
SYDE 112, LECTURE 1:
Review & Antidifferentiation

1 Course Information

For a detailed breakdown of the course content and available resources, see
the Course Outline. Other relevant information for this section of SYDE
112 is:

Lectures: Monday, Wednesday 9:30-10:20, E5 6008
. Friday, 10:30-11:20, E5 6008
Tutorial: Friday, 9:00-10:20, E5 6008

Instructor: Matthew Douglas Johnston
Email: mdjohnst@math.uwaterloo.ca
Phone: (519) 888-4567 x33418
Office: MC 4016
Office hours: To be determined

2 Review and Course Objectives

Up to this point in our mathematical educations, we are familiar with many
concepts which fall within the broad mathematical discipline we call calcu-
lus. In particular, we should be familiar with many common mathematical
functions, such as

Polynomials: e.g. (x− 2)2 + 1, 3x4 − 2x2 + x− 1

Root functions: e.g.
√
x, 3
√
x

Ellipses, Circles, and Hyperbolas: e.g. x2 + y2 = 1,
x2

4
− y2 = 1

Trigonometric functions: e.g. sin(x), sec(x), tan(x)

Exponential functions: e.g. 2x, 3x, ex

Logarithmic functions: e.g. log2(x), log3(x), ln(x).
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We should be able to give many qualitative features of these functions, such
as their domain (their x-values) and range (their y-values), and draw their
graphs. We should also be able to graph and understand transformations of
these basic forms, including stretching and translation.

We should also be able to evaluate simple limits for single-variable func-
tions. There are various tools available for evaluating these qualities. By a
limit we mean the value that a function takes as we get “closer” and “closer”
to the limiting value. For simple (e.g. continuous) functions, we should just
plug in the limiting value in x to get the limiting value in y. So why study
limits at all?

One immediate application of limits is evaluating the derivative of a
function, i.e. computing the instantaneous rate of change of a function at a
point. In order to find the slope of the line tangent to a point, we start by
computing the slopes of secant lines “close” to the point, i.e. we calculate

y2 − y1
x2 − x1

=
f(x + h)− f(x)

(x + h)− x
=

f(x + h)− f(x)

h

where h is some small increment to the x value. As this increment h gets
“smaller” and “smaller”, the second x point becomes “closer” and “closer”
to the first, so that the instantaneous rate of change is given by

f ′(x) = lim
h→0

f(x + h)− f(x)

h
. (1)

Even though we normally need two points to define a line (e.g. the tangent
line at a point), we can be get away with only having one here by taking
the limit of secant lines which are really close to the point! (Notice that we
cannot compute (1) without understanding limits. That is to say, we cannot
evaluate (1) by setting h = 0. We need higher order limit techniques.)

Fortunately, we do not need to apply (1) every time we wish to evaluate
the derivative of a function. The derivatives of many common functions are
well-known. These include

d

dx
[xn] = nxn−1, n 6= 0

d

dx
[constant] = 0

d

dx
[ex] = ex

d

dx
[ln(x)] =

1

x

d

dx
[sin(x)] = cos(x)

d

dx
[cos(x)] = − sin(x)

d

dx
[arcsin(x)] =

1√
1− x2

d

dx
[arctan(x)] =

1

1 + x2
.
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There are also rules which allow combinations of these functions to be eval-
uated. The most useful are the product rule, quotient rule, and chain rule.

Product Rule:
d

dx
[f(x)g(x)] = f ′(x)g(x) + f(x)g′(x)

Quotient Rule:
d

dx

[
f(x)

g(x)

]
=

f ′(x)g(x)− f(x)g′(x)

g(x)2

Chain Rule:
d

dx
[f(g(x))] = f ′(g(x))g′(x).

Together, these rules allow us to compute the derivation of almost anything !
We are also familiar with many concepts for sequences and series. In

particular, we are familiar with power series and the Taylor series expansion
of a function, which is given by

f(x) =
∞∑
n=0

f (n)(a)

n!
(x− a)n

where a is the point where are expanding the function around. That is to say,
we are aware that functions can be approximated (in many cases to arbitrary
precision!) by a finite sum of successively higher-order polynomial terms.
Furthermore, in the limit as the order of the polynomial goes to infinity, we
often achieve equality! Some common examples of Taylor expansions are:

ex =

∞∑
n=0

xn

n!
= 1 + x +

x2

2!
+

x3

3!
+ · · ·

sin(x) =
∞∑
n=0

(−1)n

(2n + 1)!
x2n+1 = x− x3

3!
+

x5

5!
− · · ·

1

1 + x
=
∞∑
n=0

xn = 1 + x + x2 + x3 + · · · , for |x| < 1.

This may seem like a mundane result — after all, why would we want
to represent functions as a long string of polynomial terms? The answer
is that polynomials are incredibly easy to evaluate. When you ask a com-
puter to evaluate e3/2 or sin(5) it does not just know the answer — it has
to compute it. And the Taylor expansion of these functions allows us to
evaluate it to arbitrary precision by just using the operations of addition
and multiplication.

