
MATH 521, WEEK 14:
Riemann Integration

We now move to consideration of the familiar notion of integration. We
recall from our previous experiences in calculus that integration has two
seemingly distinct interpretations:

1. Area under the curve: For a suitably nice function f : [a, b] 7→ R, we
may interpret the area bound by the curve over [a, b] by the definite
integral ∫ b

a
f(x) dx

where we may approximate this value (and occasionally explicitly com-
pute it) as the limit of a Riemann sums over finer and finer partitions
of the domain.

2. Anti-differentiation: Again, for a suitably nice function f : [a, b] 7→
R, we may interpret the indefinite integral as the derivative of some
primitive function, i.e.∫

f(x) dx = F (x) + C where F ′(x) = f(x).

That is, we ask which function F (x) has f(x) as its derivative.

A surprising consequence of our studies in calculus is that these seem-
ingly disparate notions are actually intricately related. The Fundamental
Theorem of Calculus tells us that, so long as f is continuous on [a, b], we
have that ∫ b

a
f(x) dx = F (b)− F (a)

where F ′(x) = f(x), and

d

dx

∫ x

a
f(t) dt = f(x).

That is, integration undoes differentiation and differentiation undoes inte-
gration (when properly applied).

We now turn our attention to the underpinnings of the theory of Riemann
integration. In particular, we will present a more rigorous treatment of the
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notion of taking a limit over more finely graded partitions. This will allow us
to prove some powerful results, some familiar, some new. It will also allow
us to pave the way for more general notions of integration, such as Riemann-
Stieljes integration and Lebesgue Integration (which we will unfortunately
not have time to cover in this course).

1 Riemann Integration

We start by defining the following notions.

Definition 1.1. Consider a bounded function f : [a, b] 7→ R where [a, b] ⊂ R,
a 6= b. We define the following:

1. A set P = {xk}nk=0 is called a partition of [a, b] if a = x0 < x1 <
· · · < xn = b.

2. We say ξ = {ξ1, . . . , ξn} is a selection corresponding to P if ξi ∈
[xi−1, xi] for all i = 1, . . . , n.

3. We define the Riemann sum associated with f , the partition P , and
the selection ξ, to be

S(f, P, ξ) =
n∑
i=1

f(ξi)∆xi (1)

where ∆xi = xi − xi−1, i = 1, . . . , n.

These notions should be familiar from previous studies in calculus. A
partition is any set of n + 1 distinct points in the interval, including the
endpoints, which are ordered from left to right. A selection is any set of
n points chosen from whichin the intervals marked by the partitions, i.e.
between successive xi−1 and xi. For the Riemann sums, we construct boxes
over the intervals marked by the partition, where the width is determine
by the width of the interval (i.e. ∆xi) and the height is determined by the
function’s value at the selected point (i.e. f(ξi)).

We have made two generalizations worth pointing out:

• We do not take the points in our partitions to be separated by a
uniform distance. That is, we do not require ∆xi = ∆xj for all i, j =
1, . . . , n, as we previously did in Calculus. For instance, if we wish to
divide the interval [0, 1] into a partition of five points, we could pick

P1 = {x0 = 0, x1 = 0.25, x2 = 0.5, x3 = 0.75, x4 = 1}
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where ∆xi = 0.25 for i = 1, 2, 3, 4, or

P2 = {x0 = 0, x1 = 0.1, x2 = 0.3, x3 = 0.6, x4 = 1}

where ∆x1 = 0.1, ∆x2 = 0.2, ∆x3 = 0.3, ∆x4 = 0.4. We, of course,
have a great many other options as well. It is important here that the
number of points in any given partition is finite.

• We allow the height to be determined by any point in the given inter-
vals, not just the endpoints (or midpoint, etc.), as we previously did
it Calculus. For instance, we could make the selections

ξ = {ξ1 = 0, ξ2 = 0.5, ξ3 = 0.75, ξ4 = 0.8}

for the partition P1 above, but not for P2, since ξ1 ∈ [0, 0.25], ξ2 ∈
[0.25, 0.5], etc.

The Riemann sums (1), of course, are only an approximation of the
actual area under the curve. We imagine, however, that this becomes a
closer and closer approximation as the partition sizes become smaller and
smaller. That is, we expect that

n∑
i=1

f(ξi)∆xi −→
∫ b

a
f(x) dx

as max ∆xi → 0. Intuitively, we do not imagine that the choice of partition
sizes and selections above should make a difference in our computation of
this limit. Consider, however, the following example.

