
MATH 116, LECTURE 21:
Newton’s Method

1 Newton’s Method

Another application of the derivative is Newton’s method.
Consider the problem of determining when f(x) = e−x and g(x) = x

intersect. We earlier considered this problem by defining a function h(x) =
e−x−x and realizing that the points where f(x) and g(x) exactly corresponds
to the roots of h(x). Previously we showed using the Intermediate Value
Theorem that there is a root in the interval (0, 1), but how do we find this
root?

We cannot evaluate e−x − x = 0 for x directly, so we need to estimate
the root. One approach to estimating roots which often works is to take a
point “near” the root (i.e. take a reasonable guess) and consider the tangent
line to this point (see Figure 1). If we follow this tangent line to the axis
(i.e. find the root of this line!) we notice that it is “closer” to the root than
where we started!
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Figure 1: If we successively find the roots of tangent lines, we get “closer”
and “closer” to the root of e−x − x.

Hmmmm... this leads to an interesting question. If we can start at an
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arbitrary point (i.e. x0) and go through a simple process (tangent lines are
easy to handle!) to get a point closer to the point we want (i.e. the root),
what is to stop us from starting at the second point (x1) and doing the same
process on it? The answer is... nothing ! We can this process as many times
as we like, and each time we will (usually) get a point closer to the root than
the point we started with.

This process defines an iterative process called Newton’s Method. It
is used for estimating roots of functions. The primary remaining question
is how, given an arbitrary point xn, how we find out better estimate xn+1.

We know from the last lecture on linear approximation that the equation
of the tangent line can be given by

f(x) = f(a) + f ′(a)(x− a)

where a is the point we are centering the tangent line on the curve f(x).
We are centering the function at a = xn and are interested in the point
x = xn+1 where f(x) = f(xn+1) = 0. We have

0 = f(xn+1) = f(xn) + f ′(xn)(xn+1 − xn).

This can be rearranged to give

xn+1 = xn − f(xn)

f ′(xn)
.

We can determine a sequence of points which are “closer” and “closer” to the
actual value of the root by successively plugging the values into the above
formula!

For our example, we have h(x) = e−x − x which has the derivative
h′(x) = −e−x − 1. It follows that we have the recursive formula

xn+1 = xn − e−xn − xn
−e−xn − 1

.

If we start at x0 we get the following values In just five iterates we have
obtained ten-decimal places of accuracy! We take the estimate of the root
to be x∗ ≈ 0.5671432904.

There are a few notes to make about Newton’s Method:

1. It is important to pick a point “close enough” to where the actual
root lies—otherwise the process may not work. This is especially im-
portant for functions where multiple roots exist in other to guarantee
convergence to the “right” root.
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n value

x0 0
x1 0.5
x2 0.5663110032
x3 0.5671431650
x4 0.5671432904
x5 0.5671432904

2. This process is not guaranteed to work. In higher-year courses, you
will learn better approximation techniques, and ones which converge
to roots faster (i.e. get closer in fewer steps).

Example 1: Estimate the root of f(x) = x5− 5x3 + 6x− 1 in the inter-
val [0, 1] to five-decimal places of accuracy. Start with x0 = 0 and x0 = 1.
What happens? Why? (Consider the graph.)

Solution: We have f ′(x) = 5x4 − 15x2 + 6 so that

xn+1 = xn − x5n − 5x3n + 6xn − 1

5x4n − 15x2n + 6
.

We have the following tables of iterates: We can see that the estimate of the

n value n value

x0 0 x0 1
x1 0.1666666667 x1 1.25
x2 0.1707867238 x2 1.209111277
x3 0.1707942652 x3 1.209225183
x4 0.1707942653 x4 1.209225181

root in the interval [0, 1] is x∗ ≈ 0.1707942653 and we got there from the
starting point x0 = 0.

The other starting point x0 = 1 converged, but converged to x∗ ≈
1.209225181 which lies outside of the interval of interest. This is root (see
Figure 2), but not the one we are interested in. The sequence converged
there because it started closer to this root than the one we wanted. In other
words, if we want to find the “right” root, we have to be careful where we
start!

3



3 roots!

f(x)=x5-5x3+6x-1

Figure 2: The function f(x) = x5 − 5x3 + 6x− 1 has several roots. In order
to converge to the root in the interval [0, 1] we need to pick a starting point
closer to that root than the other ones.
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