then

range(AB) ⊆ range(A).

Furthermore, if rank(A) = rank(AB) then

range(AB) = range(A).

Proof. We make use of the fact that the range of a matrix is equal to its
column span. We will let [A]j denote the jth column of A. The jth column
of AB is given by

[AB]j = bj1[A]1 + bj2[A]2 + · · ·+ bjn[A]n ∈ range(A).

It follows that the span of the columns [AB]j is contained in range(A) which
implies range(AB) ⊆ range(A).

If we also have that rank(A) = rank(AB) then range(AB) and range(A)
must span the same space so range(AB) = range(A).

Lemma 3.3. Let A ∈Mn be arbitrary and B ∈Mn be an invertible matrix.
Then

1. null(AB) = B−1null(A), and

2. range(AB)=range(A).

Proof. Consider x ∈ null(AB). This implies

ABx = 0. (18)

Since B is invertible, it has only the trivial nullspace, and therefore (18)
implies that Bx ∈ null(A). This is equivalent to x ∈ B−1 null(A) since B is
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invertible, which shows null(AB) ⊆ B−1 null(A). It is clear that the reverse
implication holds, so that null(AB) = B−1 null(A).

It follows from Lemma 3.2 that range(AB) ⊆ range(A), and since
rank(AB) = rank(A) by the invertibility of B, we have range(AB) = range(A).
This completes the proof.

3.3 Cycles and Connections Matrices

In this section, we define a reaction cycle and a related class of matrices
called cyclic connections matrices. The notion of a reaction cycle in the
sense we use it comes from Horn and Jackson [9]; however, we go a step
further than these authors in connecting reaction cycles with matrices of a
certain form. Several important properties of such matrices will be proved.

We start by defining a cycle and a reaction cycle.

Definition 3.2. A family of complex indices {ν0, ν1, . . . , νl}, l ≥ 2, will be
called a cycle if

ν0 = νl (19)

but all other members of the family are distinct, and if

k(νj−1, νj) > 0, j = 1, 2, . . . , l

where l is the length of the cycle. The reaction cycle associated with
{ν0, ν1, . . . , νl} is defined to be the corresponding set of elementary reactions

Cνj−1 −→ Cνj
, j = 1, 2, . . . , l. (20)

The following types of matrices will be very important in Section 4.

Definition 3.3. We will say that a matrix L ∈ Mn is a connections

matrix if

1. every column sums to zero; and

2. diagonal entries are either a negative integer or zero, and nondiagonal
entries are either one or zero.

We will say that L is a cyclic connections matrix if, in addition, we
have

1. every row sums to zero; and

2. diagonal entries are either zero or negative one.
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Connections matrices are closely related to kinetics matrices; in fact, to
each kinetics matrix K we can trivially correspond a connections matrix L
by setting k(i, j) = 1 for all (i, j) ∈ R. In order words, connections matrices
index whether a reaction (i, j) ∈ R occurs in the same way as the kinetics
matrix without assigning a strength (k(i, j)) to the reaction.

For reaction cycles, the corresponding kinetics matrices relate to cyclic
connections matrices, as shown in the following Lemma.

Lemma 3.4. Given a reaction cycle

Cνj−1 −→ Cνj
, j = 1, 2, . . . , l,

the connections matrix L attained by setting k(νj−1, νj) = 1 for all j =
1, 2, . . . , l is a cyclic connections matrix.

Proof. By the definition of a reaction cycle, every complex Cj in the cycle
is involved in exactly one reaction as a product and one as a reactant. This
means that in every row and every column there are only two entries. In
the jth column, we have a −k(νj , νj+1) in the jth position and k(νj , νj+1)
somewhere else in the column. Along the jth row we have −k(νj , νj+1) in
the jth position and k(νj−1, νj) somewhere else in the row. Clearly, if we
set k(νj−1, νj) = 1 for all j = 1, 2, . . . , l we have that the rows and columns
sum to zero, and that the only permitted entries are zero, one and negative
one, with negative one permitted only along the diagonal. It follows from
Definition 3.3 that L is a cyclic connections matrix.

The following property of cyclic connections matrices will be crucially
important in Section 5.

Theorem 3.5. The symmetric part of any cyclic connections matrix L ∈
Mn, is negative semidefinite.

Proof. We first of all apply Theorem 3.3 to show that the spectrum of L̃ =
1
2 (L + LT ) satisfies

σ(L̃) ⊂ (−∞, 0].

We then apply Theorem 3.1 to guarantee the negative semidefiniteness of L̃.
Along the diagonal of L̃ are either the values 0 or −1. If L̃ii = 0 then,

since each row of L and row of LT (column of L) sums to zero and negative
values are only permitted on the diagonal, it follows that L̃ij = 0 for all
j = 1, . . . , n. For such i, therefore, Ri = {0}.

If L̃ii = −1, we have non-zero values along the and columns. Since each
row of L and row of LT (column of L) sums to zero and negative values are
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only permitted on the diagonal, the absolute row sum excluding the diagonal
must be positive one. Since the eigenvalues of L̃ are real values, it follows
that for such i, Ri = {x ∈ R | |x + 1| ≤ 1} = [−2, 0].

It follows by Theorem 3.3 that

σ(L̃) ⊂
n
⋃

i=1

Ri = [−2, 0] ⊂ (−∞, 0].

It follows immediately by Theorem 3.1 that L̃ is negative semidefinite,
and we are done.

4 Linearized Complex Balanced Systems

In this section, we derive the general form of the linearization of (7) under
the assumption of complex balancing of equilibrium points according to
Definition 2.11.

The form we attain does not depend on the rate constants and it will be
shown in Section 5 that the dynamical properties of the linearized system
does not depend on the choice of complex balanced equilibrium x∗. While
this might seem surprising, given the form of (7), it is consistent with The-
orem 2.1 applying to any complex balanced equilibrium. It is clear that the
assumption of complex balancing has very powerful consequences in terms
of simplifying the dynamics of mass-action systems.

We begin this section by determining the linearization of the complex
vector xz. We then show that the assumption of complex balancing allows
us to break the kinetics matrix K into a series of cyclic connections matrices
corresponding to a decomposition of the original mechanism into reaction
cycles. We will need to introduce some background terminology and results
in order to handle this problem. These results can be recombined to give
the general form of the linearization of (7) about x∗ by linearity.

