
MATH 116, LECTURE 3:
Graph sketching, Translation and Scaling

1 Graph sketching

Consider the function f(x) = −2e
(x+1)

3 + 1. Suppose we are asked to graph
this function without the aid of a computer software program or graphing
calculator (or Google!). How would we proceed?

The first techniques we probably learned to tackle problems like this
was to construct an (x, y) table. We would take a few representative x
values, then plug them into y = f(x) to obtain our y values. When we
have a representative sample of points, we plot them and draw some sort of
smooth curve through them. For example, for this function, we would have:

x y

−5 0.47
−2 −0.43
−1.1 −0.93
−1 −1
0 −1.79
1 −2.89
5 −13.78

This is not very insightful in terms of determining qualitative properties
of the function, and we might always wonder if we have chosen a represen-
tative sample of points. At best, this method is unsophisticated. At worst,
it is a tedious waste of time.

A more sophisticated approach is to start by considering graphs of func-
tions we know. For this example, we know what the graph of f0(x) = ex

looks like (see Figure 1(a)). From this, we can determine what the function
f1(x) = e

x
3 looks like. It is just f0(x) compressed by a factor of three (see

Figure 1(b)). (We can reason this because, for example, f1(x) at x = 3
“behaves like” f0(x) at x = 1.)

Now we can reason that f2(x) = e
x+1
3 looks like f1(x) shifted to the left

by one unit (see Figure 1(c)). (We can reason this because, for instance
f1(x) at x = −1 will “behave like” f0(x) at x = 0.)

1



The function f3(x) = −2e
x+1
3 looks like f2(x) flipped and then stretched

in the y-direction by a factor of 2 (see Figure 1(d)). And finally, the function

f(x) = −2e
x+1
3 + 1 looks like f3(x) translated up by one unit (see Figure

1(e)). All five plots on the same graph is contained as Figure 1(f).

(a) (b) (c)

(d) (e) (f)

f0(x)=ex

f1(x)=ex/3

f2(x)=e(x+1)/3

f3(x)=-2e(x+1)/3
f4(x)=-2e(x+1)/3+1

Stretch by 3 in x direction Shift to left 1 unit

Flip in y direction
Stretch by 2 in y direction Shift up 1 unit

Figure 1: The function f(x) = −2e(x+1)/3 + 1 can be plotted by starting
with the graph of the known function f0(x) = ex and sequentially applying
stretching, flipping, and translating operations.

Consider plotting the function f(x) = cg (a(x+ b)) + d where g(x) is a
function with a known graph. We can deduce the graph of f(x) by sequen-
tially applying the following operations:

1. Plot g(x).

2. If a < 0, flip the graph across the y-axis; otherwise, do nothing.

3. Compress the graph in the x-direction by a magnitude of |a|.

4. If b > 0, shift the graph to the left b units; if b < 0, shift the graph to
the right |b| units.

5. If c < 0, flip the graph across the x-axis; otherwise, do nothing.

6. Stretch the graph in the y-direction by a magnitude of |c|.
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7. If d > 0, shift the graph up d units; if d < 0, shift the graph down |d|
units.

The resulting graph is the graph of f(x)!

There are a few notes worth making about the process:

1. The operations inside g(x) affect the x variable and influence the graph
in the opposite way we might expect. That is to say, if we multiply by
5, we must compress by a factor of 5 (i.e. multipy by 1/5). If we add
by 2, we must move to the left 2 units.

2. The operations outside g(x) affect the y variable and influence the
graph exactly as they appear. If we multiply by 3, we scale by 3; if we
subtract 1, we move the graph down one unit.

3. It is important to factor the inside of g(x) into the form g(a(x − b)).
Otherwise the answer will not be correct.

Example 1: Sketch the graph of f(x) = −2g(−2x + 4) − 1 where g(x) is
given in Figure 2:

g(x)

Figure 2: The function g(x).

Solution: We need to rearrange the equation into the canonical form
−2g(−2(x − 2)) − 1. We now need to follow the following sequential op-
erations:

1. flip in the x-direction (because a is negative);
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2. compress by a factor of 2 (i.e. multiply by 1/2) in the x direction;

3. shift to the right 2 units;

4. flip in the y-direction (because c is negative);

5. stretch by a factor of 2 (i.e. multiply by 2) in the y direction;

6. shift down 1 unit.

The result is given in Figure 3.

f(x)

compressed by 2
  and flipped in x

shifted right
    2 units

 stretched by 2
and flipped in y

shifted down 1

Figure 3: On the left, we have the sequence of steps used to produce g(x).
On the right, we have the function f(x) = −2g(−2x+ 4)− 1.

Example 2: Sketch the graph of f(θ) = 2 cos(πθ − π/2) − 1. What is the
period of this function?

Solution: We can rewrite this as f(θ) = 2 cos(π(θ − 1/2)) − 1. We apply
the following sequential operations:

1. Graph g(θ) = cos(θ).

2. Compress the graph in the θ direction by a factor of π (i.e. multiply by
1/π). Since the period is initially 2π, the period for the new function
will be 2π · (1/π) = 2.

3. Translate the graph to the right 1/2 unit.

4. Stretch the graph in the y direction by a factor of 2 (i.e. multiply by
2).
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5. Shift the graph down one unit.

The results are given as:

g(x)=cos(x)
compress in x shift right

stretch in y shift down
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