
MATH 415, WEEK 2:
One-Dimensional Systems

1 One-Dimensional Systems

We have seen that, after appropriate substitutions, almost any ordinary
differential equation can be written as a first-order autonomous system. A
key determinant in how difficult a system is to analyze is the dimension—
that is, the number of interdependent state variables in the system. The
set of possible behaviors depends intricately upon the dimension, which
is very limited for one-dimensional systems but becomes more varied for
two-dimensional systems (which permit limit cycles!) and hits a critical
mass at three-dimensional systems (which permit chaos!). This dimensional-
complexity should not be surprising to those who have some background in
mathematical topology.

We start our study of such systems by considering the simplest possible
case, the one-dimensional first-order autonomous system

dx

dt
= f(x), x(0) = x0. (1)

where t ∈ [0, a) and x0 ∈ R. The study of one-dimensional systems will
allow us to contextualize the analysis we will do later. In particular, we will
provide the basis for:

1. deriving analytic solutions (when possible/appropriate);

2. constructing vector/direction fields and phase planes;

3. analyzing qualitative behavior from solutions and vector fields;

4. solving equations by use of numerical methods; and

5. investigating bifurcations.

2 Vector Fields and Phase Portaits

A key feature in the shift from analytic results to the consideration of qual-
itative behavior is the development of vector fields (also called direc-
tion fields) and phase portraits of differential equations (although phase
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portraits will not factor significantly until we consider two-dimensional sys-
tems). We now briefly explain the formula for constructing a one-
dimensional vector field corresponding to the DE (1):

1. Draw a line corresponding to the state variable x(t).

2. Where f(x) = 0, draw a circle.

3. Where f(x) > 0, draw an arrow to the right.

4. Where f(x) < 0, draw an arrow to the left.

That’s it! We draw a line, a few circles, and a few arrows. What is surprising
is how much become apparent from such a simple picture.

For example, re-consider the exponential population growth model

dP (t)

dt
= kP (t), P (0) = P0 (2)

where k > 0. We saw that this system had the analytic solution P (t) =
P0e

kt, but now we want to take a different approach. To construct the
vector field diagram, we notice that the right-hand side of (2) is (a) positive
if P > 0, (b) negative if P < 0, and (c) zero if P = 0. We can see the two
approaches plotted side-by-side in Figure 1.

P

P

t

P(t)=P0e
kt

0 P>0P<0

Analytic Solution

Vector Field

Figure 1: On the left, the solutions P (t) = P0e
kt are plotted with various

values of P0 and k = 1. On the right, the vector field diagram is shown.
We can see from the picture on the right that the qualitative behavior is
apparent, even if the form of the solution is not. In particular, solutions
with P0 > 0 tend toward infinity, P0 < 0 tend toward negative infinity, and
P0 = 0 remain at P (t) = 0 for all time.
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When comparing the vector field diagram with solution plots we notice
that we are effectively losing one dimension—namely, time. This is worth
remembering. When we consider vector fields in lieu of determining analytic
solutions, we lose specific information about time (for instance, how quickly
something happens) at the expense of being able to more quickly identify
the broad-strokes behavior.

When comparing the pictures, we also notice another behavior we had
not considered previously—namely, what happens when f(x) = 0. Trajec-
tories which start at such points remain there for all time, since x′(t) = 0
implies x(t) is constant, but there is much more we can say than that. In
Figure 1 we notice that nearby trajectories travel away from P = 0 as time
goes on. We formally define the following.

Definition 2.1. Consider the first-order autonomous differential equation
(1). We will say that a point x∗ ∈ R is:

1. a fixed point if f(x∗) = 0;

2. a stable fixed point if it is a fixed point and nearby trajectories con-
verge toward x∗;

3. a unstable fixed point if it is a fixed point and nearby trajectories
diverge from x∗; and

4. a semi-stable fixed point if it is a fixed point and trajectories con-
verge from one side, and diverge from the other.