4.1 Linearization of the Complex Vector

Since Z and K do not depend on x and (7) is linear, we have that

Df(x∗) = ZK [Dxz]
x=x∗ (21)

where Df(x∗) denotes the Jacobian of f(x) evaluated at the complex bal-
anced equilibrium concentrations x∗ (see [12]). The following result shows
how [Dxz]

x=x∗ can be derived.
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Lemma 4.1. The linearization of the complex vector at equilibrium satisfies

[Dxz]
x=x∗ = diag {(x∗)z} ZT X (22)

where (x∗)z is as in (8), Z is as in (5), and X =diag
{[

1
x∗

i

]}

.

Proof. We will first derive Dxz then evaluate at the complex balanced equi-
librium x∗. We can see that

Dxz =







z11(x
z11−1
1 · · · xz1m

m ) · · · z1m(xz11
1 · · · xz1m−1

m )
...

. . .
...

zn1(x
zn1−1
1 · · · xznm

m ) · · · znm(xzn1
1 · · · xznm−1

m )







=











xz1 0 · · · 0
0 xz2 · · · 0
...

...
. . .

...
0 0 · · · xzn





















z11 z12 · · · z1m

z21 z22 · · · z2m

...
...

. . .
...

zn1 zn2 · · · znm























1

x1
· · · 0

...
. . .

...

0 · · · 1

xm













Evaluating this at the equilibrium x∗ gives

[Dxz]
x=x∗ = diag {(x∗)z} ZT X

where the terms are according to the statement of the Lemma, and we are
done.

Combining (21) and (22) gives the general form

Df(x∗) = ZKdiag {(x∗)z} ZT X. (23)

4.2 Decomposition of the Kinetics Matrix

In this section, we decompose the kinetics matrix K. We follow the same
general technique of decomposition as outlined in [9]; however, we carry the
analysis a little further to explicitly represent K as a series of matrices with
known properties.

A key step in this analysis is showing that, under the assumption of
complex balancing, each of the rate constants k(i, j) can be solved for in
terms of the complex balanced equilibrium value x∗ and a set of positive
constants which represent the flow rates of the various reaction cycles. As
such, somewhat surprisingly, the rate constants do not appear in the final
linearized form for complex balanced mass-action systems.

The following is a condensed argument from Section 6 of [9].
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Theorem 4.1. Every complex balanced mass action system contains an
index set {ν0, . . . , νl}, l ≤ n, which generates a reaction cycle.

Proof. It is clear by the strict positivity of both sides of complex balancing
equation (11) that, for any initial index µ0, we can construct a sequence of
indices {µ0, . . . , µp}, p > n, such that

k(µj−1, µj) > 0, j = 0, . . . , p.

Since p > n we must have a repeated index somewhere in the set. We
choose h to be the first repeated index and µα and µβ, α < β, to be the
first and second instances of that index in the sequence {µ0, . . . , µp} so that
µα = µβ = h. It follows that {µα, . . . µβ} is a cycle since µα = µβ and the
rest of the indices are distinct. The corresponding reaction cycle is given by

Cµj−1 −→ Cµj
, j = α + 1, . . . , β.

The following is the main result of this section and has been modified
from Lemma 6C and Lemma 6D from [9].

Theorem 4.2. Consider a mass action system with kinetics matrix K that
is complex balanced at a point x∗ ∈ R

m
+ . Then there exists a δ ∈ Z+ and

κ1, . . . , κδ > 0 such that

K = (κ1L1 + · · · κδLδ)diag {(x∗)z}−1 (24)

where Li, i = 1, . . . , δ, are cyclic connections matrices and (x∗)z is as is
defined in (8).

Proof. The proof is an induction on K. First we show that the general
complex balanced kinetics matrix K can be broken into two matrices, say
K1 and K2, such that one corresponds to a cyclic complex balanced system
and one to a complex balanced system with a reduced reaction set (i.e.
|R2| < |R|). It follows inductively that K can be reduced to a finite number
of kinetics matrices corresponding to cyclic complex balanced systems. Our
final step will be to show the general form (24) is attained.

Consider a kinetics matrix K corresponding to a complex balanced sys-
tem. According to Theorem 4.1, we can choose an index set corresponding
to a reaction cycle, say {ν0, ν1, . . . , νl1}, of some length l1 such that

k(νj−1, νj) > 0, for j = 1, 2, . . . , l1.
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Now consider the reaction cycle

Cνj−1 −→ Cνj
, for j = 1, 2, . . . , l1. (25)

At the complex balanced point x∗, the flux across each reaction is given by
k(νj−1, νj)(x

∗)zνj−1 which is positive. In general, the flux for each reaction
in the reaction cycle is not equal; however, we can choose

κ1 = min
j∈{1,...,l1}

k(νj−1, νj)(x
∗)zνj−1 . (26)

We can now split the kinetics matrix K in the following way. We let

k1(νj−1, νj) = κ1/(x
∗)zνj−1 , j = 1, 2, . . . , l1,

k1(i, j) = 0, (i, j) 6= (νj−1, νj), j = 1, 2, . . . , l1
(27)

and
k′
1(i, j) = k(i, j) − k1(i, j), (i, j) ∈ R. (28)

We will let K1 be the kinetics matrix with entries k1(i, j) and K′
1 be the

kinetics matrix with entries k′
1(i, j). It is clear from (28) that

K = K1 + K′
1. (29)

Also we have
k1(i, j) ≤ k(i, j) (i, j) ∈ R. (30)

Since the minimum in (26) was taken over a finite index set, equality
must hold for at least one index set (i, j) in (30). This implies by (28) that
K′

1 has fewer non-zero entries than than K. It is also clear by (25), (26)
and (27) that K1 corresponds to a cyclic system complex balanced at x∗. It
remains to determine what kind of a system to which K2 corresponds.

Since K and K1 are both complex balanced at x∗, it follows that

K′
1(x

∗)z = (K−K1)(x
∗)z = 0

because K(x∗)z = 0 and K1(x
∗)z = 0. This implies K′

1 is complex balanced
by Definition 2.11.