Example 1: Consider the function f : [0, 1] 7→ R given by

f(x) =

{
0, if x is irrational
1, if x is rational.

This function is strange, but nevertheless, it is a function. Now consider
whether the Riemann sums converge as max ∆xi → 0. We have freedom
in choosing our partitions, so long as they get small, and also freedom in
choosing our selections from within the partitions.

This is a problem! The value of the Riemann sum S(f, P, ξ) depends very
sensitively on the choice of ξi, i = 1, . . . , n. Since there is a rational and
irrational number between any two distinct real numbers, we may choose a
selection ξi for each interval which is either rational or irrational, so that
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we may always have f(ξi) = 0 or f(ξi) = 1 depending on the choice. If we
are careful about it, we can see that, as max ∆xi → 0, we can always pick a
selection such that any value between 0 and 1 is attained in the limit! �

The moral of the story is that it is not enough to be able to pick any
selection for a given P . Rather, we want to be able to guarantee convergence
for all selections. In order to accommodate this, we consider the worst
possible scenario and see if we can control that. We therefore define the
following.

Definition 1.2. Suppose f : [a, b] 7→ R and P is a partition of [a, b]. We
define the lower and upper Riemann integral, respectively, of f on P to
be

L(f, P ) =

n∑
i=1

mi∆xi and U(f, P ) =

n∑
i=1

Mi∆xi

where mi = inf{f(ξi) | ξi ∈ [xi−1, xi]} and Mi = sup{f(ξi) | ξi ∈ [xi−1, xi]}.

That is, for a given partition, we do not allow any selection to made. Rather,
we consider the best and worst case selections, from below and above. Notice
that each interval [xi−1, xi] is compact so that the sup and inf are attained
for some ξi ∈ [xi−1, xi]. That is, we really are picking a best and worst case
selections. Notice also that, as a consequence of the boundedness of f on
[a, b], for any partition at all we have

m(b− a) ≤ L(f, P ) ≤ U(f, P ) ≤M(b− a)

where m = inf{f(x) | x ∈ [a, b]} and M = sup{f(x) | x ∈ [a, b]}.
The following makes explicit the connection between partitions, selec-

tions, and integration as a limiting process of Riemann sums.

Definition 1.3. Consider a bounded function f : [a, b] 7→ R. We say that f
is Riemann integrable on [a, b] if

sup
P
{L(f, P )} = inf

P
{U(f, P )}

where the sup and inf are over all partitions P of [a, b]. If f is Riemann
integrable on [a, b], we define the Riemann integral∫ b

a
f(x) dx = sup

P
{L(f, P )} = inf

P
{U(f, P )}.
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That is, a function is Riemann integrable if we the upper limit over the
partitions of the worst lower bound case, equals the lower limit over the
partitions of the worst upper bound case.

Example 1 (revisited): Reconsider our example f(x) from Example
1. We notice that, for every partition P , we may always make a selection
which yields f(ξi) = mi = 0 and one which yields f(ξi) = Mi = 1. When
considering upper and lower partitions, however, we must consider only these
scenarios. For any partition P , we have that

L(f, P ) =
n∑
i=1

mi∆xi = 0

and

U(f, P ) =

n∑
i=1

Mi∆xi =

n∑
i=1

(xi − xi−1) = 1.

Taking the sup and inf respectively over the partitions does not change these
values. It follows that

sup
P
L(f, P ) = 0 6= 1 = inf

P
U(f, P )

so that f(x) is not Riemann integrable. �

2 Refinements

The definition of Riemann integrability given by Definition 1.3 is easy to
interpret but it is somewhat difficult to imagine how we might apply it. We
therefore aspire to find a more practical reformation of this definition.

We first define the following.

Definition 2.1. Suppose P is a partition of [a, b] ⊂ R. We say that P ∗ is
a refinement of P if P ⊂ P ∗.

That is, every point in the partition P must be contained in the refinement
P ∗. That said, the refinement must contained additional points beyond
those contained in P . For instance, if we add the point 0.6 to the partitions
P1 and P2 introduced earlier, we have that

P1 = {0, 0.25, 0.5, 0.75, 1}
=⇒ P ∗1 = P1 ∪ {0.6} = {0, 0.25, 0.5, 0.6, 0.75, 1}
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if a refinement of P1, but that

P2 = {0, 0.1, 0.3, 0.6, 1}
=⇒ P ∗2 = P2 ∪ {0.6} = {0, 0.1, 0.3, 0.6, 1}

is not a refinement of P2.
We have the following result regarding refinements and Riemann sums.

