
MATH 116, LECTURES 4 & 5:
The inverse of a function

1 The inverse of a function

We understand that a function y = f(x) represents a relationship between
the two variables x and y. In particular, it represents the answer to the
question:

1. What is the value of y given the value of x?

There is no particular reason, however, that we are interested in the y value
given an x value, and not the other way around. Depending on the applica-
tion, might just as easily ask the question:

2. What is the value of x given the value of y?

For many applications, inverting the dependence of variables is a com-
pletely sensible question. Suppose we knew the world’s population (in bil-
lions) starting in 1900 could be modeled by

P (t) = P0(10)kt

where P0 = 1.65 (the population in year 1900) and k = 0.0056. We are
certainly interested in such questions as

1. What is the population P during a given year t?

But we are also interested in questions like

2. During which year t does the population cross P?

So how do we invert this dependence? The answer is to think of the
dependences of the variables. If we want to know t for a given P , we want
to think of the dependence as t = t(P ) (t depends on P !). So we just need
to solve for t in the given equation. We have

P = P0(10)kt(P ) =⇒ P

P0
= (10)kt(P ) =⇒ t(P ) =

1

k
log

(
P

P0

)
.

In other words, for a given population P , we can tell which year that pop-
ulation was attained by substituting the population value into t(P )!

In general, when we switch the normal relationship of two variables, it
is called inverting the relationship. It gives rise to the following definition.
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Definition 1.1. The inverse of a function y = f(x) is the function attained
by solving for x instead of y, and is denoted f−1(x).

There are a few notes worth making:

1. For the general functions y = f(x), it is common to exchange the
variable labels x and y in y = f(x) and solve for y. This is valid
only because x and y have no assigned meaning (i.e. we use x to
denote some general input and y to denote some general output). In
cases where the related variables have physical meaning (as in the
population example above), we will want to keep the variable labels
the same.

2. There is no guarantee that an inverse exists! An inverse cannot be
determined if multiple values of x can lead to the same value of y. In
other words, the function needs to pass both the vertical and horizontal
line test in order to be invertible.

3. There is an interesting relationship between a function and its inverse
under the operation of composition: they cancel each other out! This
is one of the defining characteristics of the inverse, and it can be stated
mathematically as

(f ◦ f−1)(x) = x and (f−1 ◦ f)(x) = x.

4. Consider an invertible function f(x). Then D(f) = R(f−1) and
D(f−1) = R(f).

5. The graph of the inverse f−1(x) of a function f(x) can be found by
reflecting f(x) across the line y = x. [Be careful to make sure the
scaling of the x and y axes are the same, though!]

Example 1: Find the inverse of f(x) =
x− 1

3x+ 2
.

Solution: We switch the variables x and y and solve for y so that we have

x =
y − 1

3y + 2

=⇒ x(3y + 2) = y − 1

=⇒ 3xy + 2x = y − 1

=⇒ 3xy − y = −1− 2x

=⇒ y(3x− 1) = −1− 2x

=⇒ y =
1 + 2x

1− 3x
.
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It follows that f−1(x) =
1 + 2x

1− 3x
.

Example 2: Verify that the functions P (t) and t(P ) found earlier are in-
verses of one another.

Solution: We need to verify that (P ◦ t)(P ) = P or (t ◦P )(t) = t. We have

(P ◦ t)(P ) = P0(10)
k
(

1
k
log( P

P0
)
)

= P0(10)
log( P

P0
)

= P0

(
P

P0

)
= P

and

(t ◦ P )(t) =
1

k
log

(
P0(10)kt

P0

)
=

1

k
log
(

(10)kt
)

=
1

k
(kt)

= t.

Example 3: Suppose q(x) is an invertible function. Find p−1(x) for

p(x) = 2q(x)− 1.

Solution: This question would be straight forward if we knew q(x) = ex or
q(x) = x2, etc. The trick here is to not get thrown off by the fact that we
don’t know what q(x) is. We follow exactly the same steps.

We have
y = 2q(x)− 1.

To invert the variable dependence of x and y, we switch the variables and
attempt to solve for y. This gives

x = 2q(y)− 1 =⇒ x+ 1 = 2q(y) =⇒ q(y) =
x+ 1

2
.

At first glance, this seems to be as far as we can go. However, we remember
that q(y) is invertible. This means that we can apply q−1 to both sides of

3



the equation to get

q−1(q(y)) = y = q−1

(
x+ 1

2

)
.

In other words, we have that

p−1(x) = q−1

(
x+ 1

2

)
.

Example 4: Graph the inverse of

f(x) =

{
2(x+ 1)2 − 2, for − 1 ≤ x ≤ 0√
x, for 0 < x ≤ 1.