We can see that P ∗ = 0 is a unstable fixed point in Figure 1. In our
vector field diagrams, we will denote stable fixed points with filled dots (•),
unstable fixed points with unfilled dots (◦), and semi-stable fixed points
with partially filled dots. Note that fixed points are also known as steady
states and equilibrium points.

We could be more formal about this if we wished. For those more inclined
for mathematical rigor, we could say that a fixed point is stable if there is
an ε > 0 such that all trajectories x(t) with initial conditions |x0 − x∗| < ε
have that property that

lim
t→∞

x(t) = x∗.

This is a significant mouthful for saying something which is already clear
in words! When possible, we will avoid such technical jargon (although we
will see ε’s and δ’s when we consider Lyapunov stability a little later in the
course).
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3 Examples

Before we delve into the theory of fixed points, we pause to consider a few
more examples with different qualitative behavior. In all cases, we will be
able to find the analytic solution by the method of separation. It is worth
noting that the equation x′(t) = f(x(t)) is always separable but that we
may not be able to evaluate the resulting form∫

1

f(x)
dx =

∫
1 dt

if we cannot integrate the left-hand side.

Example 1: Consider the system

dx

dt
= 1 + x2, x(0) = x0.

We start by rearranging to give∫
1

1 + x2
dx =

∫
1 dt =⇒ arctan(x) = t+ C.

The initial condition x(0) = x0 gives C = arctan(x0) so that, after inverting,
the solution has the explicit form

x(t) = tan(t+ arctan(x0)).

We can also verify that that this is the solution by verifying that it satisfies
x(0) = x0 and x′(t) = 1+x2 (since x′(t) = sec2(t+arctan(x0)) = 1+tan2(t+
arctan(x0)) = 1 + x2 by classical trigonometric identities).

Now consider constructing the vector field. For this example, this is
trivial since 1 + x2 is always positive. There are no fixed points and at
every point trajectories undergo a push to the right (see Figure 2). We can
conclude that all trajectories grow unbounded in time just as in the solution
to the exponential growth model P ′(t) = kP (t). We should, however, be
very careful interpreting this result. After all, we have the explicit solution
available to us, and we can clearly see that

lim
t→∞

x(t) = lim
t→∞

tan(t+ arctan(x0)) 6=∞

as a result of the tangent function being periodic. So what is going on?
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The answer should become obvious after a moment’s thought. While the
solution x(t) does not approach infinity in the limit as t→∞, it does shoot
off to infinity asymptotically at every value

t =
π

2
− arctan(x0) + kπ, for k ∈ Z.

From a dynamical perspective, this corresponds to something we have not
seen before. Given any initial condition, the solution grows like the tangent
function until it reaches the first asymptote. In the physical world, we
cannot pass discontinuously from positive infinity to negative infinity, so the
solution ceases to exist. That is, we only consider the portion of the solution
continuously connected to the initial condition. This is also an example of a
system with finite escape time defined as a divergence to infinity in the
limit as t→ t− for some finite t− > 0.

x

x(t)=tan(t+arctan(x0))
0

Analytic Solution

Vector Field

x

t

Figure 2: On the left, the solutions x(t) = tan(t + arctan(x0)) are plotted
for various values of x0. On the right, the vector field diagram is plot. We
can see on the right that all solutions tend to infinity even if the form of the
explicit solution is not known.

Example 2: Consider the system

dx

dt
= −2

√
x, x(0) = x0

where x0 ≥ 0. As before, we separate the variables to get∫
1√
x
dx = −

∫
2dt =⇒ 2

√
x = −2t+ C.

After substituting the the initial value x(0) = x0, rearranging, and squaring
both sides, we arrive at the explicit solution

x(t) = (
√
x0 − t)2.
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It is very easy to see that this satisfies both x(0) = x0 (keeping in mind that
x0 ≥ 0) and x′(t) = −2(

√
x0 − t) = −2

√
x(t).