Theorem 2.1 (6.4 in Rudin). Suppose P ∗ is a refinement of P . Then

L(f, P ) ≤ L(f, P ∗)

and
U(f, P ∗) ≤ U(f, P ).

Proof. Since P ∗ is a refinement of P , it follows that P ∗ contains at least
one more point in [a, b] than P . Denote this point x∗ and suppose that
x∗ ∈ (xi−1, xi) where xi−1, xi ∈ P . Consider first the lower sum L(f, P ).

Let w1 = inf{f(x) | x ∈ [xi−1, x
∗]}, w2 = inf{f(x) | x ∈ [x∗, xi]},

and mi = inf{f(x) | x ∈ [xi−1, xi]}. Notice that mi ≤ w1 and mi ≤ w2

(otherwise, mi would fail its definition). It follows that we have

mi∆xi = mi(xi − xi−1)
= mi(xi − x∗) +mi(x

∗ − xi−1)
≤ w2(xi − x∗) + w1(x

∗ − xi−1).

Since we can carry out this process for each additional point in the refinement
P ∗, we have that L(f, P ) ≤ L(f, P ∗). The upper inequality follows similarly.

We now present the following alternative characterization of Riemann
integrability.

Theorem 2.2. Consider a bounded function f : [a, b] 7→ R. Then f is
Riemann integrable on [a, b] if and only if, for every ε > 0, there exists a
partition P of [a, b] such that

U(f, P )− L(f, P ) < ε. (2)

Proof. We first prove the forward direction. Suppose that f is Riemann
integrable on [a, b]. That is, we have

sup
P
L(f, P ) = inf

P
U(f, P ).
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Now take ε > 0. It follows from the definition of inf and sup that there are
partitions P1 and P2 such that

U(f, P1)−
∫ b

a
f(x) dx <

ε

2

and ∫ b

a
f(x) dx− L(f, P2) <

ε

2
.

Now consider the partition P ∗ = P1 ∪ P2. Notice that this is a refiment
of both P1 and P2 unless P1 ⊆ P2 or P2 ⊆ P1 (in which case P ∗ = P1 or
P ∗ = P2, and the argument follows similarly). It follows from Theorem 2.1
that

U(f, P ∗)−
∫ b

a
f(x) dx ≤ U(f, P1)−

∫ b

a
f(x) dx <

ε

2
(3)

and ∫ b

a
f(x) dx− L(f, P ∗) ≤

∫ b

a
f(x) dx− L(f, P2) <

ε

2
. (4)

Adding (3) and (4) gives

U(f, P ∗)− L(f, P ∗) <
ε

2
+
ε

2
= ε

as desired.
Now suppose that, for every ε > 0, there is a partition P such that

U(f, P )− L(f, P ) < ε. Notice that we have

L(f, P ) ≤ sup
P
L(f, P ) ≤ inf

P
U(f, P ) ≤ U(f, P ).

It follows that inf
P
U(f, P )− sup

P
L(f, P ) < ε. In order to have this be satis-

fied for every ε > 0, it follows that we need

inf
P
U(f, P ) = sup

P
L(f, P )

and we are done.

Note: The advantage of the formulation (2) is that it allows to consider
U(f, P ) and L(f, P ) at the same time. That is, we do not need to compute
separate Riemann sums and limit twice (to get the inf and sup). Rather,
we just need to bound the differences. Note, however, that (2) does not

immediately give the value of
∫ b
a f(x) dx.
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3 Continuity and Monotonicity

We have characterized the notion of Riemann integrability. It remains to
apply it. Our first result is the following.

Theorem 3.1. Suppose f : [a, b] 7→ R is continuous on [a, b]. Then f is
Riemann integrable on [a, b].

Proof. Take ε > 0 and pick any 0 < η < ε
b−a . We notice first of all that,

since f is continuous on a compact set [a, b], we may conclude that it is
uniformly continuous on [a, b]. It follows that, there is a δ > 0, such that,
for every x, y ∈ [a, b], if |x − y| < δ, then |f(x) − f(y)| < η. We now want
to show that (2) holds.

