
MATH 415, WEEK 6 & 7:
Two-Dimensional Non-Linear Systems

Consider the following two-dimensional autonomous systems of differen-
tial equations

dx

dt
= x− y

dy

dt
= x2 − y.

(1)

Although this looks superficially similar to the examples we considered last
week, there is an important distinction. To this point in our study of two-
dimensional systems, we have only allowed the state variables x and y (and
their derivatives) to appear linearly in the governing differential equations.
The term x2 in (1), however, is nonlinear. Although this may seem like a
small modification, it is enough to render last week’s methods incapable of
determine an analytic solution—in fact, we can no longer even write it in
the standard matrix form x′(t) = Ax(t) since this depended implicitly on x
and y appearing linearly in (1).

It is clear that we will need a new set of tools if we wish to determine
the behavior of systems like (1). We start by defining the general class of
autonomous non-linear two-dimensional systems

dx

dt
= f1(x, y)

dy

dt
= f2(x, y).

(2)

That is, we now allow terms like sin(x), y2, xy, 1
x , and so on, on the right-

hand side (including the simple x2 term in (1)).
Even for very simple examples like (1), determining the explicit solution

is, for all practical purposes, impossible. Even if we could find a “trick”
for decoupling and separating variables, the resulting jumble of a solution
would be so complicated we would not be able to obtain any meaningful
information about the original system. In general, we will never be interested
in determining the exact solution of a two-dimensional nonlinear system of
the form (2).

This should not be entirely surprising. We saw in one-dimension that de-
termining and analyzing the exact solution was often more time-consuming
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and less enlightening than we might imagine, even when we had the tools
for doing such analysis. The difference now is that we will not have any such
tools to fall back on. We are discarding the analytic approach entirely.

We will now be exclusively interested in obtaining qualitative and nu-
merical results. Our first step will be to generalize the qualitative meth-
ods we successfully developed for one-dimensional systems and linear two-
dimensional systems. In particular, we will extend the following notions:

1. Drawing vector fields

2. Linear stability analysis at fixed points

3. Method of potentials (conservative systems, Hamiltonian systems, Lya-
punov functions)

4. Numerical solutions

It is worth noting that, while the linear stability analysis and the method of
potentials may have seemed trivial in one-dimension, they are paramountly
important for higher-dimensional systems. For many systems, they will
provide the only windows into determining the actual behavior of the system.

1 Vector Fields

We have already drawn vector field diagrams for linear two-dimensional sys-
tems. We noted that, at every point (x, y) in the (x, y)-plane, trajectories
could point in one of eight dominant directions: North (↑), Northeast (↗),
East (→), Southeast (↘), South (↓), Southwest (↙), West (←), and North-
west (↖). To determine which case we are in, we determine the sign of x′

and y′. For instance, if we have:

• x′ < 0 and y′ > 0 we know the trajectory is moving left and up so
that we draw ↖; or

• x′ = 0 and y′ < 0 we know the trajectory is moving strictly down so
that we draw ↓.

If we generate arrows for a representative sample of points we can get a
general impression of which direction trajectories must flow as time goes
forward.

We noted, however, that in order to generate a representative vector
field diagram in this manner, we would need to compute a hysterically large
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number of points. Our computer can quickly go through the required com-
putations for thousands of points but we certainly cannot do so by hand.
We instead realized that we could divide the (x, y)-plane into regions by
determining the linears where ax+ by = 0 and cx+ dy = 0.

This, in fact, is the only difference between drawing the vector field dia-
gram for nonlinear systems when compared to linear systems. For nonlinear
systems, we divide the (x, y)-plane into regions using the nonlinear curves
f1(x, y) = 0 and f2(x, y) = 0. These curves are called nullclines. Other-
wise, the interpretation is the same as for linear systems. In particular:

1. along the nullcline f1(x, y) = 0 solutions may only move up or down,
since x′ = 0;

2. along the nullcline f2(x, y) = 0 solutions may only move left or right,
since y′ = 0;

3. the intersection of the curves f1(x, y) = 0 and f2(x, y) = 0 correspond
to the fixed points of the system (since x′ = 0 and y′ = 0). Note
that this may include multiple points and points other than (0, 0)!

4. So long as f1 and f2 are basically smooth, the regions bound by the
curves has the same qualitative behavior (i.e. things point in the same
direction!).

