
MATH 116, LECTURE 9:
Odd and Even Functions

1 Odd and Even Functions

An important measure by which to classify functions is their symmetry
with respect to the x and y axes. We will be particularly interested two
classifications of such symmetries: odd and even functions.

Definition 1.1 (Geometrical Approach). A function f(x) is said to be even
if it is the same after being reflected across the y-axis. A function f(x) is
said to be odd if it is the same after being reflected across the x and y axes.

Definition 1.2 (Algebraic Approach). A function f(x) is even if it satisfies
f(−x) = f(x) and odd if it satisfies f(−x) = −f(x).

There are a few notes worth making about odd and even functions:

1. The importance of odd and even functions is that we only need to
specify half of their domain in order to define the function. This is an
important way of reducing information transfer which is relevant to
signal processing, mathematical modeling, etc.

2. Not every function is odd or even. A function can be neither (e.g. ex,
x + 1, 1

x−1 , etc.).

3. An odd function which is continuous must be continuous on x ≥ 0 and
satisfy f(0) = 0 (i.e. go through (0, 0)).

Example 1: Determine which of the functions in Figure 1 are odd,
which are even, and which are neither.

Solution: (a) and (d) are odd, (b) and (c) are even, and (e) is neither.

Example 2: Determine which of the following functions are even, which
are odd, and which are neither:

(a) f(x) = x2 + 1, (b) f(x) = sin(x) cos(x), (c) f(x) = cos(x)e−x2
.
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(a) (b) (c)

(d) (e)

Solution: We have

(a) f(−x) = (−x)2 + 1 = x2 + 1 = f(x)

(b) f(−x) = sin(−x) cos(−x) =
sin(−2x)

2
= −sin(2x)

2
= − sin(x) cos(x) = −f(x)

(c) f(−x) = cos(x)e−x2
= cos(−x)e−(−x)2 = cos(x)e−x2

= f(x)

so that (a) and (c) are even and (b) is odd.

Example 3: Determine the odd and even extensions of the following
function:

Solution: We need to reflect across the y axis to produce the even
extension and reflect across both axes to get the odd extension. We have
the result given as follows:
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Even extension

Odd extension
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