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First-Order Linear and Separable DEs, Existence and Uniqueness

Suggested problems:

Section 2.1: 1-33
Section 2.2: 1-28

Problems for submission:

Section 2.1: 9, 16, 33
Section 2.2: 5, 8, 23
(Justify your answers for full marks!)

1. Consider the first-order ODE y′ =
√

1− y2.

(a) Sketch the slope/direction field over the range −∞ < x < ∞,
−1 ≤ y ≤ 1.

(b) Find a solution y(x) of the the differential equation over the do-
main C − π/2 < x < C + π/2 where C is an arbitrary (integra-
tion) constant. Notice that y(x) = −1 is a solution in the range
x ≤ C−π/2 and y(x) = 1 is a solution in the range x ≥ C+π/2.
(Hint: The answer you get must match the slope field found in
part (a).)

(c) Apply the existence and uniqueness theorem from class. Com-
ment on any regions where existence and/or uniqueness breaks
down. Do the results match those found in parts (a) and (b)?
Explain.

2. Consider a body cooling (or warming) under Newton’s law of cooling,
which says that the rate of a body’s temperature change (dT/dt) is
proportional to the difference between the body’s current temperature
(T ) and the ambient environmental temperature (A). In other words,
we have

dT

dt
= k(A− T ), T (0) = T0 (1)

where k > 0 is the proportionality constant.

(a) Find the solution of the IVP (1) by treating it as a separable
differential equation.



(b) Find the solution of the IVP (1) by rearranging it as a first-order
linear differential equation.

(c) Comment on the long-term behavior of the solutions found in
parts (a) and (b) (i.e. what happens in the limit t→∞?). Does
the long-term behavior depend on the initial condition?

(d) Suppose the temperature of the external environment is no longer
a constant value A but fluctuates sinusoidally with the seasons
according to the relationship A+B sin

(
π
6 t
)
, which gives

dT

dt
= k

(
A+B sin

(π
6
t
)
− T

)
. (2)

Here we imagine that t corresponds to the months, so that t = 0
corresponds to January, t = 1 corresponds to February, and so on.
Find the general solution of this DE with the parameter values
A = 50, B = 25, and k = 1/6 (temperatures in Fahrenheit).

(e) Comment on the long-term behavior of the solution found in part
(d) (i.e. what happens in the limit t→∞?). Does it depend on
the initial condition?

(f) BONUS! The solution found in part (d) can be divided into
two portions: a transient portion which goes to zero in the limit
t → ∞; and a steady state portion which does not. Identify
the transient and steady state portion of the solution T (t). In
which month does the steady state portion of the temperature
of the body reach its maximum? Minimum? Comment on how
these values compare with the maximal and minimal values of
the external environment. (Hint: Find the critical points of the
steady state portion of the solution! They will not be “nice”
numbers (Sorry!).)