Example 1: Draw the vector field diagram for

dx

dt
= x− y

dy

dt
= x2 − y.

We have all the tools we need. The nullclines are given by

f1(x, y) = x− y = 0 =⇒ y = x

and
f2(x, y) = x2 − y = 0 =⇒ y = x2.

Following our earlier intuition, along the line y = x we have x′ = 0 and
along the parabola y = x2 we have y′ = 0. Furthermore, we can see that
x′ < 0 for y > x and x′ > 0 for y < x, and that y′ < 0 for y > x2 and
y′ > 0 for y′ for y < x2. For example, this means that in the region below
the curves y = x and y = x2 we have x′ > 0 and y′ > 0 so that all vectors
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(0,0)

(1,1)

x'=0
y'=0

Figure 1: Vector field plot of the system in Example 1 together with the
nullclines.

in this region are pointing up and to the right. (That was a lot easier than
plotting them all one-by-one!)

We are also interested in the intersection of the nullclines, since this
corresponds to the fixed points of the systems (i.e. the points where there is
no movement in either direction). To solve this, we need to solve the system
of equations

f1(x, y) = x− y = 0 (3)

f2(x, y) = x2 − y = 0. (4)

Rearranging (3) gives y = x which we can substitute into (4) to get

x2 − x = 0 =⇒ x(x− 1) = 0.

It follows that either x = 0 or x = 1. Substituting x = 0 in (3) gives y = 0
while substituting x = 1 into (3) gives y = 1. It follows that there are
two fixed points, (0, 0) and (1, 1). (In other words, the nullclines intersect
twice.) Plotting the nullclines, fixed points, and the appropriate arrows in
the various regions yields the picture given in Figure 1.

Example 2: Draw the vector field diagram for

dx

dt
= 2x+ x2 + y2

dy

dt
= x.
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We have that

f1(x, y) = 2x+ x2 + y2 = 0 =⇒ (x2 + 2x+ 1) + y2 = 1

=⇒ (x+ 1)2 + y2 = 0

which is a circle of radius 1 centered at (x, y) = (−1, 0). The other nullcline
is given by

f2(x, y) = x = 0.

(0,0)
x'=0

y'=0

Figure 2: Vector field plot of the system in Example 2 together with the
nullclines.

It follows that x′ = 0 along the given circle, x′ < 0 in the interior of the
circle and x′ > 0 on the exterior. It also follows that y′ = 0 along x = 0,
and that y′ < 0 to the left of this line and y′ > 0 to the right of this line.
The fixed points are given by substituting x = 0 into the first nullcline to
give

y2 = 0 =⇒ y = 0.

In other words, the only equilibrium point is at (x, y) = (0, 0). Plotting this
all together gives the results in Figure 2.

2 Linearization at fixed points

One of our primary qualitative considerations for one-dimensional systems
was the behavior of trajectories “near” fixed points. We know that trajec-
tories starting at fixed points must stay there forever, but nearby we found
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that trajectories might be “attracted” to the point (a stable fixed point),
“repelled” by the point (an unstable fixed point), or attracted on one side
and repelled on the other (a semistable fixed point).

To see what can happen in higher dimensional systems, let’s reconsider
the system

dx

dt
= x− y

dy

dt
= x2 − y.

We found that the system had fixed points at (0, 0) and (1, 1). To see what
happens “nearby” (0, 0) lets consider taking a closer and closer snapshot of
the phase portrait around (0, 0). In other words, let’s zoom in on the fixed
point. (See Figure 3).

Original size 2x magnification

20x magnification 200x magnification

Figure 3: As the fixed point (0, 0) of Example 1 is magnified it looks more
and more like a saddle point in a linear system.

After many magnifications, the behavior seems significantly less compli-

6



cate. In fact, it appears to converge toward one of the behaviors we saw
last week, that of a saddle point of a two-dimensional linear system. This is
not a coincidence! In fact, for a very large class of fixed points of nonlinear
systems, the behavior near the fixed point can be completely determined
by analysis of a related linear system. Since the behavior of linear systems
is completely known, this is exceptionally good news. The question then
becomes: Which linear system do we need to look at?

