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1. Short Answer:

(a) Consider the mechanical model mx′′(t) + cx′(t) + kx(t) = 0. State a relationship[1]
on the constants m, c, and k such that the mechanism is critically damped.

(b) Determine the Wronskian of y1(x) = ln(x) and y2(x) = 1/x2. Can y1(x) and y2(x)[2]
constitute a fundamental solution set for a homogeneous second-order differerential
equation (for x > 0)?

2. True/False:[3]

(a) The complementary solution of y′′(x) − 8y′(x) + 20y(x) = e4x sin(2x) is yc(x) =
C1e

4x sin(2x) + C2e
4x cos(2x). [True / False]

(b) The amplitude (i.e. maximal value) of the particular solution of y′′(x) + 2y′(x) +
5y(x) = cos(ωx) does not depend on ω. [True / False]

(c) Every point x0 ∈ R is an ordinary point of (x2 +1)y′′(x)+xy′(x)− (x+1)y(x) = 0.
[True / False]
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3. Second-Order Differential Equations

(a) Consider the following differential equation:[3]

y′′(x) + 4y′(x) + 5y(x) = g(x).

Determine the complementary solution yc(x) then set-up, but do not attempt to
evaluate, the trial form yp(x) for the given choices of g(x) below.

(i) g(x) = x2e−2x

(ii) g(x) = e−2x cos(x)

(b) Given that y1(x) = 1/x and y2(x) = 1/x5 are fundamental solutions of x2y′′(x) +[4]
7xy′(x) + 5y(x) = 0, determine the particular solution of

x2y′′(x) + 7xy′(x) + 5y(x) = x.

[Hint: Remember the standard form for when applying variation of parameters!]
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4. Power Series Solutions

(a) Determine the radius of convergence of the power series:[2]

∞∑
n=2

(−1)n3n

(2n)!
(x− 1)n

(b) Write the following expression as a single summation whose common term is xn:[2]

∞∑
n=2

(n− 1)n2anx
n−2 + x

∞∑
n=0

nanx
n−1

(c) Suppose that a particular differential equation has a power series solution centered[2]
at x0 = 0 generated by the recursion relation

an+2 =
an+1 − (n + 1)an

n + 2
, n ≥ 0.

Determine up to the x3 term of the solution y(x) =
∞∑
n=0

anx
n.
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5. Laplace Transforms:

(a) Evaluate the following inverse Laplace transform:[2]

L−1
{

2

s2 − 4s + 8

}

(b) Use the Laplace transform method to evaluate the following initial value problem:[4]

d2y

dx2
− y(x) = ex, y(0) = 0, y′(0) = 1/2.
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THIS PAGE IS FOR ROUGH WORK
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