
MATH 521, WEEK 2:
Rational and Real Numbers, Ordered Sets,

Countable Sets

1 Rational and Real Numbers

Recall that a number is rational if it can be written in the form a/b where
a, b ∈ Z and b 6= 0, and a number if real if it can be written in the (po-
tentially non-terminating) decimal form d.d1d2d3d4 · · · where d ∈ Z and
di ∈ {0, 1, . . . , 8, 9} for i = 1, 2, . . .. The set of all rational numbers is de-
noted Q and the set of all real numbers is denoted R.

The real numbers can be thought of as points along real number line
which extends to infinity in both directions. It is easy to construct rational
numbers (e.g. 0, 1, 2/3, −4/505, etc.) and real numbers (e.g. 0, 2/3 = 0.6̄,
π = 3.14159 . . ., etc.) and also clear that every rational number is a real
number (i.e. Q ⊆ R). Beyond this, however, we will see that things are
sometimes more subtle than they appear. We start by considering general
properties the rational and real numbers have.

Definition 1.1. Let S denote a set. We will say that the operation < is an
order on S if it satisfies:

1. For every x, y ∈ S, we have that either x < y, or x = y, or y < x.

2. For x, y, z ∈ S, if x < y and y < z, then x < z.

The most common application of “orders” is with respect to the number
systems we have just introduced, the rational and real number systems, Q
and R, respectively. We clearly understand that 2 < 3, −2.5 < 0, 1/2 = 0.5,
etc. This definition exactly corresponds to our traditional notion of the “less
than” operator.

Note: We can also add the “greater than” operator > so that x > y
if and only if y < x, and the “less than or equal to” and “greater than or
equal to” operators ≥ and ≤, respectively. (Note that the equation x ≤ y
does not imply that x and y satisfy both x = y and x < y, but rather than
one is true but it is uncertain or inconsequential which one.)

1



Note: We will usually think of orderings with respect to numerical
systems, but the definition does allow broader interpretations. For instance,
we might think of an ordering on the hands in poker so that, for example,

straight < full house

means that “a straight is beaten by a full house”. We still have to be careful,
however, to ensure that condition 2 is satisfied (check!). For instance, we
might be tempted to conclude that the game of “rock, papers, scissors”
represents an ordering, since we have

scissors < rock, rock < paper, and paper < scissors

for “scissors is beaten by rock”, “rock is beaten by paper”, and “paper is
beaten by scissors” (and the equality “=” corresponding to draws). This,
however, violates condition 3 because

scissors < rock, rock < paper, does not imply that scissors < paper

as required of any true ordering.

Theorem 1.1. Given any two rational numbers p, q ∈ Q (respectively, real
numbers p, q ∈ R) such that p < q, there is a rational number r ∈ Q (respec-
tively, real number r ∈ R) such that p < r < q.

Proof (constructive): What we need is an existence proof. In this case, it
will be possible—in fact, almost trivial—to explicitly find such an r. Given
p, q ∈ Q, the required rational number is

r =
p+ q

2
.

That this satisfies p < r < q follows from the observation that p < q implies
2p < p+ q (adding p to both sides) and p+ q < 2q (adding q to both sides)
so that

2p < p+ q < 2q =⇒ p <
p+ q

2
< q =⇒ p < r < q.

It is clear that the same argument applies taking p, q, r ∈ R, so that the
result is shown.

Note: It is not always the case that an existence proof gives a specific ele-
ment satisfying the required properties. For instance, many existence results
in differential equations (e.g. from Math 319 or 320) do not give a solution
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as a result of their proof process. An existence proof which explicitly deter-
mines an object with the required properties is called a constructive proof.

So we know that between every pair of rational numbers is another ra-
tional number, and in between every pair of real numbers is another real
number. What is not quite so clear is exactly how the rational numbers
and real numbers relate to one another. After all, we know that

√
2 6∈ Q

(proved last week) so that Q 6= R. So how do the rational numbers and the
irrational numbers relate to one another?

To answer this properly, we will need the following result.