Although it may not seemed like it, this is only partly correct. To see
why, we construct the vector field plot. We can identify three cases: (a) for
x > 0 the flow is to the left; (b) there is a fixed point at x = 0; and (c)
the vector field is undefined for x < 0. When we put this together with the
information from the explicit solution, however, we arrive at a contradiction.
The vector field very clearly identifies that all solutions tend left toward the
value x = 0. The value of x is never allowed to increase. The solution
x(t) = (

√
x0 − t)2, however, is a parabola, which has both increasing and

decreasing branches. We cannot simultaneously maintain these two pieces
of information. Something has to give, but what?

The solution is clear when we think about it for a moment. If we follow
the left branch of the parabola forward (see Figure 3) we see that we actually
reach value x = 0 at a specific time—in this case, at the vertex of the
parabola, t =

√
x0. At this point the solution we found must break down

because we have established that x∗ = 0 is a fixed point from the vector
field diagram. This is a subtle point which is not immediately obvious from
the algebra. (In fact, the algebra does break down, but in a very subtle way.
The step immediately preceding the explicit solution is

√
x =
√
x0 − t

which makes sense for values of t ≤ √x0. For values t >
√
x0, however,

we have
√
x < 0, which is patent nonense. We were only able to move on

because we very quickly squared away the problem! The solution is actually
valid only in the range t ≤ √x0.)

To find the final solution, we need to carefully combine these two pieces
of information. In fact, we have that the explicit solution is

x(t) =

{
(
√
x0 − t)2, for t ≤ √x0

0 for t >
√
x0.

Although it is trivial, we can check that x(t) = 0 is also a solution of the
differential equation since x′(t) = 0 and −2

√
x(t) = 0!

There is another important subtlety with this expression. In all of the
systems we have analyzed so far there was a unique solution—that is to say,
given a starting point in space and time x(t0), we could go backward and
forward in time without have to worry about colliding with other solutions.
It also meant that, along a specific trajectory, you always knew where you
had come from and where you were going.
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Figure 3: On the left, the solutions x(t) = (
√
x0 − t)2, t ≤

√
x0, are plotted

for various values of x0. On the right, the vector field diagram is plot. We
can see on the right that all solutions tend to the stable fixed point x∗ = 0.

Now consider the question of asking, from a point on the axis x = 0,
where it came from. It should not take much convincing to see that this
cannot be uniquely determined. Since all trajectories eventually reach x = 0
and stay there, there is no way to determine if the trajectory just reached
x = 0, did so a few moments ago, or was always at x = 0. This is like
encountering an empty sink and asking to determine when it full. It may
have just drained, drained a few minutes ago, or never had water in it in the
first place. (In fact, this differential equation is occasionally encountered in
models of leaks and drains.)

Example 3: Lastly, consider the system

dx

dt
= cos(x), x(0) = x0.

Again, we can separate variables to get∫
1

cos(x)
dx =

∫
1 dt =⇒

∫
sec(x) dx =

∫
1 dt

=⇒ ln | sec(x) + tan(x)| = t+ C.

The integral in the final step is non-trivial, but can be found in most calculus
textbooks. We substitute the initial condition x(0) = x0 and rearrange to
get the final solution

t = ln

∣∣∣∣ sec(x) + tan(x)

sec(x0) + tan(x0)

∣∣∣∣ = ln

∣∣∣∣cos(x0)(1 + sin(x))

cos(x)(1 + sin(x0))

∣∣∣∣ .
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This is obviously not an ideal representation but, since we cannot solve
explicitly for x, it is the best we can do. We can check that it is a solution—
this expression satisfies the differential equation implicitly!—but we can ob-
tain almost no useful information from it. Even questions as simple as
whether there are fixed points and what the behavior is as t → ∞ are not
immediately clear.

Fortunately, this is not the only method at our disposal. We have that

1. f(x) > 0 for x ∈ (2kπ − π/2, (1 + 2k)π − π/2), k ∈ Z,

2. f(x) = 0 for x = kπ − π/2, and

3. f(x) < 0 for x ∈ (2kπ + π/2, (1 + 2k)π + π/2), k ∈ Z.

