
MATH 415, WEEK 3:
Parameter-Dependence and Bifurcations

1 A Note on Parameter Dependence

We should pause to make a brief note about the role played in the study of
dynamical systems by the system’s parameters.

Roughly speaking, the parameters are the unknowns in a system which
are not the state variables themselves. In applied problems, they are com-
monly associated with concrete physical quantities—for example, the volume
of a mixing tank, the length of a pendulum, the stiffness of a spring, the
rate of a chemical reaction, etc. A key feature is that, while these values
may not be precisely known, throughout the differential equation they are
assume to be fixed values.

For example, reconsider our logistic growth model

dP

dt
= rP

(
1− P

K

)
, P (0) = P0 (1)

where P (t) is the population at time t, r is the growth rate, and K is
the system’s carrying capacity. For this example, r and K are parameters.
Depending on the specific modeling context (e.g. are we modeling a colony
of bacteria of a population of rabbits?), the values of r and K are obviously
going to be different, but in each case we consider them to be fixed values
(i.e. bacteria do not suddenly become rabbits!).

We saw last week, however, that this model can be solved regardless of
the values we choose to get

P (t) =
KP0e

rt

K − P0 + P0ert
. (2)

This is pretty remarkable, but it was a pain to carry the parameters r and
K throughout every step of this derivation. We should wonder if there is
a simpler way and, of course, there is. Consider the following argument.
Instead of solving for the the variables P and t, consider the new variables

P̃ =
P

K
, and τ = rt.
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We want to rewrite the original DE (1) in terms of the new variables P̃ and
τ . After applying the chain rule, we see that we have

dP̃

dτ
=
dP̃

dP
· dP
dt
· dt
dτ

=
1

K
·
[
rP

(
1− P

K

)]
· 1

r

= P̃ (1− P̃ ).

Our new differential equation in P̃ and τ is

dP̃

dτ
= P̃ (1− P̃ ), P̃ (0) = P̃0. (3)

Remarkably, the system (3) does not depend on the original parameters r
and K! While the solution method is the same as for the original system
(1), we no longer have to carry the parameter values through the process.
Instead, we arrive directly at the solution

P̃ (τ) =
P̃0e

τ

1− P̃0 + P̃0eτ
. (4)

It can be easily checked by substituting P̃ (t) = P (t)/K, P̃0 = P0/K, and
τ = rt that reduced solution (4) corresponds the earlier full solution (2).

There is another subtler point to make about this process. Not only has
this variable change simplified the amount of algebra we had to do, but it
has also told us something fundamental about the behavior of the system:
namely, it does not depend on r and K. This is a direct consequence of (3)
and consequently (4) not depending on r and K.

We should wonder whether all systems can be manipulated in this way.
That is, can we always remove the parameter-dependence through a variable
substitution? It should take only a moment of thought to realize this is
an unrealistic expectation—in the physical world, how things behave does
depend on the underlying physical reality. A projectile might escape the
gravitation pull of the moon, but fall back down if fired from Earth. The
force of gravity is different in the two environments, and the long-term
behavior of our system reflects this.

In fact, this tipping point between one type of behavior and another
is the single largest research area within the study of dynamical systems.
The applications are far-reaching, spanning the natural sciences, financial
and economic forecasting, and engineering. This area is commonly called
bifurcation theory, which we investigate now.
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2 Motivating Example: Logistic plus Harvesting

Let’s reconsider the logistic population growth model with a slight modifi-
cation. Instead of assuming the population grows in isolation (with inter-
competition), let’s assume that there is an external factor which culls the
population at a fixed rate. For example, imagine loggers clearing a forest
who must meet a certain quota, or fishermen who must catch a certain
number of fish to meet their demands.

The new model is

dP

dt
= rP

(
1− P

K

)
− p (5)

where P (t) is the population at time t, r is the growth rate, K is the carrying
capacity, and p > 0 is the new harvesting parameter. We now consider the
resulting dynamical behavior. Unlike previous systems, we will not compute
the analytic solution (although it can be done with a little work).

For the logistic model without harvesting, we saw that the qualitative
behavior of the system did not depend upon the parameters r and K. In
particular, the number of fixed points and their stabilities remained the
same and all solutions, regardless of (positive) initial condition P (0) = P0

approached the carrying capacity K in the limit as time went to infinity. In
order to investigate whether some similar parameter-free dynamics is true for
the logistic plus harvesting model (5), we apply the variable transformations

P̃ =
P

K
, and τ = rt.

In this case, we have

dP̃

dτ
=
dP̃

dP
· dP
dt
· dt
dτ

=
1

K
·
[
rP

(
1− P

K

)
− p
]
· 1

r

= P̃ (1− P̃ )− p

rK
.