A significant portion of the calculus we have seen so far has been devoted
to the differentiation and the applications thereof. We might ask what more
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there is to do. After all, we have rules which allow us to compute derivatives
for most functions we can imagine, and we represent functions as easy-to-
evaluate Taylor expansions. Naturally, we have barely scratched the surface.

The two immediate questions we will be focused on answering in this
course are:

1. We know how to take the derivative of a function; however, given an
arbitrary function f(x), can we find a function which gives f(x) as its
derivative (i.e. a function F (x) such that F ′(x) = f(x))? And if so,
what are the applications of such a concept?

2. We have primarily considered functions of only one variable. What
happens if we consider functions of multiple variables?

The first question will occupy the majority of the first half of the course,
while the second question will occupy the majority of the second.

3 Anti-differentiation

Suppose we know the velocity of a car and wish to discover the position
or the vehicle over time (i.e. how far the car has travelled). As a simple
example, let’s suppose we know that the vehicle is travelling at a constant
velocity of 80 km/h. We know that the velocity corresponds to the change
in position over time, that is to say, we have

dp(t)

dt
= v(t) = 80.

In order to determine for the position of the car, p(t), we need to find
a function whose derivative is the constant value 80. In this case, we can
probably just guess. We can easily see that the function p(t) = 80t works
since p′(t) = 80.

There is, however, one further subtlety. The function p(t) = 80t + 5
works just as well, since the derivative of 5 is zero. In fact, any function of
the form p(t) = 80t + C satisfies p′(t) = 80. If we assume that our initial
position (i.e. the position at time zero, p(0)) is zero, we can solve for C as
p(0) = 0 = 80(0) + C ⇒ C = 0 so that we have p(t) = 80t. Without this
addition information, however, we must leave the solution as p(t) = 80t+C.

The process we have just outlined is called anti-differentiation and the
function p(t) is called the anti-derivative of v(t). A general property is that
we will have to add a general constant C to the anti-derivative. Sometimes
further information will allow us to solve for this constant.
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Anti-differentiation is one of the foundational concepts of calculus and
is, in many ways, just as important as or more important than the process
of differentiation.

Example 1: Find the anti-derivative of x.

Solution: We need to find a function f(x) whose derivative is x. An obvious
candidate is x2. We try this out to see that

d

dx
[x2] = 2x.

This is almost the function we wanted! If we divide the left- and right-hand
sides by 2 we get

d

dx

[
x2

2

]
= x.

We recall that we can add a constant to any anti-derivative, so we get the

final answer
x2

2
+ C.

Example 2: Find the anti-derivative of sin(7x).

Solution: We know that sin(x) and cos(x) turn into one another (with an
occasional sign change) so we might try cos(7x). We have

d

dx
[cos(7x)] = −7 sin(7x).

We are close but not quite there. We divide both sides by −7 to get

d

dx

[
−cos(7x)

7

]
= sin(7x).

Adding our necessary constant, we have the final form −cos(7x)

7
+ C.

Example 3: Find the anti-derivative of
1

3x
.

Solution: We only need to consider the portion with the x when taking the
integral, so we may as well consider this as

1

3x
=

(
1

3

)(
1

x

)
.
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We recognize 1/x as the derivative of ln(x). So we have the antiderivative

is
1

3
ln(x) + C.

Example 4: Find the anti-derivative of 2 sin(x) cos(x).

Solution: We know the derivatives of sin(x) and cos(x) relate to one an-
other, but it is difficult to see what we have to differentiate in order to get
their product. We cannot, for instance, use the fact that

d

dx
[sin(x)] = cos(x), and

d

dx
[cos(x)] = − sin(x)

to conclude that the antiderivative of 2 sin(x) cos(x) is −2 cos(x) sin(x) —
this doesn’t work (Check!). In other words, we cannot just find the anti-
derivate of each individual term.

In this case, we have to recognize that the candidate function may have
arrived at the particular function in question via one of the product, quo-
tient, or chain rules. The chain rule is the correct rule here, since we have
that

d

dx
[sin2(x)] = 2 sin(x) cos(x).

The correct antiderivative is therefore sin2(x) + C.

Bonus: There is another answer to this question. We might also notice
that

d

dx
[− cos2(x)] = 2 sin(x) cos(x).

So the anti-derivative − cos2(x) + C also works!
How is this possible? How can we have two different antiderivatives to

the same problem (we know that sin2(x) 6= cos2(x))? The answer lies in the
fact that we have no specified the values of the constants. We know that

sin2(x) + cos2(x) = 1

so that sin2(x) = − cos2(x) + 1. If we add an arbitrary constant C to the
left-hand and right-hand sides of this, we have

sin2(x) + C = − cos2(x) + (C + 1).

In other words, the solutions are equal, but we need to make the constant
for the − cos(x) term one higher than the constant for the sin(x) term.
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