Theorem 1.2 (Archimedean Property, Theorem 1.20(a) in Rudin). If x, y ∈
R, and x > 0, then there is a natural number n ∈ N such that nx > y.

This result simply states that, for a fixed value (the y ∈ R), we may always
take a high enough multiple (the n ∈ N) of a positive value (the x ∈ R) such
that the multiple exceeds the given value. While this result seems trivial,
to be fully rigorous, we will wait to prove it until we have discussed upper
and lower bounds.

We now consider the following important properties of the rational num-
bers.

Theorem 1.3 (Theorem 1.20(b) in Rudin). Given any two irrational num-
bers p, q ∈ R \Q such that p < q, there is a rational number r ∈ Q such that
p < r < q.

Proof. What we want to do is start jumping down the real number line in
rational increments in a way that eventually lands us in the interval (p, q).
The subtlety is that we need to guarantee that we have picked increments
sufficiently small so that we do not jump over the given interval (p, q). We
also need to pick just the right jump to end up in the interval.

It turns out that the Archimedean properties tells us exactly how far
we need to jump. Since p < q, we have that q − p > 0. It follows by the
Archimedean property (taking x = q − p and y = 1) that there is an n ∈ N
such that

n(q − p) > 1. (1)

It follows that

q − p > 1

n
. (2)
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This may not seem like much, but (2) actually gives us the increment
we need to take! Now consider the set{

k

n
| k ∈ Z

}
.

These represent our incremental jumps along the real number line. We want
to select the highest k with the property that

k

n
≤ p. (3)

Clearly, choosing this value for k we have

p <
k + 1

n
. (4)

Notice, however, that we also have from (2) and (3) that

q >
1

n
+ p ≥ 1

n
+
k

n
=
k + 1

n
. (5)

It follows from (4) and (5) that

p <
k + 1

n
< q

and since (k + 1)/n is clearly rational, the result is shown.

We also have the following result.

Theorem 1.4. Given any two rational numbers p, q ∈ Q such that p < q,
there is a irrational number r ∈ R \Q such that p < r < q.

Proof. Homework! (This is easier than it seems. In fact, one argument can
be made, with slight modifications, by changing the lower bound 1 to an
irrational number (say

√
2) in (1).

These results are very important in the understanding of the rational
and irrational number systems. They say that, as far as ordering goes, the
rational and irrational (and therefore real) numbers are hopelessly entwined!
You cannot get away from either one of them, no matter where you are on
the real number line. (It is often said that the rational numbers are dense
in the irrational numbers, and that the irrational numbers are dense in
the rational numbers. Notice that these results also imply that the rational
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numbers are dense in the real numbers. We will more formally define density
at a later time.)

Let’s put this all together. We know that every rational number is a
real number, but that not every real number is a rational number, so that
Q ⊂ R (a strict subset). We just saw, however, that the set of numbers which
bridge the gap between the rationals and the reals—that is, the irrational
numbers—are not really so far apart from the rational numbers. After all,
given any two irrational numbers, we can find a rational number in between
them. It probably seems as though we are building toward some sort of
equivalence of the rational and real numbers.

In fact, this intuition is very misguided. Consider the following defini-
tion.

Definition 1.2. Consider a set S. We will say that S is:

1. finite if the elements of S may be put in one-to-one correspondence
with {1, . . . , N} for some N ∈ N;

2. countably infinite if S is not finite but the elements of S may be put
in one-to-one correspondence with the natural numbers N = {1, 2, 3, . . .};
and

3. uncountable if S is not finite and not countably infinite.

Note: Rudin calls countably infinite sets simply “countable”. That is to
say, he leaves the infiniteness of countable sets as implied. To avoid confu-
sion with finite sets (which intuitively are “countable”) the distinction will
always be made between finite and countably infinite sets.

Examples: It is easy to see that the sets

A = {1, 2, 3}
B = {dog, cat,hamster}
C = {English words beginning with ‘p’}

are finite sets, while the sets N, Z, R, etc., are infinite sets. In fact, it is
worth noting that Theorem 1.1 implies that any bounded interval in either
R or Q is infinite. For example, the interval [0, 1] ⊂ R is infinite even though
it is bounded because otherwise there would be a p, q ∈ [0, 1] so that p and
q did not have a real number in between them, which is not allowed.
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We now move on to considering countability. Note first of all that,
by one-to-one correspondence between sets, we simply mean that we may
associate each element of the first set with exactly one element of the second.
The term countable comes from the correspondence with the natural (i.e.
counting) numbers, so that we may associate each element of the countable
set with a number.