While we are disappointed to see that we have been unsuccessful in
eliminating all of the parameters from the model, we should be happy to
note we no longer need three parameters to describe the dynamics of the
model. The model reduces to

dP̃

dτ
= P̃ (1− P̃ )− K̃, P̃ (0) = P̃0 (6)
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which depends only on the single combined parameter K̃ = p/(rK).
We now consider what happens to the solutions of (6) as we change the

value of K̃. We start by determining the fixed points as a function of K̃.
We have

dP̃

dτ
= 0 =⇒ P̃

(
1− P̃

)
− K̃ = 0

=⇒ P̃ 2 − P̃ + K̃ = 0

=⇒ P̃ =
1±

√
1− 4K̃

2
.

We can see that, unlike the model with no harvesting, the number of fixed
points depends on the value of 1 − 4K̃. We can interpret this for both the
reduced model (6) and the original model (5) as follows:

1. Two fixed points if K̃ < 1
4 (equivalently, 0 < p < rK

4 )

2. One fixed point if K̃ = 1
4 (equivalently, p = rK

4 )

3. No fixed points if K̃ > 1
4 (equivalently, p > rK

4 )

Clearly the points K̃ = 1
4 and p = rK

4 (for the reduced (6) and full (5)
models, respectively) are very important points! Depending which side of
this value we happen to be one, we may have either two or zero fixed points.
This value is called a bifurcation value. To see how crossing this bifur-
cation point affects the long-term behavior of the system, we consider the
diagram given in Figure 1. We can see that there are essentially four cases:

1. If K̃ = 0 (i.e. p = 0), the fixed point P̃ ∗ = 0 is unstable and the fixed
point P̃ ∗ = 1 is stable. (This is the logistic model without harvesting.)

2. If 0 < K̃ < 1
4 (i.e. 0 < p < rK

4 ), there are two strictly positive fixed
points. The first is unstable while the second is stable.

3. If K̃ = 1
4 (i.e. p = rK

4 ), there is a single semi-stable fixed point, which
is unstable to the left and stable to the right.

4. If K̃ > 1
4 (i.e. p > rK

4 ), there are no fixed points and all solutions
decrease for all time.

All this talk of fixed points and stability, however, has a way of clouding
what is really going on. Let’s return to our original derivation of the sys-
tem as a population growth model with constant harvesting. We make the
following notes:
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Figure 1: The stability diagram of the logistic model with an additional
harvesting term p > 0. For p = 0 we have the logistic model. For 0 < p < rK

4
we still have two fixed points, but a lower effective carrying capacity (the
stable fixed point has moved to the left) and a region near zero where the
flow is negative. For p = rK

4 we have only a single semi-stable fixed point
and a large region which leads to extinction. For p > rK

4 we have no fixed
points (i.e. all trajectories eventually lead to extinction).

• Moderate harvesting: For intermediate values of K̃ (or p) we notice
two things. The first is that populations near zero decay. This makes
sense since small populations may not be able to grow fast enough to
overcome the effects of harvesting. The second thing to note is that the
stable long-term population level is less than the carrying capacity in
the unharvested model. This makes obvious sense since the harvesting
acts to cull the population.

• Over-harvesting: Once we surpass the bifurcation value, it no longer
matters what the initial population size is—the harvesting will always
drive the population to zero. This is a big deal! If we are a logging
company, we depend on the forest for our livelihood, but if we harvest
too agressively, the forest will be unable to replenish itself at a sus-
tainable level. Notice also that the outcome drops off discontinuously.
At the bifurcation value, the long-term behavior of a large system is
well away from zero, but if we increase it even a little bit, the eventual
outcome is extinction. Logging companies should invest good money
in determining how much harvesting is too much!
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• What happens at zero? We might wonder what happens at zero since
the model does not have a fixed point there for K̃ > 0. In fact, if we
ignore physical reality, the model allows solutions to become negative.
This case can be imagined as the logging company clear-cutting a forest
and then continuing to harvest trees. They still have their demands
to meet and so would still harvest at the rate p, if they could, but
obviously they cannot. We therefore cease consideration of the model
when P = 0.

3 One-Dimensional Bifurcations

In the logistic plus harvesting model (5) we saw that the system underwest
a change in the number of fixed points as a result a change in the harvesting
parameter p. We say that a system undergoes a bifurcation when it passes
through one of these cases into another and that the point where it changes
is the bifurcation value (in this case, p = rK/4).

