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Objectives
Two properties of chemical reaction networks
which are particularly insightful are weak re-
versibility and a network parameter called the
deficiency.

We would like to find, within the class of weakly
reversible networks with linearly conjugate dy-
namics (i.e. same qualitative dynamics), a net-
work which has the minimal deficiency.

Chemical Reaction Networks

The species of a network will be denoted Xj and
we will define |S| = n where S is the set of all
species. The complexes of a network are linear
combinations of species of the form

Ci = Σn
j=1αijXj,

where αij ∈ Z≥0. The set of stoichiometrically dis-
tinct complexes is given by C and we define |C| = m.
The set of ordered pairs (i, j) corresponding to el-
ementary reactions is denoted R.

The reaction graph of a network N = (S, C,R)
is given by

N : Ci
k(i,j)−→ Cj, (i, j) ∈ R.

Mass-Action Kinetics
Assuming mass-action kinetics, the dynam-
ics of the specie concentrations over time is gov-
erned by

dx
dt

= Y · Ak · Ψ(x)

where Y denotes the stoichiometric matrix, Ak

denotes the Kirchoff matrix, and Ψ(x) de-
notes the mass-action vector.

Linear Conjugacy

Consider two chemical reaction networks N and N ′
endowed with mass-action kinetics and let Φ(x0, t)
denote the flow associated with N and Ψ(y0, t)
denote the flow associated with N ′. We will say
N and N ′ are linearly conjugate if there ex-
ists a linear mapping h : Rm

>0 7→ Rm
>0 such that

h(Φ(x0, t)) = Ψ(h(x0), t) for all x0 ∈ Rm
>0.

Linearly conjugate reaction networks are important
because they share many of the same qualita-
tive dynamics even if their reaction graphs
are different.

Deficiency

The deficiency of a chemical reaction network is
given by

δ = m− `− s
wherem is the number of complexes, ` is the number
of connected components in the reaction graph, and
s is the dimension of the span of the reaction vectors.
The deficiency is non-negative and depends upon
the structure of the reaction graph alone.

Many strong dynamical properties are known to
hold for networks with a low deficiency (in
particular deficiency zero and one networks).

Example

Deficiency Three

Consider a network of bi-
nary interactions between
singularly-bound enzymes
with three binding sites:

2T100

2T0102T001

T100+T010T100+T001

T010+T001

This network has a defi-
ciency of three and can
exhibit a variety of dy-
namical behaviours, includ-
ing multiple positive equilib-
rium states.

Deficiency Two

Now choose the rate con-
stants flowing into each com-
plex to be the same. The
original network is then lin-
early conjugate to the follow-
ing:

2T100

2T010
2T001

T100+T010T100+T001

T010+T001

This network has a defi-
ciency of two and can be
found very quickly using the
introduced MILP algorithm.

Deficiency One

If we choose the rate con-
stants flowing from each
complex to be the same, the
original network is linearly
conjugate to the following:

2T100

2T010

2T001
T100+T010

T100+T001

T010+T001

This network has a defi-
ciency of one and it can be
shown by deficiency one algo-
rithms to exhibit at most one
positive equilibrium state.
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Minimal Deficiency Algorithm
The problem of determining a network with a
minimal deficiency from within the class of lin-
early conjugate weakly reversible networks can be
formulated as a mixed-integer linear pro-
gramming (MILP) problem.

The conditions for restricting to the space of lin-
early conjugate networks are

(LC)



Y · Ab = T−1 · Y · Ak

Σm
i=1[Ab]ij = 0,

0 ≤ [Ab]ij ≤ 1/ε,
[Ab]ii ≤ 0,
ε ≤ cj ≤ 1/ε.

where 0 < ε� 1 and T = diag {c}.

The conditions for completely partitioning
the complexes are

(CP)



Σm−s
k=1 γik = 1,

Σm
i=1γik − εθk ≥ 0,
−Σm

k=1γik + 1
ε
θk ≥ 0,

γik ∈ {0, 1} ,
θk ∈ [0, 1] .

The conditions for guaranteeing the partitions
and linkage classes agree are given by

(Ker)



Σm
l=1
l 6=i

Φil = Σm
l=1
l 6=i

Φli

Φij ≤
1
ε
(γik − γjk + 1)

Φij ≥ ε[Ab]ij
Φij ≤

1
ε
[Ab]ij.

We can then determine a linearly conjugate
weakly reversible network with minimal defi-
ciency by optimizing

minimize Σm−1
k=1 − θk

over the constraints (LC), (CP), and (Ker).