To build some intuition, we start by considering the integers

Z = (. . . ,−3,−2,−1, 0, 1, 2, 3, . . .).

This is clearly infinite, but it is infinite in two directions, whereas the natural
numbers N are infinite in only one. Nevertheless, we can quickly rearrange
the set to get

Z = (0,−1, 1,−2, 2,−3, 3, . . .).

To see that this is in one-to-one correspondence with the natural numbers

N = (1, 2, 3, 4, 5, 6, 7, . . .)

we just note the correspondences 0↔ 1, −1↔ 2, 1↔ 3, and so on from Z
to N, and we are done.

The question before us now is how the rational and real numbers fit into
this definition. We have the following results.

Theorem 1.5 (Corollary of Theorem 2.13 in Rudin). The rational numbers
Q may be put into one-to-one correspondence with the natural numbers and
are therefore countable.

Proof. It is important to recognize that this result is more subtle that it
might appear. We cannot simply start enumerating the rational numbers
from left to right along the real number line, because there are an infinite
number of them between any two points on the line. We would be counting
for a long time, and only see a small portion of the numbers there! So
how can we arrange the rational numbers in a way which allows them to be
clearly enumerated?

The trick is to arrange the rational numbers into a grid. We know that
each rational number has the form a/b for a, b ∈ Z and b 6= 0. Ignoring
negative numbers for a moment, we have
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a \ b 1 2 3 4 · · ·
0 0/1 0/2 0/3 0/4 · · ·
1 1/1 1/2 1/3 1/4 · · ·
2 2/1 2/2 2/3 2/4 · · ·
3 3/1 3/2 3/3 3/4 · · ·
...

...
...

...
...

. . .

It is clear that, allowing for negative signs, every rational number can be
found (multiple times) within this table.

In order to enumerate the rational numbers, rather than enumerating the
elements along each row or column (which would lead to the same problem
as before), we enumerate along diagonals. We start along the left column,
move up and to the right as far as we can, and then move back to the left
column, one row below where we started before, and begin again. That is
to say, if we had the table

1 2 3 4 · · ·
1 a11 a12 a13 a14 · · ·
2 a21 a22 a23 a24 · · ·
3 a31 a32 a33 a34 · · ·
4 a41 a42 a43 a44 · · ·
...

...
...

...
...

. . .

we would order the elements

{a11, a21, a12, a31, a32, a13, a41, a32, a23, a14, . . .}.

If we add negative signs as did with the integers, and furthermore ignore
repeated entries (e.g. we ignore 2/2 if 1/1 has already been counted), we
have that the rational numbers can be ordered

Q = {0, 1,−1, 2,−2,
1

2
,−1

2
, 3,−3,

1

3
,−1

3
, . . .}.

Since this process clearly encounters every rational number, we have shown
that the rational numbers may be put into a one-to-one correspondence with
the natural numbers N and are therefore countable.

While this may not seem like much, countability is one of the defining
features of the rational numbers. By contrast, we have the following result
for the real numbers.
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Theorem 1.6. The real numbers R may not be put into one-to-one corre-
spondence with the natural numbers and are therefore uncountable.

Proof. We should probably feel as though there has been some wind knocked
out of our sails right now. After all, we just went to great lengths in proving
that the rational numbers are countable by showing that it is not necessarily
how the sets themselves are ordered, but rather how you choose to select
elements from it. It seems like it should just be a matter of choosing how we
select the numbers. In fact, however, there is no way to select real numbers
in any sequential order so that every real number will be selected.