The final result is given by Figure 4. It is easy to see that, despite the
untractable analytic solution, qualitatively the solutions are very tractable.
Any trajectory starting in the region x0 ∈ (−π/2, π/2) or x0 ∈ (π/2, 3π/2)
will converge toward the stationary trajectory x(t) = π/2 (this is called the
basic of attraction of the fixed point x∗ = π/2). This is clear because all
trajectories immediately below flow up, while all trajectories immediately
above flow down. We can extrapolate the picture up and down to get a
relatively complete picture on what is going on.

x

Analytic Solution

Vector Field

x

t π

2

π

2

3π

2

3π

2

Figure 4: On the left, the (numerical) solutions of x′(t) = cos(x(t)) are
plotted for various values of x0. On the right, the vector field diagram is
shown. Although the solution has no simple explicit form, we can easily
determine the qualitative features of the solutions based on the vector field
diagram. In particular, the fixed points and corresponding stabilities are
readily seen.
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The moral of the story here is that finding an analytic solution is not
always the best option for analyzing dynamical systems. This should be
surprising! An analytic solution encapsulates all of the information about
a system, and yet we are somehow now saying that this isn’t good enough.
But there can be no doubt that, for this example, the naive picture is more
informative than the analytic solution.

4 Linear Stability Analysis

Notice that the qualitative behavior in these examples depended heavily on
the behavior near fixed points. At each fixed point, either trajectories moved
in or they moved away toward another fixed point or toward infinity. For
smooth systems (i.e. f(x) does not have any discontinuities), is there any
other behavior we can imagine happening? We should be able to convince
ourselves after a little thought that this actually all that can happen.

So far we have investigated the stability of fixed points by building the
vector field diagram and analyzing it directly. We now introduce two other
approaches which will prove especially useful when we start considering
higher-dimensional systems. The first is called linear stability analysis.
In this approach, we consider “zooming in” on the behavior at a specific
fixed point. To do this, we will re-center the system at the chosen fixed
point through a variable shift and perform a Taylor series approxi-
mation. This will produce a simpler system which tells us—in almost all
cases—how the more complicated system behaves near the fixed point.

We start by considering a one-dimensional autonomous differential equa-
tion x′(t) = f(x(t)) and identifying a fixed point x∗ (i.e. we assume f(x∗) =
0). We introduce a perturbation variable η(t) = x(t)−x∗ which tells us how
close the solution is to the fixed point x∗. We can differentiate this new
variable with respect to t to get

dη(t)

dt
=
dx(t)

dt
= f(x(t)) = f(x∗ + η(t)) (3)

where we have substituted x(t) = x∗ + η(t) so that the expression only
depends upon η(t). Notice that we are only interested in information about
how solutions x(t) behave near x∗, which corresponds to the behavior of
(3) when η(t) is near zero. It makes sense then to take a Taylor series
approximation of f at x∗, which gives

dη(t)

dt
= f(x∗ + η(t)) = f(x∗) + f ′(x∗)η(t) +O(η(t)2). (4)
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There are two things to note here: (1) x∗ is a fixed point so that f(x∗) = 0;
and (2) O(η(t)2)—which encompasses all of the terms of order η(t)2 and
higher—is very small relative to f ′(x∗)η(t) so long as η(t) small enough
(since η(t)2 � η(t) when η(t) is close to zero). After simplifying (4) by
removing the terms at or near zero, we have

dη(t)

dt
= f ′(x∗)η(t). (5)

That is, the original non-linear system (1) behaves like the linear system
(5) near the fixed point x∗!

There are a few caveats to make here. For instance, we need differen-
tiability of f(x) (so that Taylor’s theorem applies) and f ′(x∗) 6= 0 (so we
may disregard the higher-order terms). Assuming these relatively minor
conditions have been met, we have the following powerful result.

Theorem 4.1. Consider the first-order autonomous differential equation
x′(t) = f(x(t)) and a fixed point x∗ ∈ R. Suppose that f ′(x∗) 6= 0. Then the
following hold:

1. If we are close enough to the fixed point x∗, the system behaves like
the linear system

dη(t)

dt
= f ′(x∗)η(t). (6)

2. If f ′(x∗) > 0 then the fixed point is unstable.

3. If f ′(x∗) < 0 then the fixed point is stable.

Justification: We has already prove the first claim. The remaining two
comes from the fact that we can solve this system to get

η(t) = η0e
f ′(x∗)t.

