
MATH 415, Fall 2014, Assignment 4
Due date: Wednesday, October 22 (at 5 p.m.)

2D Nonlinear Systems, Vector fields, Linearization

Submission instructions: Clearly write your full name and ID number on
the first page. To avoid marking and handling difficulties, please staple all
submitted pages together and answer the questions in the order they appear
on the assignment.

Academic integrity: Students are encouraged to collaborate on assign-
ment problems but must write up their assignments independently. Copy-
ing is strictly forbidden!

Problems for submission:

1. Section 6.1: 1, 3, 5, 13

2. Section 6.3: 2, 10(a-c)

3. Section 6.4: 2

4. (Based on 6.3.8 in text) Consider a particle x bound between two
fixed objects of mass m1 and m2 (at positions x = 0 and x = a,
respectively). Assuming the particle begins in the interval x(0) ∈ [0, a],
we may model the particle’s motion with the second-order differential
equation

d2x

dt2
=

Gm1

(x− a)2
− Gm2

x2

where G is the gravitational constant. Supposing that G = 1, m1 = 4,
and m2 = 1 (i.e. the object at x = 0 is four times as large as the
object at x = a), determine all fixed points in the interval [0, a]. Use
linearization to classify the stability of this fixed point.

5. Consider a general two-dimensional first-order system of differential
equations 

dx

dt
= f1(x, y)

dy

dt
= f2(x, y)

(1)



(a) Show that the system (1) can be represented in polar coordinates
x = r cos(θ) and y = r sin(θ) by the system

dr

dt
= cos(θ)f1(r cos(θ), r sin(θ)) + sin(θ)f2(r cos(θ), r sin(θ))

dθ

dt
= −sin(θ)

r
f1(r cos(θ), r sin(θ)) +

cos(θ)

r
f2(r cos(θ), r sin(θ)).

(2)

(b) Consider the following systems

(i)


dx

dt
= x− x(x2 + y2)

dy

dt
= y − y(x2 + y2)

(ii)


dx

dt
= −y + y(x2 + y2)

dy

dt
= x− x(x2 + y2)

(iii)


dx

dt
= x− y − (x+ y)(x2 + y2)

dy

dt
= x+ y − (−x+ y)(x2 + y2)

Determine the nullclines and fixed points of (i) and (ii), then draw
the vector field diagrams. (Note: You do not have to do (iii)—it
is pretty terrible!)

(c) Rewrite the systems (i), (ii), and (iii) from part (b) in the polar
coordinate form (2). Draw a phase portrait in the (x, y)-plane.
Describe the qualitative behavior of the system. (Hint: If you
have substituted correctly, after simplification the polar systems
should be much simpler than the original ones! Yes, even (iii).)

Bonus! Consider the system of differential equations
dx

dt
= x+ y − y(x2 + y2)

dy

dt
= −x− y + x(x2 + y2).

Determine the fixed points of the system and show that lineariza-
tion fails to classify them. By plotting the vector field in a com-
puter software program, conjecture as to the true behavior at



each fixed point. Overlay a few representative solutions, either
by hand or using the computer. (Hint: You will have to be cre-
ative in determining the fixed points, but you should find three
of them!)