Since any complex balanced kinetics matrix can be decomposed in the
same way, we can apply the same process to the general complex balanced
kinetics matrix K′

1 to get

K′
1 = K2 + K′

2.
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K2 is a cyclic system complex balanced at x∗ with entries

k(µj−1, µj) = κ2/(x
∗)zµj−1 , j = 1, 2, . . . , l2,

where l2 is the length of the second cycle and {µ0, µ1, . . . , µl2} indexes the
second reaction cycle, and K′

2 is a complex balanced at x∗ with fewer non-
zero entries than K′

1.
Since the number of complexes n is finite, clearly this process can only

be continued a finite number of times. We will let δ be the number of times
this process can be carried out. The final kinetics matrix Kδ is complex
balanced by the reduction process, and it follows that it is cyclic as well by
Theorem 4.1.

We have that
K = K1 + K2 + · · · + Kδ (31)

where each Ki corresponds to a reaction cycle and is complex balanced at
x∗. Furthermore, we have

ki(νj−1, µj) = κi/(x
∗)zµj−1 , j = 1, 2, . . . , li

for i = 1, 2, . . . , δ. Consequently, we can rearrange Ki so that

Ki = κiLidiag {(x∗)z}−1 , i = 1, . . . , δ (32)

where Li ∈Mn is a cyclic connections matrix according to Lemma 3.4.
It follows from (31) and (32) that

K = (κ1L1 + κ2L2 + · · ·+ κδLδ)diag {(x∗)z}−1 (33)

where each Li is a cyclic connections matrix and the κi’s are positive con-
stants. This completes the proof.

We have done two important things in this section: linearized xz and
used the assumption of complex balancing to reduce the kinetics matrix K
to eliminate the rate constants k(i, j). We can now combine (23) and (24).
We make the notational substitution

L = κ1L1 + · · ·+ κδLδ. (34)

The final linearized form of (7) is

Df(x∗) = ZLZT X. (35)
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5 Dynamics of Complex Balanced Systems

In this section, we show that the asymptotic stability of complex balanced
equilibrium points guaranteed by Horn and Jackson in [9] through the Lya-
punov function (13) can also be demonstrated in the setting of linearization
about equilibrium concentrations. More specifically, we show that the local
stable manifold about a complex balanced concentration x∗ lies in the com-
patibility class Cx0 and that the local centre manifold about x∗ lies tangent
to the equilibrium set (14).

In addition to guaranteeing asymptotic stability, the approach of lin-
earization provides information about the local rate of convergence of so-
lutions to complex balanced equilibrium concentrations; namely, that the
convergence must be at least exponential near x∗. This should be con-
trasted with the results obtained in [2], specifically Theorem 3, Lemma 3.6,
and the example contained in Section 4 of the same paper. The authors
suggest through their example that the convergence is at least exponential,
which confirms Theorem 3. In this section, we provide confirmation that
this is the case in general.

In making the connection from linear dynamics to nonlinear dynamics,
we use of the following result, which has been adapted from The Center
Manifold Theorem on pg. 116 of [12] and Theorem 1.1.3 on page 21 of [15].
We also reference the The Stable Manifold Theorem on pg. 107 of [12].

Consider a general nonlinear system

ẋ = f(x) (36)

where f : R
n 7→ R

n is at least C2. The linear system corresponding to the
linearization of (36) about an equilibrium concentration x∗, f(x∗) = 0, is
given by

ẏ = Ay (37)

where A = Df(x∗). We will let Es, Eu, and Ec denote the stable, unstable,
and centre subspaces of (37), respectively.

Theorem 5.1. Let f ∈ Cr, r ≥ 2, and x∗ be an equilibrium of (36). Suppose
Df(x∗) has k eigenvalues with negative real part, j eigenvalues with positive
real part, and m = n − k − j eigenvalues with zero real part. Then there
exists

1. an m-dimensional centre manifold W c
loc of class Cr tangent at x∗ to

the centre subspace Ec of (37) at 0;
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2. a k-dimensional stable manifold W s
loc of class Cr tangent at x∗ to the

stable subspace Es of (37) at 0; and

3. a j-dimensional unstable manifold W u
loc of class Cr tangent at x∗ to

the unstable subspace Eu of (37) at 0.

W c
loc, W s

loc, and W u
loc are invariant under the flow φt of (36) and W s

loc and
W u

loc have the asymptotic properties of Es and Eu, respectively. That is
to say, solutions to (36) with initial conditions in W s

loc (respectively, W u
loc)

sufficient close to x∗ approach x∗ at an exponential rate asymptotically as
t→ +∞ (respectively, t→ −∞).

5.1 Dynamics of Linearized System

In this section, we consider the properties of the linear system of the form
(37) based on the linearized form (35) derived in Section 4. This is given by

ẏ = [ZLZT X]y (38)

where Z is given by (5), L is given by (34), and X =diag
{[

1
x∗

i

]}

.

The analysis in this section follows from standard linear systems theory.
We determine the dimension and orientation of the stable, unstable, and
centre subspaces Es, Eu, and Ec through determination of the number of
eigenvalues with positive, negative, and zero real part (counting algebraic
multiplicity) and the properties of the generalized eigenvectors to which
these eigenvalues correspond. The results in this section rely heavily on the
results of Section 3.

The following is a pivotal result in the study of the linearized complex
balanced system (38).

Theorem 5.2. The eigenvalues of the linearization matrix Df(x∗) given by
(35) have nonpositive real part.

Proof. Consider λ ∈ σ(ZLZT X). This implies that there exists a v ∈ C
m

such that
ZLZT Xv = λv

from which it follows that

v∗XZLZT Xv = λv∗Xv. (39)

We can equate the real and imaginary parts of the left- and right-hand
sides of (39), noting that v∗Xv is real-valued since X is symmetric, to get

Re(λ) =
v∗XZL̃ZT Xv

v∗Xv
(40)
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and

Im(λ) =
v∗XZL̄ZT Xv

v∗Xv
(41)

where L̃ is the symmetric part of L and L̄ is the skew-symmetric part of L
given by L̄ = 1

2

(

L− LT
)

.
It is clear that X is positive definite, which implies v∗Xv > 0 since

v 6= 0. We can rewrite the numerator as

v∗(ZT X)T (κ1L̃1 + · · ·+ κδL̃δ)(Z
T X)v.

