
MATH 415, Fall 2014, Assignment 2
Due date: Wednesday, September 24 (by 5:00 p.m.)

Linear stability, Potentials, Bifurcations

Submission instructions: Clearly write your full name and ID number on
the first page. To avoid marking and handling difficulties, please staple all
submitted pages together and answer the questions in the order they appear
on the assignment.

Academic integrity: Students are encouraged to collaborate on assign-
ment problems but must write up their assignments independently. Copy-
ing is strictly forbidden!

Problems for submission:

Section 2.4: 2, 5, 7 (Justify solutions for full marks!)

1. Find and plot the potential V (x) for the following one-dimensional
systems and use it to identify and determine the stability of all fixed
points:

(a)
dx

dt
= x

√
1− x2, for x ∈ [−1, 1]

(b)
dx

dt
= − ln (x), for x > 0

(c)
dx

dt
= (1− 2x2)e−x

2
(Hint: Use integration by parts creatively!)

2. Determine and classify all bifurcation values for the following one-
dimensional systems. Also draw the bifurcation diagram.

(a)
dx

dt
= 1− rx(1− x), r ≥ 0

(b)
dx

dt
= x− r arctan(x), r ≥ 0

(c)
dx

dt
= 1 + x− erx, r ∈ (−∞,∞) (Hint: There are two bifurca-

tion values, only one for which we have a name. It is sufficient to
describe this bifurcation in words.)



3. Imagine a population split into two groups: susceptible to infection
(S) and infected (I). Suppose that susceptible people become infected
at fixed infection rate k > 0 when they encounter an infected person
(event kSI) and that an infected person will spontaneously clear the
infection and become susceptible again at fixed recovery rate r > 0
(event rI). This gives rise to the following model:

dS

dt
= −kSI + rI, S(0) = S0

dI

dt
= kSI − rI, I(0) = I0.

(a) Notice that
dS

dt
+
dI

dt
= 0 (i.e. the total number of people does

not change). It follows that S(t)+I(t) = N where N is a constant
representing the population size. Use this observation to rewrite

the expression for
dI

dt
in terms of I alone (i.e. remove S!).

(b) Draw the bifurcation diagram for the equation found in part (a)
for the parameter k, holding r and N fixed. Identify the bifurca-
tion value. What type of bifurcation is this?

(c) Draw the bifurcation diagram for the equation found in part (a)
for the parameter r, holding k and N fixed. Identify the bifurca-
tion value. What type of bifurcation is this?

(d) A disease model is said to endemic if there is a stable positive
number of infected individuals in the limit as t → ∞. Interpret
the bifurcations found in parts (b) and (c) in terms of endemic
versus non-endemic behavior.

(e) Use the substitutions Ĩ(t) = I(t)/I0 and τ = kI0t to get the
reduced form

dĨ

dτ
= k̃Ĩ − Ĩ2, Ĩ(0) = 1 (1)

where k̃ = (kN − r)/kI0. Solve the reduced system (1) for the
two distinct cases k̃ = 0 and k̃ 6= 0.

(f) After substituting the solution in (e) with the original variables
and parameters, the actual solution can be seen to be

I(t) =


I0

1 + kI0t
, if kN = r

I0e
(kN−r)t

1 +
(

kI0
kN−r

) (
e(kN−r)t − 1

) , if kN 6= r.



By evaluating the limit lim
t→∞

I(t), verify the intuition offered in

part (d). (Hint: You should have three cases for evaluating the
limit!)

Bonus! We have already seen several examples of one-dimensional systems
where determining the dependence of the fixed points on the bifurca-
tion parameter was nearly impossible to do by hand. Computers are
an invaluable tool for visualizing such dependences.

In general, if we have a single state variable (say, x) and a single
parameter (say, r), the bifurcation diagram in the (r, x)-plane can be
given by solving the implicit equation f(r, x) = 0 where x′(t) = f(r, x)
is the original DE. In Maple, the commands for solving such an implicit
equation is

with(plots):

implicitplot(f(r,x)=0,r=rlow..rup,x=xlow..xup);.

where rlow and rup are the lower and upper bounds on r, respectively.
For instance, we can plot the circle x2 + y2 = 1 with the command

implicitplot(x^2+y^2=1,x=-1..1,y=-1..1);

Use Maple or another computation package (or your hands, if you are
really brave!) to draw the bifurcation diagram for the system

dx

dt
= −r3 + r2x− rx2 + x3 + r2 + x2 + r − x− 1

over the range −3 < r < 3. Identify all bifurcation values and the
corresponding bifurcation type. Draw a representative vector field
diagram in each qualitatively distinct region. (Hint: Despite the look
of the system, you should find that the bifurcation diagram consists
of easily identified shapes!)


