
MATH 415, Fall 2014, Assignment 3
Due date: Monday, October 6 (by 5:00 p.m.)

Numerical Solutions, Two-Dimensional Linear Systems

Submission instructions: Clearly write your full name and ID number on
the first page. To avoid marking and handling difficulties, please staple all
submitted pages together and answer the questions in the order they appear
on the assignment.

Academic integrity: Students are encouraged to collaborate on assign-
ment problems but must write up their assignments independently. Copy-
ing is strictly forbidden!

Problems for submission:

1. Consider the initial value problem

dx

dt
=

1

1 + x2
, x(0) = 0. (1)

Use the step-size ∆t = 0.5 to estimate the value of x(1) using the
forward Euler, improved Euler, and Runge-Kutta methods. For full
marks, show your steps and do the computations by hand!

2. The Taylor series expansion of the solution x(t) over a small interval
t+ ∆t gives

x(t+ ∆t) = x(t) + f(x(t))∆t+O((∆t)2). (2)

By setting xn := x(t) and xn+1 := x(t+ ∆t) (where t = n∆t), we see
that this justifies the forward Euler method.

(a) By taking the Taylor series expansion (2) one step further (i.e. to
O((∆t)3), devise a second-order forward Euler method. Repeat
the Questions #1 for this new method. (Hint: You will have to
use the chain rule.)

(b) Adapt the MATLAB code given on the course website to apply
the method derived in part (a) to the initial value problem (1)
with ∆t = 0.1. Produce a computer plot of the result.



3. Consider the two-dimensional autonomous linear system of differential
equations

dx

dt
= Ax. (3)

(a) Suppose that A ∈ R2×2 has a repeated eigenvalue λ ∈ R, a regular
eigenvector v ∈ R2, and a generalized eigenvector w ∈ R2. Verify
that

x(t) = (C1v + C2(tv + w))eλt

satisfies (3). (Hint: Expand the generalized eigenvector formula
(A− λI)w = v.)

(b) Suppose that A ∈ R2×2 has a complex eigenvalue λ = α+ iβ and
corresponding eigenvector v = a + ib. Verify that

x(t) = C1e
αt (a cos(βt)− b sin(βt))

+ C2e
αt (a sin(βt) + b cos(βt))

satisfies (3). (Hint: Expand the complex form of Av = λv and
equate the real and complex parts.)

(c) Find the general solution of (3) with the given A and sketch
the vector field in the (x, y)-plane. Overlay a few representative
solutions:

(i) A =

[
0 2
−2 −5

]
, (ii) A =

[
−1 2
−4 3

]
, (iii) A =

[
−1 −1
1 1

]
.

4. The behavior of a pendulum obeying gravity (or a mass on a spring
obeying Hooke’s law) can be approximated by the second-order linear
equations

m
d2x

dt2
+ c

dx

dt
+ kx = 0, x(0) = 1,

dx

dt
(0) = 0 (4)

where m is the mass, c is a friction constant, and k is the restoring
force.

(a) Rewrite this equation as a two-dimensional system of first-order
autonomous, linear differential equations. (Hint: Remember the
initial conditions!)

(b) Find the analytic solution of the system found in part (a) assum-
ing the parameter values m = 1, c = 2 and k = 2. Describe
the transient and long-term qualitative behavior of the system
for this choice of parameters.



(c) Describe how the dynamical behavior of the system found in part
(a) changes as the parameters pass from the region c2− 4mk > 0
to c2 − 4mk = 0 to c2 − 4mk < 0. What change in behavior
does this correspond to in the corresponding solutions of (4)?
(Hint: Do not have to solve the equation in each of the cases. It
is enough to consider the general form of the eigenvalues for the
system found in part (a).)

Bonus! It can be easily seen from (2) that the error per step of the forward
Euler method is on the order of (∆t)2 by noticing that

x(t+ ∆t)− x̃(t+ ∆t) = O((∆t)2).

In general, however, to construct the approximate solution x̃(t) we
must take n steps where n = t/∆t is on the order of 1/(∆t). It follows
that the global error after n steps is

x(t)− x̃(t) =
n∑
i=1

O((∆t)2) = O

(
1

∆t

)
·O((∆t)2) = O(∆t).

This justifies the forward Euler as a first-order numerical method.

Use this intuition to show that the improved Euler method derived
in class is a second-order numerical method. Comment on any con-
nections with the method derived in part Question # 2(b). (Hint:
Carefully set-up x(t + ∆t) − x̃(t + ∆t) and take the Taylor series ex-
pansion of f(x) wherever possible!)