Take any partition P such that ∆xi < δ for every ∆xi = xi−xi−1. From
the uniform continuity, we have that, for every ξ1, ξ2 ∈ [xi−1, xi], we have

|f(ξ1)− f(ξ2)| < η.

In particular, however, this must hold for the elements which attain the
maximal and minimal values in [xi−1, xi]. That is, we have

Mi −mi < η

for every i = 1, . . . , n. It follows immediately that

U(f, P )− L(f, P ) =
n∑
i=1

Mi∆xi −
n∑
i=1

mi∆xi

=
n∑
i=1

(Mi −mi)∆xi

≤ η
n∑
i=1

∆xi

= η
n∑
i=1

(xi − xi−1)

= η(b− a) < ε.

It follows from Theorem 2.2 that f is Riemann integrable on [a, b], and we
are done.

That result should come as no surprise. Continuous functions are well-
behaved, in a fairly broad sense. What we should be more careful is the
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necessity of continuity. Consider the following example.

Example 2: Consider the function f : [0, 2] 7→ R (see Figure 1):

f(x) =

{
1, for 0 ≤ x < 1
2, for 1 ≤ x ≤ 2.

Figure 1: Discontinuous function f(x) for which Riemann integral∫ 2
0 f(x) dx exists and is equal to 3. Note that the discontinuity at x = 1

does not impact the convergence of the upper and lower Riemann sums.

Of course, we imagine that we can still integrate this function and that
the integral is equal to the sum of the three unit squares which the region can
be decomposed into (that is, the integral should be 3). We should, however,
be careful with our definitions. After all, we are dealing with supremums
and infimums, so it seems like it should matter whether we assign the value
f(1) = 1, f(1) = 2, or something else entirely.

Consider the following argument. Define the partition

Pε = {0, 1− ε, 1 + ε, 2}

where, of course, we should take 0 < ε < 1. The upper and lower Riemann
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sums of such a partition are easy to compute. We have

L(f, Pε) =
3∑
i=1

mi∆xi

= (1)(1− ε) + (1)(2ε) + (2)(1− ε)
= 3− ε

and, similarly, U(f, Pε) = 3 + ε. Since this applies for any 0 < ε < 1, we
have that

sup
0<ε<1

L(f, Pε) = inf
0<ε<1

U(f, Pε) = 3

so that f(x) is Riemann integrable and∫ 2

0
f(x) = 3.

We are done. �

Note: We could alternatively consider (2) and compute

U(f, P )− L(f, P ) =
3∑
i=1

(Mi −mi)∆xi = 2ε.

Since this clearly goes to zero as ε → 0, we have that f(x) is Rieman inte-
grable (although this does not give the value of the integral).

The moral here is that continuity is not necessary for Riemann inte-
grability. That is, discontinuous functions may very well be Riemann inte-
grable. But we should suspect that there is more to this story. After all,
how discontinuous can be a function be before we end up with a case like

f(x) =

{
0, if x is irrational
1, if x is rational.

which was not Riemann integrable on [0, 1]?
As a first step toward answering this, we consider the following.

Theorem 3.2. Suppose f : [a, b] 7→ R is monotonic on [a, b] (that is, strictly
increasing, or strictly decreasing). Then f is Riemann integrable.
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Proof. We will suppose, without loss of generality, that f(x) is non-decreasing
on [a, b]. That is, for every x, y ∈ [a, b], if y > x then f(y) ≥ f(x).

The key observation is that, if f is non-decreasing on [a, b], then for any
interval [xi−1, xi] we have mi = f(xi−1) and Mi = f(xi). That is, since
the whole interval in monotonic, so is easy subinterval, and therefore the
minimum is the first endpoint, and the maximum is at the second. The
rest follows almost trivially! We may take any sequence of partition where
maxxi → 0 that we like. For convenience, we will take the partition

Pn =

{
a+ i

(
b− a
n

)}n
i=0

so that

∆xi =
b− a
n

.

It follows that we have

U(f, Pn)− L(f, Pn) =

n∑
i=1

(Mi −mi)∆xi

=
b− a
n

n∑
i=1

(f(xi)− f(xi−1))

=
b− a
n

(f(b)− f(a))

where the interior terms of the summation have cancelled (they form a tele-
scoping series). It follows that, for any ε > 0, we have make U(f, Pn) −
L(f, Pn) < ε by choosing n sufficiently large, so that f(x) is Riemann inte-
grable by Theorem 2.2.