It follows from Theorem 3.5 that the L̃i are negative semidefinite for i =
1, . . . , δ. It follows immediately from the three properties of Theorem 3.2
that XZL̃ZT X is negative semidefinite. Since λ ∈ σ(ZLZT X) was chosen
arbitrarily, this implies that

Re(λ) =
v∗XZL̃ZT Xv

v∗Xv
≤ 0

for all eigenvalues of Df(x∗), and we are done.

Since the eigenvalues of (35) have nonpositive real part, it follows that the
unstable manifold Eu, is empty. The remainder of the state space is divided
between the stable and centre manifolds Es and Ec, which is consistent with
our expectation, based on the [9], that solutions approach complex balanced
equilibrium concentrations x∗ asymptotically relative to their compatibility
classes Cx0. In the rest of this section, we give more precise results on the
dimension and orientation of these invariant subspaces.

It will be convenient for the rest of this section to partition the complexes
according to their linkage classes. We will let n1, . . . , n` denote the number
of complexes contained in each linkage class so that n1 + · · · + n` = n. We
also note that, since cycles necessarily do not cross linkage classes, we can
associate to each cyclic connections matrix Lj, j = 1, . . . , δ, in (34) a specific
linkage class Li, i = 1, · · · , `. We will let δ1, . . . , δ` denote the number of
cycles corresponding to each linkage class such that δ1 + · · · + δ` = δ. We
will let

Di = {j ∈ {1, . . . , δ} | cycle corresponding to Lj

is contained in Li}
(42)

and note that |Di| = δi. We will also need to restrict L to specific linkage
classes, which we will denote by

L(i) =
∑

j∈Di

κjLj (43)
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from which it follows that L =
∑`

i=1 L(i).
In order to determine the dimension and nature of Es and Ec, we find

crucial relationships between S and S⊥, the range and nullspace of Df(x∗),
Es and Ec, and the sets N0, Nc, and Nr introduced in Section 3.2. The
section culminates in Theorem 5.4 which outlines explicitly where Es and
Ec lie in terms of the familiar sets S and S⊥.

We need the following preliminary result.

Lemma 5.1. The matrix L given in (34) has the property that

null(L) = span
{

1(1), . . . ,1(`)
}

(44)

where 1(i) ∈ R
n is defined by

1
(i)
j =

{

1, if j ∈ Li

0, otherwise.
(45)

Proof. Since the linkage classes are decoupled and the rows of L1, . . . , Lδ in
(34) sum to zero, we can see that any vector of the form (45) satisfies (44).
It remains to show that we have captured all elements of null(L).

Suppose v ∈ null(L). This means that v satisfies

Lv = 0

which implies
vT Lv = 0.

Since v and L are real-valued, it follows that vT Liv = vT L̃iv, and we
therefore have

κ1v
T L̃1v + · · · + κδv

T L̃δv = 0. (46)

Since vT L̃iv ≤ 0 and κi > 0 for all i = 1, . . . , δ by Theorem 3.5, (46)
implies vT L̃iv = 0 for i = 1, . . . , δ. To each cyclic connections matrix Li we
can associate a cycle {µ0, . . . , µli} such that vT L̃iv = 0 can be written

vT Liv =

li
∑

j=1

[

1

2
vµj

vµj+1 − v2
µj

+
1

2
vµj−1vµj

]

= −1

2

li
∑

j=1

(vµj
− vµj−1)

2 = 0.

This can only be satisfied if vµ1 = vµ2 = · · · = vµli
. In other words, the

elements of v corresponding to the index of a complex in the given cycle
must be identical.
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We now consider the restriction of (46) to linkage classes

vT L(j)v = 0, j = 1, . . . , ` (47)

where L(j) is as in (43). For whichever cycles compose this linkage class, for
(47) to be satisfied it is a necessary condition that all of the components of
v corresponding to elements in the cycles be identical. Since the indices of
a cycle in a linkage class must overlap the indices of at least one other cycle
in the same linkage class, if there is one, we must have that

vα = vβ for all α, β ∈ Lj .

We can apply this argument to each linkage class. Since the linkage
classes are disjoint, this is as far as we can go. We have shown that in order
for

vTLv = 0

to be satisfied, we must have all components of v corresponding to indices
within common linkage classes be the same. This corresponds to the span
of the 1(i) vectors given in (45), and we are done.

We are now prepared to take a first step towards understanding the
relationship between S and S⊥, and Es and Ec. The following result relates
S and S⊥ to the range and nullspace of ZLZT .

Theorem 5.3. The matrix ZLZT ∈Mm satisfies

null(ZLZT ) = S⊥ (48)

and
range(ZLZT ) = S. (49)

Proof. We start by proving null(ZLZT ) = S⊥. Take v ∈ null(ZLZT ). This
implies that

ZLZTv = 0 (50)

which implies
vTZLZTv = xT Lx = 0 (51)

where x = ZTv. It follows from the argument presented in the proof
of Lemma 5.1 that this can happen if and only if ZTv ∈ null(L) where
null(L) = span

{

1(1), . . . ,1(`)
}

and 1(i) has the form given in (45). Now
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consider an arbitrary linkage class {µ1, . . . , µli} = Li, i = 1, . . . , `. By (5)
and (44), ZTv ∈ null(L) implies that

zT
µj

v = si, j = 1, . . . , li (52)

where si is a constant depending on the linkage class. With minor rear-
rangement, we can change this into (li − 1) equations of the form

(zµj
− zµ1)

Tv = 0, j = 2, . . . , li. (53)

The vectors (zµj
− zµ1) span the stoichiometric space S restricted to the ith

linkage class. This derivation holds for every linkage class i = 1, . . . , ` from
which it follows that v lies orthogonal to a set spanning S. It follows that
v ∈ S⊥. Conversely, if we take v ∈ S⊥ it follows that (53) and (52) hold
and therefore that ZTv ∈

{

1(1), . . . ,1(`)
}

= null(L). It immediately follows
that v ∈ null(ZLZT ) which completes the proof that null(ZLZT ) = S⊥.