Keep in mind here that, for any given value x∗, f ′(x∗) is just a constant.
This says that the solution behaves locally as though it were undergoing
exponential growth or exponential decay (depending on the sign of f ′(x∗)).
We have justified the second and third claim and we are done.

There are a few notes worth making about this analysis, lest we become
confused at the outset:

• This process is often called linearization because the system (6) is
linear in x(t) and its derivatives while the original system x′(t) =
f(x(t)) may not be.
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• If there are multiple fixed points, we need to carry out linearization
for each one of them separately. That is, we may need to compute
f ′(x∗) several times, for different values of x∗.

• This process only works for fixed points! There is no notion of stability
for points which are not fixed points.

Example: Reconsider the system x′(t) = cos(x(t)). In order to deter-
mine the linear stability of the fixed points, we consider the first few points
and then extend periodically. We have that the first two fixed points are

x∗1 =
π

2
and x∗2 =

3π

2
.

We can quickly evaluate that f ′(x) = − sin(x) so that

f(x∗1) = − sin
(π

2

)
= −1 < 0

and

f(x∗2) = − sin

(
3π

2

)
= 1 > 0.

It follows from Theorem 4.1 that x∗1 = π/2 is stable and x∗2 = 3π/2 is
unstable (and so on periodically in both directions). This is consistent with
the interpretation of the vector field diagram in Figure 4.

5 Potentials

The second additional way to analyze the stability of fixed points is the
method of potentials, which may be more intuitive to students with a soft-
spot for physics. Consider the analogy of a ball placed on a hill. Supposing
the hill only has a single axis, we have only a few possibilities for how the
ball will behave. If the hill slopes down to the left, it will roll to the left; if
the slope is down to the right, it will roll to the right; and if it is flat, the
ball was remain stationary. We can further divide the plateaus according to
whether they are at the bottom of a valley or the top of a mountain, since
balls roll toward the valleys and away from the mountaintops.

After a little thought, we should realized that this is exactly what our
vector field diagram is like! We may either flow left, flow right, or remain
at fixed points. Furthermore, we has a natural intution for what stable,
unstable, and semi-stable fixed points look like. Stable fixed points are
like valleys while unstable fixed points are like mountain tops. What is
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furthermore surprising is that we can actually use the vector field itself to
construct this terrain. We now consider how.

First, we rewrite the differential equation (1) in the equivalent form

dx

dt
= −dV

dx
. (7)

That is, we substitute f(x) for −dV/dx. This should seem like a bizarre
thing to do. After all, how does introducing an unknown function V (x),
which we only know through a derivate, help us? The answer is that any
V (x) which satisfies (7) has exactly the properties we have been talking
about—it is the potential of the system.

To see how this is true, consider the following argument. Take a trajec-
tory x(t) of the differential equation (1) and, instead of asking the question
how does the value of x change with respect to time t? we ask the question
how does the value of V change with the time t? where V (x) satisfies (7).
We can think of V as some value which depends on the state x—for example,
the potential energy or momentum. We can use the chain rule to compute
this dependence:

d

dt
V (x(t)) =

dV

dx
· dx
dt

=
dV

dx

(
−dV
dx

)
= −

(
dV

dx

)2

≤ 0.

This says that, along trajectories x(t), the value of V is non-increasing.
This means that trajectories are flowing downhill relative to V (x), exactly
as we expected. We can think of this as modeling object operating under
the effects of gravity, or the direction of a potential energy field in physics.

Example: Draw the potential for the following differential equation and
use it to identify the stable and unstable fixed points:

dx

dt
= 1− x2.

We have that f(x) = 1− x2 so that

dV

dx
= −f(x) = −(1− x2) = x2 − 1.

