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1. Examples and Interpretation:

Consider the differential equation

dx

dt
= f(x). (1)

(a) If possible, draw a vector field corresponding to the form (1) which has one unsta-[1]
ble, one stable, and one semi-stable fixed point. (If not possible, explain why not.
You do not need to state the f(x), just the diagram.)

(b) Draw a vector field corresponding to the form (1) which has the following solution[2]
plots (for various initial conditions). Also give an example of a function f(x) which
could give this qualitative behavior.

x

t0

1

.

(c) Sketch a plot of a potential V (x) which could correspond to the following solution[2]
plots (for various initial conditions). Also given an example of a potential V (x)
which could have this qualitative shape. (Hint: Think about the peaks and valleys
as maxs and mins then use some calculus!)

x

t0

1

.
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2. Potentials and Linear Stability:

(a) Consider the following graph of the potentials V (x) of a one-dimensional system:[2]

r=-1 r=0 r=1

x x x

V(x) V(x) V(x)

Sketch the one-dimensional vector field for the three cases r = −1, r = 0, and
r = 1. What type of bifurcation is this?

(b) For the following one-dimensional differential equation, use linear stability analysis[3]
to classify the stability of the fixed points x = 1 and x = −2. Also sketch the
vector field. For full marks, note that f(x) is not defined for −1 ≤ x ≤ 0 but is
continuous everywhere else.

dx

dt
= ln

(
1

2
x(x+ 1)

)
.
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3. Bifurcations:

Consider the parameter-dependent differential equation

dx

dt
= 1− rx+ 4x2, r ≥ 0. (2)

(a) Draw the vector field for (2) above in the qualitatively distinct regions for r ≥ 0.[3]
(Hint: To determine the number of fixed points, you may consider dividing the
right-hand side into f(x) = 1 + 4x2 and g(x) = rx, although this is not required.
You do not need to determine the exact bifurcation value.)

(b) Draw the bifurcation diagram of (2). What type of bifurcation is this?[2]
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4. Two-Dimensional Linear Systems:

Consider the following system of differential equations:
dx

dt
= 2y,

dy

dt
= x.

(3)

(a) Sketch the vector field in (x, y)-plane. Clearly label the nullclines (i.e. where x′ = 0[2]
and y′ = 0).

(b) Find the general solution of (3) above. You may leave the constants C1 and C2[4]
general as no initial conditions are given. Classify the fixed point (0, 0).
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5. Applications

Consider the following biochemical reaction model. A protein may has two forms, inac-
tive (P ) and active (P ∗), which interact in the following ways:

• The active protein facilitates the activation of the inactive protein in a reaction of
the form P + P ∗ −→ 2P ∗ (at rate α[P ][P ∗]).

• The active protein spontaneously deactives to become an inactive protein in a
reaction of the form P ∗ −→ P (at rate β[P ∗]).

Noting that the overall amount of protein is conserved by the relationship P +P ∗ = N ,
after an appropriate variable substitution, we arrive at the governing dynamics

dx

dτ
= κx− x2 (4)

where x(t) = P ∗(t), τ = αt, and κ = N − β

α
.

(a) Assuming κ 6= 0, determine the solution of the reduced system (4) (in the form[4]
x(τ) = . . . ).
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(b) Recalling that κ = N − β
α

, sketch the vector field for the reduced system (4) for[2]

the following cases (i) N < β
α

, (ii) N = β
α

, and (iii) N > β
α

.

(c) Holding the parameters β and α fixed, draw the bifurcation diagram of (4) as[3]
N > 0 varies. What type of bifurcation is this? Noting that x = P ∗ (i.e. we have
been considering the activated protein P ∗ in these pictures), briefly describe what
is happening to the long-term behavior of the system as N is varied.
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THIS PAGE IS FOR ROUGH WORK
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