We now prove range(ZLZT ) = S. We start by considering range(ZL).
Since the range of a matrix is equivalent to the column span, we consider
the form of the columns of ZL, and denote by [ZL]i the ith column. We
have

[ZL]i =
∑

(i,j)∈R

κ(i, j)(zj − zi)

where κ(i, j) is the flow rate constant of whichever cycle the reaction pair
(i, j) is contained in. In other words, [ZL]i is given by a linear combination
of all of the reaction vectors involving Ci as a reactant. It follows that
[ZL]i ∈ S for all i = 1, . . . , n. Consequently

range(ZL) ⊆ S.

Taking A = ZL and B = ZT , it follows from Lemma 3.2 that

range(ZLZT ) ⊆ range(ZL) ⊆ S. (54)

From the Rank-Nullity Theorem, we know that

dim(range(A)) + dim(null(A)) = dim(A).

Taking A = ZLZT we have dim(A)=m and from (48) that
dim(null(A))=m−s. This implies dim(range(A))=s. It follows from Lemma
3.2 and (54) that the columns of ZLZT must span S, so that

range(ZLZT ) = S

and we are done.
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The following relates S and S⊥ to the range and nullspace of the Jacobian
Df(x∗) given by (35).

Lemma 5.2. The linearized matrix Df(x∗) = ZLZT X satisfies

range(Df(x∗)) = S (55)

and
null(Df(x∗)) = X−1S⊥ (56)

Proof. This result follows immediately from Lemma 3.3 and Theorem 5.3
taking A = ZLZT and B = X.

In order to apply Lemma 3.1, we need the following result. We can then
relate Es and Ec to the range and nullspace of Df(x∗), and therefore to S
and S⊥.

Lemma 5.3. The matrix A = ZLZT X ∈ Mm does not have a degenerate
zero eigenvalue.

Proof. Suppose A has a degenerate zero eigenvalue. This implies that there
is a standard eigenvector v1 satisfying

Av1 = 0 · v1 = 0

and a generalized eigenvector v2 satisfying

Av2 6= 0 and A2v2 = 0.

We know that w = Av2 ∈ range(A) = S from Theorem 5.3 and that
Aw = 0 if and only if w ∈ null(A) = X−1S⊥ from Theorem 5.3. We
therefore have w ∈ S and w ∈ X−1S⊥. This implies that wTXw = 0 which
can happen if and only if w = 0 since X is positive definite. This contradicts
w = Av2 6= 0 and it follows that ZLZT X cannot have a degenerate zero
eigenvalue.

We finally state the main result of this section. This result shows where
the stable, unstable, and centre subspaces of (38) lie.

Theorem 5.4. For the linearized complex balanced system (38) we have

1. Eu = {0}; and

2. Es = S; and
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3. Ec = X−1S⊥.

Proof. We know from Lemma 5.2 that range(Df(x∗)) = S and null(Df(x∗)) =
X−1S⊥. We know from Lemma 5.3 that A does not have a degenerate zero
eigenvalue. We can therefore apply Lemma 3.1 to guarantee that

1. N0 = X−1S⊥; and

2. Nr ⊕Nc = S.

From Theorem 5.2 we know that the spectrum of Df(x∗) contains values
with nonpositive real part. This immediately implies that Eu = {0}.

It remains to allocate the eigenvectors corresponding to eigenvalues with
negative and zero real part. We know immediately that N0 ⊆ Ec and
Nr ⊆ Es; however, in order to allocate the vectors in Nc we need to eliminate
the possibility of strictly complex eigenvalues λ ∈ σ(Df(x∗)). We do this by
considering the real and imaginary parts of λ ∈ σ(Df(x∗)) given in (40) and
(41). In order to eliminate the possibility of strictly complex eigenvalues we
show that Re(λ) = 0 implies Im(λ) = 0.

Let w1 =Re(v) and w2 =Im(v). Using (40), we can expand Re(λ) = 0
into

wT
1 XZL̃ZT Xw1 + wT

2 XZL̃ZT Xw2 = 0.

We know from the proof of Theorem 5.2 that XZL̃ZT X is negative semidef-
inite, which implies, since all the matrices and vectors involved are real-
valued, that

wT
i XZLZT Xwi = 0, i = 1, 2. (57)

We know from Lemma 2.1 that range(ZLZT X) = S, which implies that
for (57) to be satisfied we need wi ∈ (XS)⊥ = X−1S⊥ = null(ZLZT X).
We can expand Im(λ) given in (41) into

wT
1 XZL̄ZT Xw2 −wT

2 XZL̄ZT Xw1.

Since Re(λ) implies w1,w ∈ null(ZL̄ZT X) it follows that Im(λ) = 0. This
shows that λ ∈ Λc implies Re(λ) < 0 which is sufficient to show N0 = Ec

and Nr ⊕Nc = Es and we are done.

This result implies that solutions of the linear system starting in S tend
exponentially toward the origin. It is worth noting that the centre subspace
Ec depends on the chosen equilibrium concentration x∗ since X does. This
will be explored more in the next section.
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5.2 Extension to Nonlinear Dynamics

We are finally prepared to say something about the dynamics of the nonlin-
ear system (7) under the assumption of complex balancing.

Theorem 5.5. A complex balanced mass-action system according to Defi-
nition 2.12 satisfies the following properties about any positive equilibrium
concentration x∗:

1. the local stable manifold W s
loc coincides locally with Cx0 ; and

2. the local centre manifold W c
loc coincides locally with the tangent plane

to the equilibrium set (14) at x∗.

Proof. We know from Lemma 2.1 that all equilibrium concentrations of a
complex balanced system are complex balanced equilibrium concentrations.
We can therefore apply our results to all equilibrium concentrations x∗ ∈ E
where E is given by (14) by Lemma 2.2.

Theorem 5.1 and Theorem 5.4 imply that about any complex balanced
concentration x∗ of the nonlinear system (7) there exists

1. an s-dimensional stable manifold W s
loc of class C∞ which lies tangent

to S; and

2. an (m − s)-dimensional centre manifold W c
loc of class C∞ which lies

tangent to X−1S⊥; and

3. a zero-dimensional unstable manifold W u
loc (i.e. W u

loc = {0}).