To answer this, we consider the details of what we were really doing
when we “zoomed in”. In effect, we were throwing away the portions of the
functions f1(x, y) and f2(x, y) which were not “nearby” the fixed point (0, 0).
This process of throwing about distant information is exactly the process
of taking a Taylor series expansion, which we have already seen several
times in this course. The only difference between what we did for the one-
dimensional systems and what we are about to do it now is recognize that
we need to consider a perturbation from the fixed point in two directions.

Formally, if (x̄, ȳ) is a fixed point of (2), we introduce a perturbation
vector (ηx, ηy) where we define

ηx(t) = x(t)− x̄
ηy(t) = y(t)− ȳ.

We now want to determine a differential equation in the network variables
ηx and ηy. We have

dηx
dt

=
dx

dt
= f1(x(t), y(t)) = f1(x̄+ ηx(t), ȳ + ηy(t))

dηy
dt

=
dy

dt
= f2(x(t), y(t)) = f1(x̄+ ηx(t), ȳ + ηy(t)).

(5)

The new system (5) is just the old system recentered at the fixed point
(x̄, ȳ). What we want to do now zoom in on this new fixed point by taking
the Taylor series expansion of f1 and f2 at the fixed point (x̄, ȳ). We note
that this is a multivariate Taylor series expansion, but that the details are
very similar to what we have done for single-variable functions. We have

dηx
dt

= f1(x̄, ȳ) +
df1
dx

(x̄, ȳ)ηx(t) +
df1
dy

(x̄, ȳ)ηy(t) +O(η2x,y)

dηy
dt

= f2(x̄, ȳ) +
df2
dx

(x̄, ȳ)ηx(t) +
df2
dy

(x̄, ȳ)ηy(t) +O(η2x,y)

where by O(η2x,y) we mean any terms involving ηx or ηy which is second-
order or higher. (Note: If ηx and ηy are both involved, we count the sum of
the powers, e.g. ηxηy is second-order.)
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We notice immediately that f1(x̄, ȳ) = f2(x̄, ȳ) = 0 as a result of (x̄, ȳ)
being a fixed point. If we agree to stay within a sufficiently small neighbor-
hood of (x̄, ȳ), we can disregard these higher order terms so that all that is
left are first-order (i.e. linear) terms. This is called the linearization of (2).
As with the linear systems we investigated last week, it will be convenient
to switch to matrix notation so that we have

dη(t)

dt
= [Df(x̄, ȳ)] η(t) (6)

where η(t) = (ηx(t), ηy(t)) and

Df(x̄, ȳ) =


df1
dx

(x̄, ȳ)
df1
dy

(x̄, ȳ)

df2
dx

(x̄, ȳ)
df2
dy

(x̄, ȳ)


is the Jacobian of f(x, y) = (f1(x, y), f2(x, y)) evaluated at (x̄, ȳ). It is
important to note here that the terms df1

dx (x̄, ȳ), df1
dy (x̄, ȳ), etc., are constants

which depends upon both the vector field and the chosen fixed point (x̄, ȳ).
If we like, we may associate these terms with the values a, b, c, and d from
earlier study of linear systems.

If our earlier intuition holds, the highly magnified system in Figure 3
should behave like the linearization system (6). Let’s see if we can verify
this for the fixed point (0, 0) in Example 1. The Jacobian Df is given by

Df(x, y) =

[
1 −1

2x −1

]
.

Near the fixed point (x̄, ȳ) = (0, 0) we therefore have the linear system
dηx
dt
dηy
dt

 =

[
1 −1
0 −1

] [
ηx
ηy

]
. (7)

This system has the following eigenvalue / eigenvectors pairs

1. λ1 = 1 and v1 = (1, 0); and

2. λ2 = −1 and v2 = (1, 2).

Since λ1 and λ2 have different signs, we have that the system behaves like
a saddle near (0, 0), exactly as we expected. Furthermore, the unstable
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eigendirection (1, 0) and stable eigendirection (1, 2) correspond exactly to
those pictured in Figure 3. Things could not have worked out any better!

