
MATH 116, LECTURE 20:
Linear Approximation & Mean Value

Theorem

1 Linear Approximation

So far, we have a solid grasp on what the derivative of a function is, but
we have seen very little in terms of applications of the derivative. In other
words, what can we do with them?

One application of derivatives is using the equation of the tangent line
at a point to estimate “nearby” values on a potentially significantly more
difficult curve to evaluate. Consider asking the question of what the values
of f(x) =

√
x is “near” x = 4. Supposing we are without a calculator, how

would we handle a question like this? For instance, how would we evaluate
a number like

√
3.9?

What we are going to do is estimate the value
√

3.9 by building the
tangent line to f(x) =

√
x at x = 4 and evaluating along the line at x = 3.9.

This might seem counter-intuitive—after all, we are not using the function
f(x) =

√
x at all, so why should we trust this value?—but consider the

graph given in Figure 1.
We can see that the tangent line to f(x) =

√
x offers a very good estimate

to the values near x = 4. The advantage of using the tangent line is that it
is easily computed. We can do it by hand. The only thing remaining to do
is determine the equations for the tangent line.

Consider the question of determining the equation of the tangent line
to a general point x = a. We would need to find an equation of the form
y = mx + b that goes the point (a, f(a)) and has slope f ′(a). We have

f(a) = f ′(a)a + b =⇒ b = f(a)− f ′(a)a.

It follows that we have

y = f ′(a)x + f(a)− f ′(a)a = f(a) + f ′(a)(x− a).

We will choose to give this a special label. We will call it the line of linear
approximation centred at x = 1, and we will denote it

La(x) = f(a) + f ′(a)(x− a).
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f(x)= x

(4,2)
L4(x)=2+

3.9

x-4
4

Figure 1: The function f(x) =
√
x cannot be evaluated exactly by hand for

more than a few values. The tangent line to x = 4, however, offers a very
good and easily computable estimate of the values near x = 4!

For our example, we have f(x) =
√
x so that we have f ′(x) = 1/(2

√
x).

It follows that f(4) =
√

4 = 2 and f ′(4) = 1/(2
√

4) = 1/4 so that

L4(x) = 2 +
1

4
(x− 4).

Now recall our earlier intuition. We saw from the graph that this line
very closely approximated the values on the curve f(x) =

√
x “near” x = 4.

Since x = 3.9 is close to 4, we evaluate

L4(3.9) = 2 +
1

4
(3.9− 4) = 1.975.

In terms of computational cost, this was very easily done. All that was
required was addition and multiplication (which is simpler than taking a
square root). But how accurate is this value? After all, we have not found√

3.9, we have only approximated it. How good did we really do? The actual
value, to 8 decimal places, is

√
3.9 ≈ 1.974941766.

The estimate was accurate to 0.000158234 of the actual value!
This process is called linear approximation. A few notes are worth

making about it:
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1. This procedure only worked accurately because we have a value “nearby”
the value we were trying to estimate which could easily be evaluated.
We want to pick the closest value which can be evaluated by hand (e.g.
perfect squares, perfect cubes, ln(1), e0, etc.).

2. This procedure may seem mundate (we can plug
√

3.9 into our cal-
culator!), but it is the foundation of a wider branch of mathemati-
cal approximation. The real-world is unabashedly messy—numbers
rarely work out evenly, and we must on some level give into the real-
ization that we can only approximate the values we are interested
in. This sort of approximation has the advantage of being easily
computable—the equation for a line only requires addition and mul-
tiplication, operations anybody can perform. (In the second-half of
this course (MATH118), you will learn how to get better and better
approximations of functions using higher-order polynomials. This pro-
cess is called Taylor expansion and is the basis of a significant portion
of applied mathematics.)

Example 1: Estimate the value e0.05.

Solution: Consider the function f(x) = ex. The point we are interested
is x = 0.05, but we cannot evaluate this directly. We can, however, evaluate
f(0) = e0 = 1. Therefore, we will construct the linear approximation centred
at a = 0 to estimate the value x = 0.05. We have the equation given by

L0(x) = f(0) + f(0)(x− (0)).

We have f ′(x) = ex and therefore f ′(0) = e0 = 1. It follows that we have

L0(x) = 1 + (1)(x) = 1 + x.

It follows that L0(0.05) = 1 + 0.05 = 1.05 so that e0.05 ≈ 1.05. (This is very
close to that actual value e0.05 = 1.051271096.

2 Mean Value Theorem

Suppose that you are a police officer assigned to monitor speeds on a par-
ticularly dangerous stretch of highway where the posted speed limit is 80
km/h.