The third point implies that there is no unstable manifold locally about
x∗. This is what we expect from the results of Horn and Jackson [9].

The first point says that W s
loc about x∗ is locally tangent to S; however,

by Proposition 2.1 we know the solution space R
m
+ is partitioned into com-

patibility classes Cx0 , which are affine spaces parallel to S. Since solutions
may not leave Cx0 and the dimensions match, the local stable manifold W s

loc

about x∗ must coincide with Cx0 wherever it exists. We therefore have that
W s

loc about x∗ coincides with Cx0.
To analyse the second point, we return to consideration of the equi-

librium set (14) derived in [9]. We consider an arbitrary basis of S⊥,
{s1, . . . , sm−s}. We can determine the orientation of the tangent plane about
an equilibrium concentration x∗ by parametrizing the equilibrium set (14)
as

(lnx(τ)− lnx∗) = τsi, τ ∈ R, i = 1, . . . ,m− s (58)
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and taking the limit as τ → 0. Since the set E given by (14) is smooth, this
will give a basis for the tangent plane centered at x∗.

Considering the components independently, (58) can be rewritten as
ln xj(τ) − ln x∗

j = τsij, j = 1, . . . ,m − s, i = 1, . . . ,m, where the sij’s
are the components of si. This is equivalent to xj(τ) = x∗

je
τsij . We take

the derivative with respect to τ and set τ = 0 to get x′
j(0) = x∗

jsij. We can

see that X−1sj, j = 1, . . . ,m− s forms a linearly independent basis for the
tangent space X−1S⊥. This shows the local centre manifold W c

loc coincides
locally to the tangent plane of the equilibrium set (14) at x∗, and we are
done.

The following result represents the amalgamation of the linearization
approach taken here and the approach taken by Horn and Jackson in [9], and
is the main result of this paper. It will be noted when an argument depends
explicitly on a result of Horn and Jackson. Of particular importance, this
theorem represents a tightening of the convergence of complex balanced
systems over the results discussed in [9] and [2].

Theorem 5.6. If a mass-action system is complex balanced, then there ex-
ists within each positive compatibility class Cx0 a unique positive equilibrium
point x∗ which is locally exponentially stable. More specifically, for any
M > 0 satisfying

max {Re(λi) | Re(λi) < 0} < −M < 0 (59)

there exists a k > 1 and an ε > 0 such that ∀ x0 ∈ Cx0 ∩Bε(x
∗),

‖x(t) − x∗‖ ≤ ke−Mt‖x0 − x∗‖, ∀ t ≥ 0. (60)

Proof. Consider a complex balanced system according to Definition 2.12.
The uniqueness and stability of a positive equilibrium x∗ relative to each
compatibility class Cx0 follows from Theorem 2.1.

The exponential stability of a complex balanced equilibrium x∗ relative
to Cx0 follows from the linearization. We know from Theorem 5.5 that W s

coincides with Cx0 locally about x∗. Since exponential stability is guaranteed
within a neighbourhood relative to W s by Theorem 5.1, we have that x∗ is
locally exponentially stable relative to Cx0.

To obtain the estimate (67) for M we follow the proof of the Stable
Manifold Theorem and its Corollary on pages 107-115 of [12]. We note that
while this result deals with systems which can be decomposed about an
equilibrium x∗ into stable and unstable subspaces, our system is decomposed
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into stable and centre subspaces. We will show that the same method can
be applied.

Consider the system (7) written as

ẋ = A(x− x∗) + F(x) (61)

where A = Df(x∗) and F(x) is the nonlinear component of f(x). The system
can be transformed into

ẏ = B(y − y∗) + P−1F(Py) (62)

through the transformation P−1x = y where P is the matrix with the real
generalized eigenvectors of A along the columns and B is the real Jordan
block matrix guaranteed under the real Jordan Canonical Form Theorem to
satisfy A = PBP−1.

We order the eigenvectors composing P so that the first s × s block of
B is the Jordan canonical block corresponds to eigenvalues with negative
real part. The rest of the eigenvectors correspond to the zero eigenvalue,
which is nondeficient by Lemma 5.3. This implies that the lower block of B
is identically 0. We can partition the transformed system into local stable
and centre components so that we have

[

ẏs

ẏc

]

=

[

Qs 0sc

0cs 0c

] [

ys

yc

]

+

[
[

P−1F(Py)
]

s
[

P−1F(Py)
]

c

]

(63)

where Qs is the real Jordan block of corresponding to eigenvalues with neg-
ative real part.

We can further reduce [P−1F(Py)]c. Since f(x) ∈ S by (4) and range(A) =
S by Lemma 5.2, we have that F(x) = f(x)−A(x−x∗) ∈ S. We know that
P−1P = I. The lower (m−s)×s block of I, which is identically zero, results
from the multiplication of the final m−s rows of P−1 and the first s columns
of s. Since the first s columns of P span S by construction, this implies that
the rows of P−1 corresponding to the centre manifold map elements in S to
0. This implies [P−1F(Py)]c = 0(m−s).

It follows from (63) that ẏc = 0(m−s) which implies yc(t) ≡ c, where

c ∈ R
(m−s) is a constant vector determined by the final m−s components of

the initial condition vector y0 = P−1x0. These constants can be substituted
into the equations for ys to give the reduced system

ẏs = Qsys + [P−1F(Py)]s (64)

where the final (m− s) components of y are constant.
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We have reduced our original m-dimensional system to an s-dimensional
system where the entire space is a local stable manifold. We can apply the
Corollary of the Stable Manifold Theorem in [12] to ensure that for M > 0
satisfying

max {Re(λi) | Re(λi) < 0} < −M < 0

there exists a k > 1 and an ε > 0 such that the estimate

‖x(t)− x∗‖ ≤ ke−Mt‖x0 − x∗‖

holds for x0 ∈ Bε(y
∗)∩Cx0, where the evolution of y(t) has been transformed

back to the original variables via the mapping x(t) = Py(t). This completes
the proof of Theorem 5.6.

