
MATH 116, LECTURE 13, 14 & 15:
Derivatives

1 Formal Definition of the Derivative

We have seen plenty of limits so far, but very few applications. In particular,
we have seen very few functions for which a non-trivial limit needed to
evaluated (for which we could not just plug in the value at the point). What
are some examples of applications of limits?

Let’s reconsider the speed of a car example from a few lectures ago. How
does a car’s speedometer calculator the car’s speed (i.e. rate of change)? If
the speedometer reads 60 km/h, we interpret that to mean “we are travelling
at 60 km/h at the current moment,” but we recognize that is misleading.
After all, by definition we can travel no distance in any given instant in time.

What the speedometer has really done is taken two data points (two
points in time) and found the average speed over that interval. That is
to say, if it took two readings one minute apart, and found that you had
travelled one kilometer in that period of time, it might calculate

[rate of change] =
[change in position]

[change in time]
=

1 km

1 min
= 1 km/min.

That is say, over that interval, we travelled at an average of 1 km/min,
which corresponds to 60 km/h. This does not account for variations in
speed during that interval, nor does it guarantee that at the end of the
interval we are actually travelling 60 km/h. How might we get a better
estimate of our speed at the end of the interval?

The first thing we might do is pick an initial point “closer” to the end
point. That is to say, pick a smaller interval over which to average. Maybe
if we picked the interval half a minute before current time, we would have
found the average speed was 58 km/h. Intuitively, we expect this would be
a better indicator of our speed at the current time, since the measurements
were taken from points closer to the current one.

Now imagine continuing this process, i.e. imagine taking “smaller” and
“smaller” intervals and finding the average rate of change over each interval.
The idea of taking some that gets “closer” and “closer” to something else is
exactly the concept of a limit ! We are taking the limit as the first endpoint
approaches the second (the current time).
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How do we express this mathematically? Suppose we know the position
of the vehicle is given by f(x) = x2. How do we approximate the rate of
change at (for instance) x = 1? We might follow the same procedure: find
the average rate of change over small intervals, then take the limit as the
intervals because “smaller” and “smaller”. (See Figure 1.)
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Figure 1: The instantaneous rate of change at x = 1 can be approximated
by the slope of the secant lines “nearby.”

It is clear from the picture that the slope of the line is given by

[change in y]

[change in x]
=

f(x + h)− f(x)

(x + h)− x
=

f(x + h)− f(x)

h
.

Notation:

1. f(x) is the function for which we are trying to find the instantaneous
rate of change.

2. x is the fixed point for which are trying to determine the instantaneous
rate of change.

3. h is the length of the interval for the intervals we are using to measure
the average rate of change. The point x + h is the second endpoint of
the interval in which we are interested.

4. We (eventually) take the limit as h → 0 to account for the intuition
that we want the intervals to become “smaller” and “smaller”.
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h
(1 + h)2 − 1

h
1 3

0.5 2.5
0.1 2.1
0.01 2.01

If we evaluate this for a few different interval values, we have the following
table above.

We can see that we get “closer” and “closer” to the value 2 as the intervals
get “smaller” and “smaller.” What happens if we take the limit as h → 0?
Intuitive, we excpet that we will get the instantaneous rate of change. In
terms of the graphs, we get the slope of the tangent line to the curve at
x = 1. That is to say, we find the slope of the straight line which touches
the curve only at the point x = 1 (all the other lines touched at two points).
(See Figure 2.)
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Figure 2: The limit of the slopes of the secant lines as the interval gets
“smaller” and “smaller” is the slope of the line which is tangent to f(x) = x2

at x = 1!

Evaluating directly, we have

lim
h→0

(1 + h)2 − 1

h
= lim

h→0

1 + 2h + h2 − 1

h
= lim

h→0

2h + h2

h
= lim

h→0
(2 + h) = 2.

So even though we could not evaluate at the point h = 0 (because the line
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over an interval of no width is not well-defined!) we can evaluate the limit.
We can say that the slope of the tangent line to f(x) = x2 at x = 1 is 2!

This process is called differentiation. Differentiation tells us the instan-
taneous rate of change at a particular point, or all points in the domain
of a function. The following definition is one of the foundational ones of
calculus (some people would go so far as to say what we have been doing so
far wasn’t even calculus at all).

Definition 1.1 (Formal definition of a derivative). Consider a continuous
function f(x). The derivative of f(x) is defined to be

f ′(x) = lim
h→0

f(x + h)− f(x)

h
.

The derivative of f(x) at a point x = a is defined to be

f ′(a) = lim
h→0

f(a + h)− f(a)

h
.

Notes:

1. Differentiability is a measure of the smoothness of a function. In this
sense, it is the natural extention of continuity. Continuity says a func-
tion is connected, i.e. if you were to sketch the function, you would
not have to lift your pencil from the paper. Differentiability says there
would be no sharp turns, either.

2. Not all functions are differentiable (or at least, differentiable every-
where)! In order to be differentiable, the limit h → 0 needs to be
defined, which means, importantly, that the left and right limits need
to be defined and equal.

3. Every differentiable function is continuous. Conversely, if a function
is not continuous, it is not differentiable (at least, not everywhere).

4. A positive derivative (f ′(x) > 0) means f(x) is increasing ; a negative
derivative (f ′(x) < 0) means f(x) is decreasing.

5. Different notations are often encountered with regards to differentia-
tion. In general, if we have y = f(x), the following forms are equiva-
lent:

ẏ =
dy

dx
=

d

dx
f(x) = f ′(x).
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Example 1: Find the derivative of f(x) = x2.