We should wonder at this point exactly how far this intuition can extend.
It seems unrealistic to expect that fixed points of nonlinear systems can be
analyzed by appealing to the completely understood class of linear systems,
but that is actually very close to the truth. We have the following theorem:

Theorem 2.1 (Hartman-Grobman Theorem, 1960). Suppose (x̄, ȳ) is a
fixed point of (2) with associated linearization (6). So long as Df(x̄, ȳ) does
not have any eigenvalue with real part equal to zero, then there exists a
neighborhood U of (x̄, ȳ) and a homeomorphism h : U 7→ R2 such that every
solution of (2) lying within U is mapped to a solution of (6) (i.e. if x(t) is
a solution of (2) then there is a continuous mapping h such that h(x(t)) is
a solution of (6)).

There is a little more math-speak in this theorem that is typical of this
course, but we can understand this result as saying exactly what we ex-
pected. This result guarantees we can the picture given by the linear sys-
tem (6) and claim there is no qualitative difference near the corresponding
fixed point of the nonlinear system (2). The key feature here is that we can
claim this whenever there is not a eigenvalue of Df(x̄, ȳ) with zero real part.
These types of fixed points are called hyperbolic fixed points. We can
think of this as corresponding to the condition f ′(x) 6= 0 for one-dimensional
systems.

To further consider the importance of hyperbolic fixed points, consider
the other fixed point in Example 1, (1, 1). We have the same vector field, so
that, as before,

Df(x, y) =

[
1 −1

2x −1

]
.

We now, however, evaluate this matrix at the point (1, 1). We have

Df(1, 1) =

[
1 −1
2 −1

]
.

This matrix only has the complex eigenvalue/eigenvector pair λ = i and
v = (1, 2) + (1, 0)i. After our practice from last week, we recognize this
as corresponding to a center which has closed orbits in the shape of ovals.
We cannot, however, conclude that trajectories of the nonlinear system (1)
behave like a center because the real part of the eigenvalues λ = i is 0 (i.e.
we have λ = (0) + (1)i). In fact, there are examples where the relevant
eigenvalue is λ = i and yet the fixed point of the nonlinear system behaves
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like a stable spiral, ones where it behaves like an unstable spiral, and ones
where it behaves like a nonlinear center. In the case where there is an
eigenvalue with zero real part, linearization fails to distinguish between these
cases.

As a final check, we piece together all of the information we have so far.
Importantly we will notice that the stable and unstable eigendirections in
the linear system (7) extend to the nonlinear system to become stable and
unstable manifolds. Although we cannot (yet!) fully determine what their
behavior far away from (0, 0), by giving the computer-plotted picture we can
begin to see that nonlinear systems are allowed to have unusual behavior
not allowed by linear system. We can see, for instance, that the unstable
manifold to the right of (0, 0) and the stable manifold above are, in fact, the
same nonlinear curve!

(a) (b)

Figure 4: In (a), we have the stable and unstable eigenspaces out of the
fixed point (0, 0) for the linearization (7). In (b), the stable and unstable
subspaces out of (0, 0) are shown (by a computer) for the non-linear system
(1). Although trajectories of (b) behave like those of (a) near (0, 0), far
away from this point we have different behavior. Notice, in particular, that
the unstable manifold which leaves (0, 0) to the right folds and becomes
the stable manifold approaching from above! This is only the beginning of
unusual behavior permitted by non-linear systems.
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3 Application (from Strogatz)

Let’s revisit the population growth models we investigated for one-dimensional
systems. Suppose now that we have two biological species which operate
competitively for the same limited resources. For the sake of argument, we
will consider the species to be rabbits (x) and sheep (y).

We can summarize the possible interactions as follows:

1. Rabbits reproduce at a rate proportional to x, and decline due to
limited resources and intercompetition at a rate proportional to x2.

2. Sheep reproduce at a rate proportional to y, and decline due to limited
resources and intercompetition at a rate proportional to y2.

3. When rabbits and sheep interact in a competition for resources, it
negatively impacts both population at a rate proportional to xy.

One model which substantiates these modeling assumptions (and slightly
favors the sheep over the rabbits) is given by

dx

dt
= 3x− 2xy − x2 = x(3− x− 2y)

dy

dt
= 2y − xy − y2 = (2− x− y).

(8)

This is an example of a Lotka-Volterra model of species interaction.
These types of models are still a very active area of research in mathematics.

We notice that (8) is nonlinear because of the interspecies competition
term xy. We are not deterred, however, because we now know that we may
analyze nonlinear differential equations by determining the fixed points and
then corresponding the local dynamics at each fixed point to the linearized
system at this point.