It should be noted that, while the transformation x(t) = Py(t) is similar
to the transformation c(t) = c∗+Tξ(t) used to reduce the system in [9], there
are important differences. The first s columns of the matrix T are permitted
to be any orthonormal basis of S while the remaining m−s columns are any
orthonormal basis of S⊥. By contrast, the first s columns of the matrix P ,
which are a basis for S, are neither required to be normalized nor orthogonal
to one another. The final m− s columns of P are a basis for X−1S⊥ rather
than S⊥. In both cases, however, the transformation reduces the dimension
of the original m-dimensional system to an s-dimensional one.

This analysis also shares significant similarities with that carried out by
Billette and Bamberger in [1]. These authors consider the first-order ap-
proximation of the Lyapunov function (13) considered by Horn and Jackson
[9], which after adjusting notations is given by

H(x) = (x− x∗)TX(x− x∗). (65)

They show that the time derivative of H(x(t)) for a complex balanced system
is

d

dt
H(x(t)) = −

r
∑

i=1

kix
z

p−(i)
(

(zp+(i) − zp−(i))
T X(x− x∗)

)2

+ O(x− x∗)3

(66)

which to second-order is negative semidefinite and equal to zero if and only
if (x − x∗) ∈ X−1S⊥, which lies tangent to the equilibrium set (14) by
Theorem 5.5. They then show through a convexity argument that this
implies the existence of a λ > 0 such that

0 ≤ H(x(t)) ≤ H(x(0))e−λt
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for x0 such that x0 − x∗ ∈ S.
It is not hard to show that this can be rearranged into a form satisfying

(60) which is sufficient to prove the local exponential stability of x∗ relative
to Cx0 . This does not, however, give bounds on the decay parameter λ nor
make any attempt to ascertain the existence of a linearly stable manifold
apart from the restriction of solutions guaranteed by Proposition 2.1. At
best, the approach taken here gives very general qualitative local behaviour
about the equilibrium concentration x∗.

Using the linear form (35), however, we can carry out the argument in
fuller detail to obtain the following.

Lemma 5.4. Let x∗ be a complex balanced equilibrium concentration of a
complex balanced mass-action system. For any M > 0 satisfying

α < −M < 0 (67)

there exists an ε > 0 such that ∀ x0 ∈ Cx0 ∩Bε(x
∗),

‖x(t)− x∗‖ ≤ ke−Mt‖x0 − x∗‖, ∀ t ≥ 0 (68)

where α = λmax(P )min {x∗
i }, k =

√

max{x∗
i }

min{x∗
i } , P = XZL̃ZT X, and λmax(P )

is the smallest negative eigenvalue of P .

Proof. We use the function H(x) defined in (65). We can take the time
derivative of H(x(t)) along solutions, using the linearized form

f(x) = ZLZT X(x− x∗) + O(x− x∗)2,

to obtain

d

dt
H(x(t)) = 2(x− x∗)TXZL̃ZT X(x− x∗) + O(x− x∗)3. (69)

Note that we can use the symmetric form of L since the quadratic form
is the same for real-valued vectors and matrices. We will substitute P =
XZL̃ZT X.

We know that the quadratic form equals zero if and only if x − x∗ ∈
X−1S⊥; otherwise, it is negative. If we take x − x∗ ∈ S and ‖x − x∗‖
sufficiently small, we can take the bound

d

dt
H(x(t)) ≤ (2λmax(P ) + δ)‖x − x∗‖2 (70)
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where λmax(P ) is the smallest negative eigenvalues of P and δ is the bound
on the higher order terms. Clearly we can take ‖x − x∗‖ small enough so
that 2λmax(P ) + δ < 0.

We can also bound H(x) in the following way

1

max {x∗
i }
‖x− x∗‖2 ≤ H(x) ≤ 1

min {x∗
i }
‖x− x∗‖2. (71)

Together, (70) and (71) imply that

d

dt
H(x(t)) ≤ (2λmax(P ) + δ)min {x∗

i }H(x(t)).

Since H(x(t)) ≥ 0, we can integrate and apply (71) to obtain

‖x(t)− x∗‖ ≤
√

max {x∗
i }

min {x∗
i }

e(λmax(P )+ 1
2
δ) min{x∗

i}t‖x0 − x∗‖, ∀ t ≥ 0.

We can make δ arbitrarily small by taking ‖x − x∗‖ small, from which the
estimate for M follows, and we are done.

6 Examples

In this section, we present some examples which confirm the results pre-
sented in the previous section.

Consider the system

2A1 +A2
k1−→ 3A1

k4 ↑ ↓k2

3A2
k3←− A1 + 2A2.

(72)

Horn and Jackson considered this system under the restriction that k1 =
k3 = 1 and k2 = k4 = ε, in which case the system is complex balanced if
and only if ε = 1 [9]. Under less restrictive conditions it can be shown that
the general system (72) is complex balanced if and only if

k2
1 = k2k3

and
k1k3 = k2k4.

This is clearly the case for k1 = k2 = k3 = k4 = 1; however, for the sake of
this example we will take k1 = 1/2, k2 = 1, k3 = 1/4, k4 = 1/8.
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With these rate constants, system (72) is governed by the dynamics

ẋ1 = −ẋ2 = (x2 − 2x1)

(

1

4
x2

2 +
1

4
x1x2 + x2

1

)

(73)

which has a line of positive equilibria along x2 = 2x1 (and these are the only
real roots of (73)). The stoichiometric subspace is given by span

{

[−1 1]T
}

.
We could pick equilibrium along x2 = 2x1 but for illustrative purposes we
choose x∗

1 = 1/2, x∗
2 = 1. With this choice of equilibria we can calculate the

flow rate κ = 1/8; since system (72) consists of a single cycle, this flow rate
applies to every reaction. Using the linearized form (35)

Df(x∗) = κZLZT X

with

Z =

[

2 3 1 0
1 0 2 3

]

L =









−1 0 0 1
1 −1 0 0
0 1 −1 0
0 0 1 −1









X =

[

1
x∗
1

0

0 1
x∗
2

]

where κ = 1/8, x∗
1 = 1/2, and x∗

2 = 1. We can easily compute that

Df(x∗) =

[

−5
4

5
8

5
4 −5

8

]

. (74)

This can also be obtained by directly linearizing (73).
The linearize matrix (74) has the eigenvalue/eigenvector pairs λ1 =

−15/8, v1 = [−1 1]T , and λ2 = 0, v2 = [1 2]T . The first pair corre-
spond to linear decay about x∗ in the direction of S, while the second pair
correspond a local centre manifold where the equilibrium set x2 = 2x1 cuts
through the compatibility class Cx0 are x∗.