While this result should be surprising, the proof is actually simple. We
start by assuming the contrary. That is to say, assume there is a way to select
the real numbers one at a time so that every real number is enumerated.
Let’s suppose that this enumeration is given by

R = {r1, r2, r3, r4, r5, . . .}

where

r1 = d1 . d11d12d13d14d15 · · ·
r2 = d2 . d21d22d23d24d25 · · ·
r3 = d3 . d31d32d33d34d35 · · ·
r4 = d4 . d41d42d43d44d45 · · ·
r5 = d5 . d51d52d53d54d55 · · ·

...

(6)

where di ∈ Z for i = 1, 2, 3, . . . and dij ∈ {0, 1, . . . , 8, 9} for i, j = 1, 2, 3, . . ..
This looks promising! After all, if there is some number, no matter how
weird or exotic, which is omitted, it seems we should be able to simply
append it to the bottom of the list. It is reasonable to think we should be
able to continue in this fashion and eventually be able to enumerate all the
real numbers we could possibly imagine.

This is slightly disingenuous, however, since we are assuming that the
set (6) is complete—i.e. we may not add numbers to it. To disprove the
claim that such an ordered set of real numbers exists, it is sufficient to find
a single number which is not contained in (6). In this case, it is fairly easy
to construction just such a number. First, however, we consider the number

r = 0 . d11d22d33d44d55 · · · . (7)

In other words, consider the number where each successive decimal place is
chosen from the next number in the selection. This number may or may
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not be in the selection above. To prove a contradiction, however, we need
to find a number which is not in the selection no matter how the selection
is made. With a little thought, we should be able to realize the number we
need is not (7), but rather any number of the form

r̄ = 0 . d̄11d̄22d̄33d̄44d̄55 · · · (8)

where d̄ii 6= dii for all i = 1, 2, 3, . . .. That is to say, we choose a number
(any number!) which differs from the number (7) in every decimal place.

Notice that the number (8) necessarily differs from every number in (6)
in at least one decimal place and therefore may not be contained in the set
(6). Thus we have found a real number which cannot be contained in any
attempted enumeration of the real numbers. It follows that the real numbers
may not be put into a one-to-one correspondence with the natural numbers
and are therefore uncountable.

Note that it follows that the irrational numbers are uncountable (proof
as homework!). To recap, we have that:

• Between any two rational numbers, there is a irrational number.

• Between any two irrational numbers, there is a rational number.

• The rational numbers are countable, while the irrational numbers are
not.

So even though the rational and irrational numbers seem to occupy the same
space—they are everywhere along the real number line!—the set of irrational
numbers is much larger than the set of rational numbers.

We will see more on just how distinct the rational and real number
systems are next week when we consider upper and lower bounds. For now,
we consider more general properties of countable and uncountable sets.

Theorem 1.7 (Theorem 2.8 in Rudin). Suppose B is a countably infinite
set, A ⊆ B, and A is infinite. Then A is countably infinite.

Proof. Suppose B is countably infinite so that its elements may be ordered

B = {b1, b2, b3, b4, . . .}.

For A ⊆ B, we may clearly order the elements of A by beginning with b1,
moving right, and only including those elements which are contained in A.
(Explicitly, the first element in the ordering of A is the first element in the
ordering of B which is also in A, the second is the second such element, and
so on.) Since the set A is infinite but can be enumerated in this way, we
have that A is countable infinite.
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Example: The set of natural numbers N itself is obviously countably
infinite. It follows that every infinite subset of N is also countably infinite.
For example, the set of positive even numbers

E = {2, 4, 6, 8, 10, 12, . . .}

is also clearly countably infinite.
While this is straight forward to see, we should take a moment to con-

sider the weirdness lying just under the surface. After all, we have that E
is a strict subset of N (i.e. E ⊂ R). In this sense, N is strictly larger than
E. And yet our definition of being countably infinite implies that every el-
ement of E may be put in unique correspondence with exactly one element
of N. Since we can clearly do this, it follows that, in this sense, E and N
are exactly the same size. So strange things can happen when we consider
infinite sets. �

To further consider properties of finite, countably infinite, and uncount-
able sets, we pause for a moment to extend our existing notions of intersec-
tion and union to more than two sets. Given a family of sets

{Sn}n=1,...,N = {S1, S2, . . . , SN−1, SN} ( or {Sn}n∈N = {S1, S2, S3, . . .})

we have that

x ∈
N⋃

n=1

Sn,

(
or x ∈

∞⋃
n=1

Sn

)
if and only if x ∈ Si for at least one i = 1, . . . , N (or n ∈ N), and that

x ∈
N⋂

n=1

Sn,

(
or x ∈

∞⋂
n=1

Sn

)

if and only if x ∈ Sn for all n = 1, . . . , N (or n ∈ N).