You observe a motorist pass your cruiser at noon travelling at 70 km/h.
Nevertheless, you are suspicious of the vehicle and phone ahead to another
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officer 100 kms farther down the highway. This officer observes the same
motorist an hour later travelling 75 km/h. Now consider the question:

1. Are you justified in giving the motorist a speeding ticket?

At first glance, the answer appears to be “no.” In both instances where
he was observed, the motorist was travelling below the speed limit. But
consider the rest of the information given to us. At noon, the motorist was
at your position, and one hour later the motorist was 100 kms down the
road. That means he travelled 100 kms in one hour! The question then
becomes:

2. Given an average speed of 100km/hr, can we guarantee

that the motorist was travelling 100 km/hr at any given

time in the interval?

The answer, of course, is “yes”. The mathematical theorem which guar-
antees this result is called the mean value theorem.

Theorem 2.1 (Mean Value Theorem). Suppose f(x) is continuously differ-
entiable on the interval [a, b]. Then there is a point x∗ ∈ (a, b) such that

f ′(x∗) =
f(b)− f(a)

b− a
.

If we take the initial position to and time to be zero, we have a = 0,
b = 1, f(a) = 0, and f(b) = 100, so that we have that there is a time
t∗ ∈ (0, 1) such that

v(t∗) =
f(b)− f(a)

b− a
=

100− 0

1− 0
= 100.

In other words, we are guaranteed that there is a time where the motorist
broke the speed limit, and therefore are justified in giving him a ticket (even
though we never observed him speeding!).

Although this seems simple, it is the basis for many very powerful results
in the advanced mathematical discipline of functional analysis. For our
purposes, we will be interested in the intuition that, for a continuous and
smooth function f(x), there is always a point where the average rate of
change over the interval is obtained.

There are a few notes worth making:

1. The shortform MVT is common used to denote the Mean Value The-
orem.
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2. When applying the MVT, it is very important that the function is
continuous in the interval of discussion—otherwise the result may not
hold.

3. The MVT is one of the most commonly applied theorems in the ad-
vanced discipline of functional analysis. If we take the absolute value
of the equality and consider every point in [a, b], it follows that

|f(b)− f(a)| ≤ max
x∈(a,b)

|f ′(x)||b− a|.

In other words, a function may not increase faster on average than the
greatest instantaneous rate of increase in the interval.

Example 1: Calculate the average rate of change of f(x) = x3− 2x+ 1
over the interval [−1, 2]. Find a point x∗ ∈ (−1, 2) where this average is
attained.

Solution: We have f(−1) = (−1)3 − 2(−1) + 1 = 2 and f(2) = 23 −
2(2) + 1 = 5. It follows that the average rate of change is

f(2)− f(−1)

2− (−1)
=

5− 2

3
= 1.

It follows by the MVT that there is a point x∗ ∈ (−1, 2) such that

f ′(x∗) = 1.

We want to find this point, so we find the derivative and set it equal to
one. We have

f ′(x) = 3x2 − 2 = 1 =⇒ 3x2 = 3 =⇒ x = ±1.

We want the point in the interval (−1, 2), so we pick the point x = 1 (i.e.
f ′(1) = 1). (See Figure 1.)

Example 2: Find the average rate of change of f(x) = 1/x in the in-
terval [1/2, 2]. Find the point x∗ ∈ (1/2, 2) where the derivative is equal to
this value. Will the same technique work in the interval [−1, 1]?

Solution: We have that f(1/2) = 2 and f(2) = 1/2 so that

f(b)− f(a)

b− a
=

f(2)− f(1/2)

2− 1/2
=

1/2− 2

2− 1/2
= −1.
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(-1,2)

(1,0)

(2,5)

slope=1

f(x)=x3-2x2+1

Figure 2: The function f(x) = x3 − 2x + 1 has an average rate of change
over the interval [−1, 2] of one. In the intermediate interval, this slope is
attained at the value x = 1 (i.e. f ′(1) = 1).

Since the function is continuously differentiable on this interval, we can
conclude that there is a point x∗ ∈ (1/2, 2) such that f ′(x∗) = −1. We have
that

f ′(x) = − 1

x2
= −1 =⇒ x2 = 1 =⇒ x = ±1.

The point in the interval (1/2, 2) is x = 1.
Now consider the interval [−1, 1]. We have that f(−1) = −1 and f(1) =

1. The average rate of change is therefore

f(1)− f(−1)

1− (−1)
=

1− (−1)

1− (−1)
= 1.

We attempt to find a point in the interval (−1, 1) where f ′(x) = 1 to get

f ′(x) = − 1

x2
= 1 =⇒ x2 = −1
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which has no solution (in any interval). In other words, there is no point in
the interval which obtains the average rate of change value.

Where did we go wrong? We have performed our calculations correctly,
but we have not been careful to satisfy all of the assumptions of the MVT.
The function f(x) = 1/x is not continuous at x = 0, and therefore the MVT
may not be applied to any interval containing it.
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