
MATH 415, Fall 2014, Assignment 5
Due date: Wednesday, November 5 (by 5 p.m.)

Conservative systems, Lyapunov functions

Submission instructions: Clearly write your full name and ID number on
the first page. To avoid marking and handling difficulties, please staple all
submitted pages together and answer the questions in the order they appear
on the assignment.

Academic integrity: Students are encouraged to collaborate on assign-
ment problems but must write up their assignments independently. Copy-
ing is strictly forbidden!

Problems for submission:

1. Section 6.5: 2, 12, 19

2. For the following systems, perform the following tasks:

(i) Sketch the vector field in the (x, y)-plane (making the substitution
x = x(t), y = x′(t), if necessary).

(ii) Determine all fixed points and, if possible, determine their linear
stabilities.

(iii) Show that the systems are conservative and determine the con-
servation relation.

(iv) Use a computer to produce a contour plot of the conservation
relation. Identify the direction of flow on the curves. Make sure
that all dynamically interesting behavior is captured (i.e. choose
your resolution carefully!).

(a)
d2x

dt2
= x2(x− 1)

(b)


dx

dt
= x2 − y

dy

dt
= 2x(1− y)



(c)


dx

dt
= αx+ y (Perform (i-iv) for 0 < α < 1, α = 1, and α > 1)

dy

dt
= −x− αy

3. Determine values a, b, c ∈ R such that L(x, y) = ax2 + bxy + cy2 is
increasing along solutions of the system

dx

dt
= x3 − 4y

dy

dt
= x+ 2y3.

What does Lyapunov theory guarantee about the fixed point (x̄, ȳ) =
(0, 0)? Explain the intuition behind this conclusion.

4. Consider a low-amplitude (i.e. linear) pendulum model modified in
the following way. At the natural resting position we place a magnet
which repels the end of the pendulum. Given suitable rescaling, we
can model this with the system:

d2x

dt2
=

1

x|x|
− x.

(a) Explain this significant of the forcing term 1/(x|x|) due to the re-
pelling magnet, with particular consideration given to the physi-
cal consequences of the term’s sign.

(b) Determine the fixed points of the system and classify them by
determining a conserved quantity. (Hint: To remove the absolute
value, consider the cases x > 0 and x < 0 separately!)

(c) How does the system behave? Be sure to comments on behavior
near or at fixed points, any oscillatory behavior, and what hap-
pens when solutions pass through x = 0, or if passing through
x = 0 even makes sense. (Hint: It will help to determine the
contour plot of the conserved quantity; however, you do not need
to include this plot.)

Bonus Consider the following system:

dx

dt
= −2xy

dy

dt
= x2 − y2 + 1.



(a) Identify and classify all fixed points by linear stability analysis.
Then sketch the vector field.

(b) Show that L(x, y) = x2 + y2 is constant along trajectories corre-
sponding to L(x, y) = 1. Use this result to find a pair of curves
which connect the two fixed points found in part (a).

(c) Show that L(x, y) = (x − c)2 + y2 is constant along trajectories
corresponding to L(x, y) = 1 + c2 for all c ∈ R. Use this result to
construct a completely accurate phase portrait by hand. [Hint:
Notice that, for all values of c ∈ R, we have that x1 = 0 implies
x2 = ±1 along L(x, y) = 1 + c2.]