State the domain and range of f−1(x).

Solution: We need to reflect f(x) across the line y = x (see Figure 1).

f(x)

y=x

f-1(x)

Figure 1: Reflecting f(x) across the line y = x gives the graph of the inverse
f−1(x).
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2 Inverse of trigonometric functions

Consider the graph of the trigonometric function f(x) = sin(x). We know
that it is a function (i.e. it passes the vertical line test) but does it have a
well-defined inverse (i.e. does it pass the horizontal line test)?

The answer appears to a resounding no (see Figure 2). In fact, due to the
cyclic nature of the sin(x) function, for any given value of y between y = −1
and y = 1 we have an infinite number of x values for which y = sin(x).
Does this mean we have to give up on the idea of an inverse of trigonometric
functions?

−π/2 π/2

Figure 2: The function f(x) = sin(x) does not pass the horizontal line test
on x ∈ R and therefore does not have an inverse defined on this domain. It
is, however, invertible on x ∈ [−π/2, π/2].

Not quite, but we have to be a little bit sneaky. An inverse is not well
define on the domain x ∈ R, or even the full period x ∈ [0, 2π), but it is
well defined on the interval x ∈ [−π/2, π/2] (see Figure 2)! If we invert the
function on this interval, we arrive at the inverse function denoted arcsin(x)
given in Figure 3.

−π/2

π/2

Figure 3: The inverse of f(x) = sin(x) is f−1(x) = arcsin(x) and has domain
x ∈ [−1, 1] and range y ∈ [−π/2, π/2].
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The trigonometric functions cos(x) and tan(x) can be inverted in a sim-
ilar way (see Figure 4). The inverses are denoted arccos(x) and arctan(x)
respectively. (The function arctan(x) will be particularly important in ap-
plications in Calculus 2, so make sure you know what it looks like!)

π

π/2

−π/2

(a) (b)

Figure 4: The inverse of f(x) = cos(x) (part (a)) is f−1(x) = arccos(x)
and has domain x ∈ [−1, 1] and range y ∈ [0, π]. The inverse of f(x) =
tan(x) (part (b)) is f−1(x) = arctan(x) and has domain x ∈ R and range
y ∈ [−π/2, π/2].

There are a few notes worth making about these functions:

1. We will have to careful when considering the range of arcsin(x), arccos(x),
and arctan(x). We have

(a) Range(arcsin(x)) = [−π/2, π/2],

(b) Range(arccos(x)) = [0, π], and

(c) Range(arctan(x)) = [−π/2, π/2].

2. Because the range is restricted, inverse trigonometric functions do
not always obey the property that f−1(f(x)) = x! The operation
arcsin(sin(x)) will return the value x if and only if x ∈ [−π/2, π/2]
(i.e. if x is already in the range of arcsin(x)). Otherwise, the operation
will return the corresponding x value in the range [−π/2, π/2] which
matches up to sin(x).

3. Trigonometric functions take an angle as an input and produce a ratio
of sides on a triangle as an output. Inverse trigonometric functions
reverse this dependence. That is to say, they take a ratio of sides on a
triangle as an input and produce an angle as an output. When asked
to evaluate inverse trigonometric relationships, there, it is typically
required that we build triangles with sides matching the given the
ratio (opposite or hypoteneuse for arcsin(x), etc.).
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Example 1: Evaluate arcsin

(√
3

2

)
.

Solution: Trigonometric functions take angles and produce ratios of
sides on triangles. Inverse trigonometric functions, therefore, take the ratios
of sides on triangles and produce angles.

Consequently, we are interested in constructing the triangle whose op-
posite side over hypoteneuse is

√
3/2. To make this easy, we choose the

opposite to be
√

3 and the hypoteneuse to be 2 (see Figure 5(a)). It is clear
that the triangle we want corresponds to a 60◦ angle, so that we have

arcsin

(√
3

2

)
=
π

3
.

2
3

1

1

1-x2

x

(a) (b)

Figure 5: Triangle corresponding to an angle of π/3 radians. Notice that
sin(π/3) =

√
3/2.

Example 2: Evaluate sin(arccos(x)).

Solution: Again, we know that arccos(x) takes in a ratio of sides as
its argument. So what is the ratio? There is only one term there, but we
can trivially set the adjacent side to be x and the hypoteneuse to be 1. We
can use Pythogoras’ theorem to evaluate for the other side, which is clearly√

1− x2 (see Figure 5(b)).
So we can construct the triangle based on arccos(x), but what angle does

it correspond to? That depends on the value of x, which we do not know.
We notice that, even though the angle is unknown, we can still evaluate
sine because the triangle corresponding to the (unknown) angle has been
constructed! We have

sin(arccos(x)) =
√

1− x2.
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