The logistic plus harvesting model (5) exhibits a special kind of bifur-
cation known as a saddle-node bifurcation. In fact, however, there are
more qualitatively distinct types of bifurcations which a one-dimensional
system can undergo. In particular, it is possible for not only the number of
fixed points to change but also their stabilities!

We briefly now introduce the canonical forms for the already studied
saddle-node bifurcation, and also the transcritical and pitchfork bifur-
cations. A key feature of bifurcation analysis is the construction of a bifur-
cation diagram which we will illustrate through the canonical examples.

3.1 Saddle-Node Bifurcation

The canonical form for a system with a saddle-node bifurcation is

dx

dt
= r − x2 (7)

where r is a free parameter. We can quickly analyze the number and stability
of fixed points by constructing the vector field diagram (factoring r − x2 =
(
√
r − x)(−

√
r − x) where possible). We have the following cases:

1. If r < 0, there are no fixed points and all trajectories flow left.

2. If r = 0, there a single semi-stable fixed point at x = 0. Again, all
trajectories flow left.

6



3. If r > 0, there are two fixed points, x = −
√
r and x =

√
r the first of

which is unstable while the second is stable.

This should seem familiar: it was exactly the set of cases we derived when
we were considering the logistic plus harvesting model.

We would like to capture this information graphical and it turns out
that, for one-dimensional systems, there is a very convenient way to do this.
The picture we want is that of a bifurcation diagram, which is constructed
as follows:

1. Set up an grid where the horizontal axis corresponds to the bifurcation
parameter (in this case, r) and the vertical axis corresponds to the
state variable (in this case, x).

2. Draw a solid line through the curve of stable fixed points as they
depend upon r (in this case, the curve is x =

√
r).

3. Draw a dotted line through the curve of unstable fixed points as they
depend upon r (in this case, the curve in x = −

√
r).

If we are in doubt about steps 2. and 3., we can pick a few values of r
and connect the stable and unstable fixed points to one another. For the
canonical system (7) we have the bifurcation diagram given by Figure 2.

r

x

r < 0

r = 0

r > 0

Bifurcation Diagram Vector Field

Figure 2: Bifurcation diagram for the system (7). The solid line corresponds
to the curve of stable fixed points x =

√
r while the dotted line corresponds

to the curve of unstable fixed points x = −
√
r.
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3.2 Transcritical Bifurcation

The canonical form for a system with a transcritical bifurcation is

dx

dt
= rx− x2. (8)

We perform the same analysis as for the system (7), where we factor rx−x2 =
x(r − x). We quickly obtain the following three cases:

1. If r < 0 then there are two fixed points with x = r < 0 being unstable
and x = 0 being stable.

2. If r = 0 then there is a single semi-stable fixed point at x = 0. All
trajectories flow left.

3. If r > 0 then there are two fixed points with x = r > 0 being stable
and x = 0 being unstable.

What we notice with this example is that, while the number of fixed points
does not change on either side of the bifurcation value r = 0, the stability
of the fixed points does. The curve of fixed points corresponding to x = r
goes from unstable to stable, while the (trivial) curve x = 0 goes from being
stable to unstable. The bifurcation diagram for this transcritical bifurcation
is given by Figure 3.

r

x

r < 0

r = 0

r > 0

Bifurcation Diagram Vector Field

Figure 3: Bifurcation diagram for the system (8). The lines of equilibria
x = 0 and x = r exchange stabilities at the transcritical bifurcation value
r = 0.
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3.3 Pitchfork Bifurcation

The canonical form for a system with a pitchfork bifurcation is

dx

dt
= rx− x3. (9)

We perform the same analysis as before. For this system there are only two
cases:

1. If r ≤ 0 then there is a single stable fixed point x∗ = 0.

2. If r > 0 there are two stable fixed points, x∗ =
√
r and x∗ = −

√
r,

and an unstable fixed point at x∗ = 0.

In a sense, pitchfork bifurcations are like a saddle-node and transcritical
bifurcation in one. The lines of fixed points x = 0 undergoes a stability
switch from stable to unstable at the same time as two new lines of fixed
points are created. The bifurcation diagram for the system (9) is given in
Figure 4.

r

x

r < 0

r > 0

Bifurcation Diagram Vector Field

Figure 4: Bifurcation diagram for the system (9). The line of fixed points
x = 0 undergoes a stability switch as two new lines of stable fixed points
(x =

√
r and x = −

√
r) are birthed at the pitchfork bifurcation value r = 0

Pitchfork bifurcations may further be divided into two cases: super-
critical and subcritical. In supercritical pitchfork bifurcations, a stable
branch of fixed points loses stability as the new branches appear, while for
subcritical pitchfork bifurcations, an unstable branch gains stability at the
branching event. The distinction between these two cases will not factor sig-
nificantly in our analysis, but it is a very important feature in applications.
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4 Examples

Example 1: Draw the bifurcation diagram for the following system with
r > 0, identifying and labeling all bifurcation values:

dx

dt
= rx− ex + 1. (10)

Solution: Although it may not seem like it yet, there is actually a subtle
difference between this system and the previous few. To see this, consider
determining the fixed points. We want to solve

rx− ex + 1 = 0 (11)

for various values of r ∈ R. It should not take much convincing to realize
that we are not going to be able to arrive at any simple form x = f(r) by
simply manipulating the expression.