We should pause here to emphasize that continuity was not required for
Theorem 3.2. In fact, we do not even require a finite number of discontinu-
ities. Consider the following example.

Example 3: Consider the function f : [0, 1] 7→ R given by

f(x) =
1

2n
, for

1

2n+1
< x ≤ 1

2n
, n ∈ N

and f(0) = 0. It can be easily seen that this function is monotone but
discontinuous at any point x = 1

2n , n ∈ N (see Figure 2). Notice that this is
an infinite set (although a countably infinite set).
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Figure 2: Monotone function f(x) with countably infinite discontinuities for
which Riemann integral

∫ 1
0 f(x) dx exists and is equal to 2/3.

We notice that Theorem 3.2 guarantees that this functions is Riemann
integrable. This may seem strange; after all, in Example 1 we have a function
with a countably infinite number of discontinuities (they were at the rational
numbers) but for which the Riemann integral did not exist. Nevertheless,
for this example, we can compute the Riemann integral in the following way.
Define the partition

Pn = {0} ∪
{

1

2i

}
i=1,...,n

.

That is, partition according to the discontinuities. We notice that we may
not take all of the discontinuities, since there are an infinite number, but
that for any fixed n ∈ N, the area in the unpartitioned region (i.e. between
0 and 1/2n for some large n) is very, very small.
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We have that

U(f, Pn) =

n∑
i=1

Mi∆xi

=

n∑
i=1

1

2i

(
1

2i−1
− 1

2i

)

=

n∑
i=1

1

2i
· 1

2i−1

=
1

2

n∑
i=1

1

4i

=
1

2

(
1−

(
1
4

)n+1

1− 1
4

)
.

We can clearly see that, as n → ∞ we have that U(f, Pn) → 2
3 . This is

consistent with the picture contained in Figure 2. We may furthermore
argue that no partition P of [0, 1] may have an upper Riemann sum less
than 2

3 by noticing that no further partitioning of the intervals [xi−1, xi]
may obtain a lower value for Mi. That is, we have

inf
P
U(f, P ) =

2

3
.

We conclude that f(x) is Riemann integrable and that∫ 1

0
f(x) dx =

2

3
.

(Note: This was not actually a sufficient proof to guarantee from first prin-
ciples that the function is Riemann integrable! In order to prove that, we
would need to show that L(f, Pn) → 2

3 , but this is not true for this se-
quence of partitions. We could obtain the full result from first principles
by a combination of this method and the one used for Example 2. Here,
we are happy to depend on Theorem 3.2 for the existence of the integral.) �

Earlier, we asked the question of how discontinuous a function could be
before we lose the property of being able to integrate it (in the Riemannian
sense). The full answer is a little beyond the scope of this course—after all,
we have seen an example of a function with an uncountably infinite number
of discontinuities which was Riemann integrable, and one which was one. It
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turns out that whether a function is Riemann integrable or not has more to
do with the measure of the discontinuities than the number of them. You
are encouraged to take Math 629 for a complete introduction.

4 Properties of Riemann Integrals

As with differentiation, once we know a function (or functions) is Riemann
integrable, we can extend the property in very general ways. The following
results, in particular, hold.

Theorem 4.1. Suppose that f, g : [a, b] 7→ R are Riemann integrable on
[a, b]. Then:

1. cf(x) is Riemann integrable on [a, b] for any c ∈ R, and∫ b

a
cf(x) dx = c

∫ b

a
f(x) dx;

2. f(x) + g(x) is Riemann integrable on [a, b] and∫ b

a
[f(x) + g(x)] dx =

∫ b

a
f(x) dx+

∫ b

a
g(x) dx;

3. For any c ∈ [a, b], we have∫ b

a
f(x) dx =

∫ c

a
f(x) dx+

∫ b

c
f(x) dx.

4. If f(x) ≤ g(x) for all x ∈ [a, b], then∫ b

a
f(x) dx ≤

∫ b

a
g(x) dx.

5. |f(x) is Riemann integrable, and∣∣∣∣∫ b

a
f(x) dx

∣∣∣∣ ≤ ∫ b

a
|f(x)| dx.

Proof. We omit the proofs of (1-3).
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Proof 4.: Suppose that f(x) ≤ g(x) for all x ∈ [a, b]. It follows that, given
any partition P , and any interval [xi−1, xi], we have that

max{f(x) | x ∈ [xi−1, xi]} ≤ max{g(x) | x ∈ [xi−1, xi]}.