To test Theorem 5.6 of the previous section, we consider system (72) and
look to satisfy (60) with the values M = 1.85 and k = 1.25. The results are
contained in Figure 1a. For an initial condition chosen sufficiently close to
x∗, we can see that the correspondence between the convergence of x(t) to
x∗ and the upper bound given by (60) is nearly exact.

To test Lemma 5.4, we derive

P = XZL̃ZT X =

[

−5
2

5
4

5
4

5
8

]

.

It follows that λmax(P ) = −25
8 , max {x∗

i } = 1 and min {x∗
i } = 1

2 . It follows

from (68) that k =
√

2 and α = −25
16 . The results are contained in Figure
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1b. Again, we can see that the exponential convergence holds; however, it is
clear that the estimates guaranteed by Lemma 5.4 are not as strong as those
given by the linearization approach of Theorem 5.6. For many examples,
the estimates guaranteed by Lemma 5.4 are orders of magnitude apart from
the optimal values.

In 1c, we plot ln(‖x(t) − x∗‖). Since (60) implies

ln(‖x(t)− x∗‖) ≤ −Mt + ln(k‖x0 − x∗‖) (75)

the slope of ln(‖x(t) − x∗‖) as t → ∞ gives a good approximation of the
optimal value of −M .

A Appendix

Proof of Lemma 3.1. Any eigenvector v0 corresponding to λ0 ∈ Λ0 satisfies

Av0 = λ0v0 = 0. (76)

This implies v0 ∈ null(A). Conversely, any vector v0 satisfying (76) is an
eigenvector of A with a corresponding eigenvalue equal to zero, which implies
v0 corresponds to a zero eigenvalue if and only if it is in null(A). Since
the zero eigenvalue is nondeficient, there are no generalized eigenvectors to
consider and the first property is proved.

Any regular eigenvector vr corresponding to λr ∈ Λr satisfies

Avr = λrvr.

This implies that

vr =
1

λr
(Avr) ∈ range(A). (77)

Now consider an eigenvector vc corresponding to λc ∈ Λc. There will also
be a corresponding eigenvalue λc ∈ Λc with complex conjugate eigenvector
vc. We want to show that Re(vc) ∈ range(A) and Im(vc) ∈ range(A).

Consider the vectors

w1 =
1

|λc|2
Re(λcvc) and w2 =

1

|λc|2
Im(λcvc).

We can see that w1,w2 ∈ R
n. Furthermore, we have

Aw1 =
1

2|λc|2
(λcAvc + λcAvc)

=
1

2|λc|2
(λcλcvc + λcλcvc)

=
1

2
(v + vc) = Re(vc)
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Aw2 =
1

2i|λc|2
(λcAvc − λcAvc)

=
1

2i|λc|2
(λcλcvc − λcλcvc)

=
1

2i
(vc − vc) = Im(vc).

This implies that Re(vc) ∈ range(A) and Im(vc) ∈ range(A). For nondefi-
cient λr and λc, we are done.

Now consider deficient λr and λc. We can suppose, without loss of
generality, that v1 is a regular eigenvector from which a chain of generalized
eigenvectors can be constructed. The first such generalized eigenvector, v2,
must satisfy

(A− λI)v2 = v1

where λ ∈ Λr or λ ∈ Λc depending on the case being considered. This
implies

v2 =
1

λ
(Av2 − v1) (78)

which is defined since λ 6= 0.
For real eigenvalues λr, it readily follows that v2 ∈ range(A) since v1

satisfies v1 ∈ range(A) by (77) and Av2 ∈ range(A) by definition. This can
be extended inductively to any generalized real eigenvector in the chain, and
we are done.

For complex eigenvalues λc, we need to consider the real and imaginary
parts of v2. We can readily see that (78) for complex λc implies

Re(v2) =
1

|λc|2
[Re(λc) (ARe(v2)− Re(v1))

+Im(λc) (−AIm(v2) + Im(v1))]

Im(v2) =
1

|λc|2
[Im(λc) (ARe(v2)− Re(v1))

+Re(λc) (AIm(v2)− Im(v1))] .

Since ARe(v2), AIm(v2), Re(v1), and Im(v1) are in range(A), it follows by
similar reasoning to the real case that Re(v2) ∈ range(A) and Im(v2) ∈
range(A). This can be extended inductively to any generalized complex
eigenvector in the chain, and we are done.

We know from the Rank-Nullity Theorem that

dim(range(A)) + dim(null(A)) = dim(A) = n
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and from Lemma (3.4) that R
n is decomposed into the linearly independent

spaces N0, Nr and Nc. It follows that Nc spans null(A) and Nr ⊕Nc spans
range(A) which completes the proof.
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Figure 1: System (72) with k1 = 1/2, k2 = 1, k3 = 1/4, k4 = 1/8, x∗
1 = 1/2,

x∗
2 = 1, x1(0) = 0.25, and x2(0) = 1.25. In Figures 1a and 1b, we can see

that the solution x(t) = (x1(t), x2(t)) converges toward x∗ = (1/2, 1) at an
exponential rate satisfying ‖x(t)−x∗‖ ≤ ke−Mt‖x0−x∗‖ with (a) k = 1.25,
M = 1.85, and (b) k =

√

(2), M = 1.5625. In Figure 1c, we can see that
ln(‖x(t)−x∗‖) becomes more linear as t→∞, as predicted by the form (75).
The approximate slope values, (ln(‖x(t2)−x∗‖)− ln(‖x(t1)−x∗‖))/(t2−t1),
estimated by t1 = t2 − 0.1 as t2 → 10 closely approximate the value −M =
−15/8, as can be seen by

t2 rise/run ≈ −M

1 −1.7904398

5 −1.8767058

9.5 −1.8767605

10 −1.8767585
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