Our method for this system will be geometric rather than algebraic. We
may not know how to solve the expression, but we know what the individual
functions rx, ex, and 1 look like. So we instead draw the picture. In this case,
we will break the expression into two parts, f(x) = rx and g(x) = ex − 1,
and recognize that the solutions of (11) correspond to the intersection points
of these two curves (see Figure 5).

0 < r < 1 r = 1 r > 1

Blue:      f(x) = rx
Green:   g(x) = ex - 1
Red:      fixed points

*

* * *

*

Figure 5: Comparison of the functions f(x) = rx and g(x) = ex − 1 for
various values of r. The intersection points correspond to the fixed points
of the system (10). The stabilities are determined by considering which
function is higher/lower than the other, which determines the direction of
the vector field.

We can easily convince ourselves that there are three cases:
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1. If 0 < r < 1, the curves meet twice, once for x < 0 and once at x = 0.
Furthermore, we can see which of the two curves is larger so that we
can determine that the fixed point with x < 0 is unstable and x = 0
is stable. (For instance, f(x) = rx < ex − 1 = g(x) for x > 0 so that
rx− ex + 1 < 0.)

2. If r = 1, the curves meet trangentially at the point x = 0 and nowhere
else. This fixed point is semi-stable and all trajectories move to the
left.

3. If r > 1, the curves meet twice, once for x = 0 and once for x > 0,
with x = 0 being unstable and x > 0 stable.

Even though we are not able to determine explicit forms for the curves
of stable and unstable fixed points, we can still identify that there is a
transcritical bifurcation at r = 1. The bifurcation diagram is given by
Figure 6).

r

x

0 < r < 1

r = 1

r > 1

Bifurcation Diagram Vector Field

Figure 6: Bifurcation diagram for the system (10). Even though we cannot
explicitly identify the curves of fixed points, we can capture their qualitative
flavor and identify the transcritical bifurcation at r = 1.

Example 2: Draw the bifurcation diagram for the following system over
the range r > 1

2 :
dx

dt
= rx− sin(x). (12)

Solution: As in the previous example, we appeal to geometric intuition
rather than attempting to determine an analytic form for the steady state
curve. We break the problem into the functions f(x) = rx and g(x) =
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sin(x) and recognize that the intersection points between these two curves
correspond to the fixed points of (12). In Figure 7 we can see that there are
three cases (although the final two do not make a qualitative difference for
the dynamics).

1/2 < r < 1 r = 1 r > 1

Blue:      f(x) = rx
Green:   g(x) = sin(x)
Red:      fixed points

*

* * *

*

Figure 7: Comparison of the functions f(x) = rx and g(x) = sin(x) for
various values of r. The intersection points correspond to the fixed points
of the system (12).

We quickly recognize that the system (12) undergoes a pitchfork bifur-
cation at the value r = 1 where the three fixed points coalesce into one. To
determine the stabilities, we consider which of the functions f(x) = rx or
g(x) = sin(x) lies on top of the other in the given regions. After a little
work, we should agree that:

1. If 1/2 < r < 1, there are two outer fixed points which are unstable,
and a fixed point at x = 0 which is stable.

2. If r ≥ 1, there is a single unstable fixed point at x = 0.

The resulting bifurcation diagram is given in Figure 8. We can clearly see
that the system undergoes a pitchfork bifurcation at r = 1, and that this
bifurcation is subcritical since the unstable branch gains stability as the
new branches of fixed points appear. Notice, however, that this occurs in
the direction as r decreases.

It is worth noting that more interesting behavior can be observed if
we expand the range of the parameter r from r ≥ 1/2 to r ≥ 0. A fuller
exploration of the behavior of the system over the missing range 0 ≤ r ≤ 1/2
is left for homework.
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r

x

r > 1

1/2 < r < 1

Bifurcation Diagram Vector Field

Figure 8: Bifurcation diagram for the system (12). Even though we cannot
explicitly identify the curves of fixed points, we can capture their qualitative
flavor and identify the subcritical pitchfork bifurcation at r = 1.
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