
MATH 415, Fall 2014, Assignment 8
Due date: Not due

Recurrence Relations, Fixed Points, Periodicity

Submission instructions: Clearly write your full name and ID number on
the first page. To avoid marking and handling difficulties, please staple all
submitted pages together and answer the questions in the order they appear
on the assignment.

Academic integrity: Students are encouraged to collaborate on assign-
ment problems but must write up their assignments independently. Copy-
ing is strictly forbidden!

Problems for submission:

1. Rewrite the following recurrence relations as a system of relations
where the (n+ 1)st state vector only depends on the nth state:

(a) xn+1 = xn − xn−1
(b) xn+3 = x3n − xn−1

2. Find and, if possible, determine the linear stability of all fixed points
for the following recurrence relations:

(a) xn+1 = x2n − 2

(b) xn+1 =
2xn

1 + x2n

(c) xn+1 = x3n − xn

3. Show that the following recurrence relations have cycles of period 2.
Find the corresponding cycles and determine their stabilities.

(a) xn+1 = −4x3n.

(b) xn+1 = − 2xn
1 + x2n



4. Consider Newton’s method for determining the roots of a function
f(x), which is given by

xn+1 = xn −
f(xn)

f ′(xn)
.

(a) Show that any fixed point x̄ of Newton’s formula satisfying f ′(x̄)) 6=
0 is a root of f(x) (i.e. f(x̄) = 0).

(b) A fixed point x̄ of a recurrence relation is called superstable if
f ′(x̄) = 0. Show that any fixed point x̄ of Newton’s formula
satisfying f ′(x̄)) 6= 0 is superstable.

5. Consider the recurrence relation

xn+1 =
r + 1

x+ r

where r ∈ R is a parameter.

(i) Determine the fixed points as a function of r.

(ii) Determine the linear stabilities of the fixed points found in (i) as
a function of r. Classify any bifurcation points. [Note: Describe
the qualitative change in behavior, if it is not a case which fits
an established bifurcation classification.]

(iii) For the two values of r where linear stability analysis fails, use
another method to determine the stability of the fixed points.
[Hint: One case will have periodic behavior, while the behavior
in the other should be clear from cobwebbing.]

(iv) Draw the bifurcation diagram.

6. Use mathematical induction to show that the following recurrence re-
lations have the following functions xn = x(n) as solutions.

(a) xn+1 = xn + xn−1, x0 = 0, x1 = 1;

xn =
1√
5

((
1 +
√

5

2

)n

−

(
1−
√

5

2

)n)

Bonus xn+1 = xn −
1

2
xn−1, x0 = 1, x1 = 1;

xn =

(
1√
2

)n−1(
cos

(
(n− 1)π

4

))
.

[Hint: Yep, you’ll have to use a few trigonometric identities.]