Solution: We already know the derivative of f(x) = x2 at the point
x = 1. Now we are being asked to the find the derivative in general, that
is to say, the derivative at any arbitrary point x in the contain of f(x). We
have

f ′(x) = lim
h→0

f(x + h)− f(x)

h

= lim
h→0

(x + h)2 − x2

h

= lim
h→0

x2 + 2xh + h2 − x2

h

= lim
h→0

2xh + h2

h

= lim
h→0

(2x + h) = 2x.

It follows that for any x ∈ R, f ′(x) = 2x for f(x) = x2.

Example 2: Find the derivative of f(x) =
√

5x.

Solution: We have

f ′(x) = lim
h→0

f(x + h)− f(x)

h

= lim
h→0

√
5(x + h)−

√
5x

h
·

(√
5(x + h) +

√
5x√

5(x + h) +
√

5x

)

= lim
h→0

5(x + h)− 5x

h(
√

5(x + h)−
√

5x)

= lim
h→0

5h

h(
√

5(x + h)−
√

5x)

= lim
h→0

5√
5(x + h) +

√
5x

=
5

2
√

5x
.

Example 3: Find the derivative of f(x) = sin(x) at x = 0.
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Solution: We have

f ′(0) = lim
h→0

f(h)− f(0)

h

= lim
h→0

sin(h)− sin(0)

h

= lim
h→0

sin(h)

h
= 1.

Example 4: Is f(x) = |x| differentiable at x = 0?

Solution: We need to evaluate

f ′(0) = lim
h→0

f(h)− f(0)

h
= lim

h→0

|h|
h
.

This cannot be evaluated directly. Instead, we need to consider the
definition of absolute value |h|, which gives

|h| =
{

h, for h ≥ 0,
−h, for h < 0.

This divides the limit as h → 0 into two limits, one from the right (i.e.
h > 0) and one from the left (i.e. h < 0). We have

lim
h→0−

|h|
h

= lim
h→0+

−h
h

= −1

and

lim
h→0−

|h|
h

= lim
h→0+

h

h
= 1.

Since the limits from the right and the left do not agree, f(x) = |x| is not
differentiable at x = 0.

2 Common derivatives

In practice, we do not usually need to evaluate a derivative from first prin-
ciple. This is because, for a wide class of functions, rules are known for how
the derivatives work. Rules are also know for how to combine these known
derivatives into derivatives for more complicated functions (but we will get
to this next week!).

Some of the most common derivatives include:

There are some additional notes worth making about how to find deriva-
tives.
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f(x) f ′(x) f(x) f ′(x)

xn nxn−1, n 6= 0 constant 0

ex ex ln(x)
1

x

ax ln(a)ax loga(x)
1

ln(a)x
sin(x) cos(x) cos(x) − sin(x)

tan(x) sec2(x) sec(x) sec(x) tan(x)

arcsin(x)
1√

1− x2
arctan(x)

1

1 + x2
.

1. If f(x) and g(x) are differentiable, then f(x) ± g(x) is differentiable
and the derivative is given by f ′(x)± g′(x).

2. If f(x) is differentiable and c ∈ R is a constant, then the derivative of
cf(x) is cf ′(x).

3. An important sets of points are the critical points of f(x). These
are defined as the points x ∈ D(f) where f ′(x) = 0. That is to say,
they are the points where the tangent line at x is flat.

4. If we need to evaluate the derivative at a particular point, it is impor-
tant to evaluate the derivative in general before substituting the value
of x! (In other words, find f ′(x) first and then substitute in x = a.)

Example 1: Find the derivative of f(x) = 2ex − 5 cos(x).

Solution: We know from our rules that we can take the derivative of
the two terms separated by subtraction (i.e. 2ex and 5 cos(x)) separately
and combine them later. We also know that constants do you influence
differentiation. Consequently, we have

d

dx
[2ex − 5 cos(x)] = 2

d

dx
ex − 5

d

dx
cos(x) = 2ex + 5 sin(x).

Example 2: Find all points where the derivative of f(x) = arctan(x) is
equal to one.

Solution: For f(x) = arctan(x) we have

f ′(x) =
1

1 + x2
= 1 =⇒ 1 = 1 + x2 =⇒ x = 0.
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It follows that the only point where f ′(x) = 1 for f(x) = arctan(x) is at
x = 0.

Example 3: Find the equation of the tangent line to f(x) = (x+1)2−4
at x = 1.

Solution: We know the slope at x = 1 will be given by f ′(1) so we find
the derivative f ′(x). We have (x+1)2−4 = x2+2x−3 so that f ′(x) = 2x+2
and therefore f ′(1) = 4. Accordingly, from the general form of the equation
for a line, we have

y = mx + b = 4x + b.

How do we solve for b? Well, we know that the tangent line and the curve
have one point in common—the one given by x = 1. At x = 1 we have
y = ((1) + 1)2 − 4 = 0 so that

(0) = 4(1) + b =⇒ b = −4.

The equation of the tangent line to f(x) = (x+ 1)2− 4 at x = 1 is therefore
y = 4x− 4.

Example 4: Find all the critical points of f(x) = x3 + 6x2 − 15x + 5.

Solution: The critical points are points where f ′(x) = 0. We have that

f ′(x) = 3x + 12x− 15 = 3(x + 4x− 5) = 3(x + 5)(x− 1).

This equals zero when x = −5 and x = 1. These are our critical points.
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