It follows that U(f, P ) ≤ U(g, P ). It follows immediately from the integra-
bility of f and g, however, that∫ b

a
f(x) dx = inf

P
U(f, P ) ≤ inf

P
U(g, P ) =

∫ b

a
g(x) dx

and we are done.

Proof 5.: We consider cases. If the integral is positive, we have∣∣∣∣∫ b

a
f(x) dx

∣∣∣∣ =

∫ b

a
f(x) dx ≤

∫ b

a
|f(x)| dx

where the last inequality follows from part 4. Now suppose the integral is
negative. We have∣∣∣∣∫ b

a
f(x) dx

∣∣∣∣ = −
∫ b

a
f(x) dx =

∫ b

a
(−f(x)) dx ≤

∫ b

a
|f(x)| dx

where we have used part 1. and 4., and we are done.

Application (time-permitting): Let L1([a, b]) denote the set of all
functions which are Riemann integrable on [a, b]. Show that

d1(f, g) =

∫ b

a
|f(x)− g(x)| dx

satisfies all of the metric space conditions other than d1(f, g) = 0 implies
f(x) = g(x) (where we take f(x) = g(x) to mean f(x) = g(x) for all
x ∈ [a, b]).

Solution: Notice that this almost defines a metric space (L1([a, b]), d1)
where the objects are not points in some Euclidean space Rn, or some other
familiar space, but rather the points are functions. In order to fully define
a metric space, we need a little bit of measure theory, which is beyond the
scope of this course.

At any rate, we have three things to check.
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Condition 1: We notice that

d1(f, g) =

∫ b

a
|f(x)− g(x)| dx ≥ 0

by part 4. of Theorem 4.1 because |f(x)−g(x)| ≥ 0 and
∫ b
a 0 dx = 0. We also

notice that f(x) = g(x) implies that d1(f, g) = 0 because |f(x)− g(x)| = 0.

Condition 2: It is obvious that

d1(f, g) =

∫ b

a
|f(x)− g(x)| dx =

∫ b

a
|g(x)− f(x)| dx = d1(g, f).

Condition 3: We need to show that

d1(f, g) ≤ d1(f, h) + d1(h, g)

for any h ∈ L1([a, b]) (that is to say, for any other function which is Riemann
integrable on [a, b]). We have that

d1(f, g) =

∫ b

a
|f(x)− g(x)| dx

=

∫ b

a
|f(x)− h(x) + h(x)− g(x)| dx

≤
∫ b

a
|f(x)− h(x)|+ |h(x)− g(x)| dx

=

∫ b

a
|f(x)− h(x)| dx+

∫ b

a
|h(x)− g(x)| dx

= d1(f, h) + d1(h, g)

where we have used the fact that |f(x)−h(x)+h(x)−g(x)| ≤ |f(x)−h(x)|+
|h(x)− g(x)| for all x ∈ [a, b] by the triangle inequality on R, and that this
inequality transfers through the integral by property 4. of Theorem 4.1. We
are done!

Notice that we skipped the implication that d1(f, g) = 0 implies that
f(x) = g(x). We should naturally wonder what is going on.

Consider the following functions:

f(x) = 0, for all x ∈ [−1, 1]

g(x) =

{
0, for x ∈ [−1, 0) ∪ (0, 1]
1, for x = 0.
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These functions are not equal, since f(0) 6= g(0), but we can quickly compute
that

d1(f, g) =

∫ 1

−1
|f(x)− g(x)| dx =

∫ 0

0
1 dx = 0.

So what gives?
The answer is obvious after a little thought. The functions f(x) and g(x)

are not perfectly equal, but they differ only on a very, very small set! In
fact, we have a difficult time even quantifying how small of a set they differ
on, since they differ at a single point (very finite!) relative to the whole
interval [a, b] (very [i.e. uncountably] infinite).

The resolution comes by allowing the functions of interest to differ on a
set of “measure zero”—which basically amounts to saying that the points
they differ on amount to nothing in the integral. If we allow for the functions
of interest to be equal except on a set of measure zero, we are able to consider
a metric space of Riemann integrable functions.

Unfortunately, the topic of how to “measure” sets is beyond the scope
of this course to explore. You are encouraged to take Math 629 for a full
study on this topic.
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