
MATH 116, LECTURE 16:
Product, Quotient & Chain Rule

1 Product, Quotient & Chain Rule

It is all well and good that we know how to take the derivative of basic
functions, but most real-world applications require us to built mathematical
models which depend on more than just addition and subtraction of these
basic forms.

Consider the simple damped oscillator given by

f(x) = e−x sin(20x), (see Figure 1).

Functions like this are used to model many natural phenomena (e.g. damped
oscillations in springs, swinging pendulums, vibrations in beams, etc.) but
what is its derivative?

e-x

-e-x

e-xsin(20x)

Figure 1: The damped oscillator f(x) = e−x sin(20x) is bound between e−x

and −e−x and models such things as oscillations in springs, pendulums, and
beams.

We know that differentiation “travels through” addition and subtraction
(i.e., we can take the derivatives of the terms separately and combine them
afterward), so we might hope that the same property applies to multiplica-
tion (i.e. we can take the derivative of each term separately, then multiply
them together). This is not the case! In other words, we have that

d

dx
[f(x)g(x)] 6= f ′(x)g′(x).
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Similarly, we have one function “inside” of another function, it is not true
that we can simply take the derivative of each one separately! That is to
say, we have that

d

dx
f(g(x)) 6= f ′(g′(x)).

So what do we do in these cases? Fortunately, mathematicians of years
past have already considered these problems in depth. Even more fortu-
nately, they found that there are (relatively) simple rules which govern the
derivatives of functions which are composed out of other functions. They
are the product, quotient, and chain rules.

1. Product Rule:

d

dx
[f(x)g(x)] = f ′(x)g(x) + f(x)g′(x).

2. Quotient Rule:

d

dx

[
f(x)

g(x)

]
=

f ′(x)g(x)− f(x)g′(x)

g(x)2
.

3. Chain Rule:
d

dx
f(g(x)) = f ′(g(x))g′(x).

There are a few things worth noting:

1. These rules allow us to find the derivative of almost anything. More
importantly, there are no new derivatives to remember (i.e. the deriva-
tives of “complicated” functions are made up of the derivatives of
“simple” functions).

2. Things can still get very complicated! Often the functions we will
have to consider will have products, quotients, and compositions (and
maybe more than one function composed into each other!).

3. In cases involving the chain rule, it is often difficult to determine the
functions at play. Just remember that the chain rules works from the
outside in. That is to say, we take the derivative of the outer function
first, keep the inside the same, then take the derivative of whatever
that inner function is.

4. These are among the most widely used and foundational rules in ap-
plied mathematics. Know them well!
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Example 1: Find the derivative of h(x) = x ln(x).

Solution: This is a product of two functions of x. We set f(x) = x and
g(x) = ln(x) to get f ′(x) = 1 and g′(x) = 1/x. The product rule gives us

d

dx
[x ln(x)] = (1)(ln(x)) + (x)

(
1

x

)
= ln(x) + 1.

So the derivative of h(x) = x ln(x) is h′(x) = ln(x) + 1.

Example 2: Find the derivative of h(x) =
x2

x3 − 2 sin(x)
.

Solution: This is a quotient of the two functions f(x) = x2 and g(x) =
x3 − 2 sin(x). We have f ′(x) = 2x and g′(x) = 3x2 − 2 cos(x). It follows by
the quotient rule that

h′(x) =
(2x)(x3 − 2 sin(x))− (x2)(3x2 − 2 cos(x))

(x3 − 2 sin(x))2

=
−x4 − 4x sin(x) + 2x2 cos(x)

(x3 − 2 sin(x))2
.

Example 3: Find the derivative of h(x) = cos2(x).

Solution: It is tempting to think we can just take the derivative of
cos(x). This is not, however, correct. This is a composition of two functions.
If we set g(x) = cos(x) and f(x) = x2, we have h(x) = f(g(x)). That
is to say, the overall structure of the equation is that of a power, with a
trigonometric function inside.

The chain rule formula is h′(x) = f ′(g(x))g′(x). We know what g′(x)
is, it is just − sin(x). That was easy, but what about f ′(g(x))? This says
we need to take the derivative of f(x) and then plug g(x) into it. We have
f ′(x) = 2x so that f ′(g(x)) = f ′(cos(x)) = 2 cos(x). From the chain rule,
we therefore have

h′(x) = [2 cos(x)][− sin(x)] = −2 sin(x) cos(x) (= 2 sin(2x)).

Example 4: Find the derivative of h(x) = ln(ln(x)).

Solution: Again, this is a composition of functions, so the chain rule
will need to be applied. We have f(x) = ln(x) and g(x) = ln(x). It follows
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that f ′(g(x)) = 1/ ln(x) and g′(x) = 1/x so that

h′(x) =
1

x ln(x)
.

Example 5: Find the derivative of h(x) = e−x sin(20x).

Solution: The overall structure of this function is that of a product;
however, we will have to perform the chain rule on each term in the product.
We have f(x) = e−x and g(x) = sin(20x) which gives f ′(x) = −e−x and
g′(x) = 20 cos(20x). It follows that

h(x) = −e−x sin(20x) + 20e−x cos(20x)

= e−x(20 cos(20x)− sin(20x)).

Example 6: Find the intervals where h(x) =
x2 + x + 1

(x− 1)2
is increasing

and decreasing.

Solution: We need to find the intervals where h′(x) > 0 and h′(x) < 0.
In order to find h′(x), we apply the quotient rule. We have f(x) = x2+x+1
and g(x) = (x− 1)2 so that f ′(x) = 2x + 1 and g′(x) = 2x− 2. We have

h′(x) =
(2x + 1)(x2 − 2x + 1)− (x2 + x + 1)(2x− 2)

(x− 1)4

(2x + 1)(x− 1)2 − (x2 + x + 1)(2x− 2)

(x− 1)4

=
(x− 1)[(2x + 1)(x− 1)− 2x2 − 2x− 2]

(x− 1)4

=
2x2 − x− 1− 2x2 − 2x− 2

(x− 1)3

=
−3(x + 1)

(x− 1)3

This can change signs at only one two places: x = −1 and x = 1. We have
It follows that h(x) is decreasing in the intervals x < −1 and x > 1 and is
increasing in the interval −1 < x < 1.

Example 7: Find the derivative of h(x) = e
√
x2−1.
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x < −1 −1 < x < 1 x > 1

(x + 1) − + +

(x− 1)3 − − +

h′(x) − + −

Solution: We have several layers of the chain rule at work here. The
outer most function is an exponential, the second-most outer function is
a root, and the inner most function is x2 + 1. Evaluating the derivatives
sequentially, we have

h′(x) = e
√
x2−1

(
1

2

)
(x2 − 1)−1/2(2x)

=
e
√
x2−1

√
x2 − 1

.
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