Theorem 1.8 (Theorem 2.12 in Rudin). Suppose {Sn}n∈N is a family of
countably infinite sets. Then

S =

∞⋃
n=1

Sn

is a countably infinite set.
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Proof. This can be done in exactly the same way as we proved the rational
numbers were countable. We simply let each set Sn be enumerated as

Sn = {sn1, sn2, sn3, . . .}

and construct the table

1 2 3 4 · · ·
1 s11 s12 s13 s14 · · ·
2 s21 s22 s23 s24 · · ·
3 s31 s32 s33 s34 · · ·
4 s41 s42 s43 s44 · · ·
...

...
...

...
...

. . .

Enumerating along the diagonals, we have that

S =
∞⋃
n=1

Sn = {s11, s21, s12, s31, s22, s13, s41, s32, s23, s14, . . .}

so that S is countably infinite.

Note: This result can be clearly restricted to a finite union ∪n=1,...,NSn
of of countably infinite sets by applying the diagonal method to a table with
a finite number of rows.

Corollary 1.1. Suppose A is uncountable and B is countably infinite. Then
A \B is uncountable.

Proof. Homework!

This result has important consequences. It means that we cannot bridge
the gap between countably infinite sets and uncountable sets by simply
considering more and more countably infinite sets—even an infinite number
of them. They remain fundamentally different under the union operator.

We might wonder if there is no set operation capable of bridging the gap.
We recall the following definition.

Definition 1.3. Let S be a set. Then the power set of S, denoted P(S),
is the set of all subsets of S.
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Example: Consider the set S = {1, 2, 3}. Then the power set of S is
given by

P(S) = {∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}} .

Note: It is important to remember to include the empty set ∅ and the
original set S when considering power sets, as both are subsets of S.

Theorem 1.9. Suppose S is a finite set. Then P(S) is a finite set.

Proof. Suppose S has N distinct elements where N < ∞. The number of
possible subsets of S can be computed by noting that each element in S is
either in a set, or not in. We can therefore imagine each set as a binary
string of N elements, with each element taking one of two possibles values
(say ‘0’ for not in the set, and ‘1’ for in the set). The set of such possible
binary strings is 2N and, since this is finite, it follows that P(S) is finite.

Let’s analyze this result a little bit. The key is to represent the subsets
of S as binary strings. For instance, for the set S = {1, 2, 3} before, we could
let the first coordinate correspond to ‘1’, the second coordinate correspond
to ‘2’, and the third coordinate correspond to ‘3’. We could then let

∅ = (0, 0, 0)

{1} = (1, 0, 0)

{2} = (0, 1, 0)

{3} = (0, 0, 1)

{1, 2} = (1, 1, 0)

{1, 3} = (1, 0, 1)

{2, 3} = (0, 1, 1)

{1, 2, 3} = (1, 1, 1).

It is clear in either case that there are 8 subsets in the powerset P(S);
however, in the binary string form is is clear that the general computation
is 2N .

This result is not a big surprise, but consider the following (which takes
the natural numbers, integers, and rational numbers into account).

Theorem 1.10. Suppose S is a countably infinite set. Then P(S) is an
uncountable set.
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Proof. Homework! (Hint: Represent the subsets as binary strings and sup-
pose that the power set is countable. This would imply that

P(S) = {S1, S2, S3, . . .}

where each Si, i = 1, 2, . . ., can be written as an infinitely-long binary string.)

A consequence of this result is the power set P(S) of a set S may never
be countably infinite. It jumps straight from finite to uncountable infinite,
depending on the size of the set S. So weird things definitely happen when
we start considering infinity!
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