To determine the nullclines, fixed points, and vector field diagram of (8)
we note that

x′ = 0 =⇒ x(3− x− 2y) = 0 =⇒ x = 0 or y = −1

2
x+

3

2

and
y′ = 0 =⇒ y(2− x− y) = 0 =⇒ y = 0 or y = −x+ 2

The two positive lines divide the positive orthant into four regions and we
can easily determine the direction solutions flow in these regions by consid-
ering cases. Furthermore, we can see that there is one positive fixed point
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x

y

(0,2)

(0,0)

(3,0)

(1,1)

Figure 5: Vector field plot of the Lotka-Volterra competition model (8).
Labeled are the nullclines x′ = 0 (red) and y′ = 0 (blue) and the fixed
points (intersections of the red and blue lines).

at (1, 1) corresponding to the intersection of the lines. There are also fixed
points which are easier to miss on the boundary of the orthant: (0, 0), (3, 0)
and (0, 2). (See Figure 5.)

The fact that there are four fixed points might seem a little bizarre, but
a moment of thought reveals it is exactly what we should have expected.
Clearly, we should not expect any growth in either species if there are no
rabbits or sheep to begin with (this is the point (0, 0)). The point (3, 0)
corresponds to a system with only rabbits (i.e. no sheep) where the rab-
bits have reached their environmental carrying capacity. The point (0, 2)
corresponds to a system with only sheep (i.e. no rabbits). The positive
fixed point (1, 1) is a little mysterious, but must correspond to some balance
between the two populations.

To investigate the behavior at the fixed points in more detail, we perform
linear stability analysis. We first derive the general form of the Jacobian

Df(x, y) =

[
3− 2x− 2y −2x
−y 2− x− 2y

]
.

We have the following four cases (for pictures, see Figure 6):

1. At (0, 0), we have

Df(0, 0) =

[
3 0
0 2

]
.
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which have the pairs λ1 = 3, v1 = (1, 0) and λ2 = 2, v2 = (0, 1). It
follows that (0, 0) is a source.

2. At (0, 2), we have

Df(0, 2) =

[
−1 0
−2 −2

]
.

which has the pairs λ1 = −1, v1 = (1,−2) and λ2 = −2, v2 = (0, 1).
It follows that (0, 2) is a sink.

3. At (3, 0), we have

Df(3, 0) =

[
−3 −6
0 −1

]
.

which has the pairs λ1 = −1, v1 = (−3, 1) and λ2 = −3, v2 = (1, 0).
It follows that (3, 0) is a sink.

4. At (1, 1), we have

Df(1, 1) =

[
−1 −2
−1 −1

]
.

which has the pairs λ1 = −1 +
√

2 > 0, v1 = (1,− 1√
2
) and λ2 =

−1−
√

2 < 0, v2 = (1, 1√
2
). It follows that (1, 1) is a saddle with the

local stable direction (1, 1√
2
) and local unstable direction (1,− 1√

2
).

To complete the dynamical picture, we take the local picture at the
fixed points and extend it into the global picture. In particular, we will
be interested in extending any stable and unstable eigendirections in the
linearized picture into stable and unstable manifolds in the nonlinear
picture. This will be a take a little bit of intuition. After all, we do not know
exactly what shape the manifolds might take in the nonlinear region. We
will instead usually make educated guesses, for instance, that the manifold
is smooth.

For (8), we may compile the information contained in Figures 5 and 6
to get something like that contained in Figure 7.

We should pause to consider what these pictures mean in terms of the
original problem. We see that the nonlinear curve extending from (0, 0) to
(1, 1) divides the state space so that everything above this line converges
to (0, 2) and everything below it converges to (3, 0). The interpretation is
that, in almost all cases, one species will get the upper hand and drive the
other to extinction (by not sharing the available resources). Which species
gets the upper hand and therefore survives, and which species dies, depends
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(0,2)

(0,0)

(1,1)

(3,0)

Figure 6: Local behavior near the fixed points of the Lotka-Volterra compe-
tition model (8).

sensitively on how many rabbits and sheep are initially present. That is, the
long-term behavior of the system depends upon the initial condition.
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Figure 7: Extension of the local stable and unstable eigendirections to the
nonlinear stable and unstable manifolds of the fully nonlinear Lotka-Volterra
competition model (8).
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