It follows that

V (x) =

∫
(x2 − 1) dx =

x3

3
− x =

x

3
(x−

√
3)(x+

√
3)
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where we notice that the constant +C can be dropped because it does not
make a difference to the location of the peaks and valleys of our terrain.
The picture is given in Figure 5 where it can be clearly seen that x∗1 = −1
is unstable and x∗2 = 1 is stable.

V

x

   stable
fixed point

 unstable
fixed point

Figure 5: Plot of potential function V (x) = x3/3 − x. The fixed point
x∗1 = −1 is unstable while the fixed point x∗2 = 1 is stable. Otherwise,
trajectories operate as though they are under the effect of gravity. �

We should pause to make a few quick notes about potentials:

• While the functions V (x) satisfying (5) are particularly nice because

d

dt
V (x(t)) ≤ 0,

the interpretation of this derivative carries over for any function V (x)
at all. The only difference is that we may have to allow trajectories to
travel uphill if this derivative is positive. (Try it!)

• The method of potentials may seem trivial for these examples, but we
will see that they become crucially important for higher-dimensional
systems—but also harder to find (even if they exist!).
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6 Application

We have already considered the population growth model P ′(t) = kP (t)
and noted that the solution P (t) = P0e

kt does not capture the physical re-
ality that populations cannot grow unbounded. There are numerous factors
which act to prune large populations: limited resources, internal competi-
tion, harvesting, etc. A more realistic model must incorporate not only the
effect of procreation but also these population limiting factors.

A simple extension to the existing model is the logistic growth model:

dP

dt
= rP

(
1− P

K

)
(8)

where r,K > 0. After expanding the right-hand side of (8) we realize that
this system differs from the exponential growth model only in the single
term (r/K)P 2. The parameter K > 0 is called the carrying capacity for
reasons which will become obvious momentarily. In essence, we have the
following two forces acting on the popuation:

1. Growth term proportional to P : This term is dominant when P
is small since P > P 2 for P < 1 (adjusting for constants).

2. Decay term proportional to P 2: This term is dominant when P
is large since P 2 > P for P > 1 (adjusting for constants).

So this differential equation says that we should expect growth when the
population is small (due to plentiful resources and low competition) and
decay when the population is large (due to crowding and competition for
resources).

The differential equation (8) can be solved explicit by separating the
variables and performing partial fraction decomposition (homework!). We
will instead perform the qualitative analysis. We start by identifying:

• Fixed points at P ∗1 = 0 and P ∗2 = K;

• P ′(t) is positive for 0 < P < K;

• P ′(t) is negative for P > K; and

• P < 0 is not physically meaningful.

The picture given in Figure 6 clearly allows us to identify that the popula-
tion grows if it is small, declines if it is large, and in all cases monotonically
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approaches the final stable value of P = K—that is, the population ap-
proaches its carrying capacity. We should let out a sigh of relief that we
were able to modify the exponential growth model to eliminate the possi-
bility of unbounded growth. Our mathematics was not broken after all—it
was only our own assumptions which were lacking.

We can furthermore perform linear stability analysis and the method of
potential to guarantee that P ∗1 = 0 is unstable and P ∗2 = K is stable. We
have that

f ′(P ) = r − 2
rP

K

so that
f ′(P ∗1 ) = f ′(0) = r > 0

and
f ′(P ∗2 ) = f ′(K) = r − 2r = −r < 0.

Applying Theorem 4.1 affirms the result obtained by Figure 6.
We also can see that

dV

dP
= −f(P ) = −rP

(
1− P

K

)
=

r

K
P 2 − rP

so that

V (P ) =

∫ ( r
K
P 2 − rP

)
dP =

r

3K
P 3 − r

2
P 2 = rP 2

(
P

3K
− 1

2

)
.

We can see in Figure 6) that the unstable fixed point P ∗1 = 0 corresponds to
a mountaintop while the stable fixed point P ∗2 = K corresponds to a valley.

P

Analytic Solution

Vector Field
P

t

0 K

Potential

P

V

3K
2K

Figure 6: On the left, the solutions of (8) are plotted for various values of
P0. In the center, the vector field is shown. On the right, the potential is
shown. We can see that all trajectories with P0 > 0 converge to P ∗ = K.
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