
SYDE 112, LECTURE 7:
Integration by Parts

1 Integration By Parts

Consider trying to take the integral of∫
xex dx.

We could try to find a substitution but would quickly grow frustrated —
there is no substitution we can make which would simplify the integral.
Instead we can rely on information we know for the product rule for differ-
entiation.

If we let u and v be functions of x, we know from the product rule for
differentiation that

d

dx
[uv] =

du

dx
v + u

dv

dx
.

We want to use this to tell us something about integration, not differentia-
tion, but what can we do? Well, let’s just integrate over x and see what we
get. Since integration undoes differentiation, we obtain

uv =

∫
du

dx
v dx+

∫
u
dv

dx
dx.

We can now simplify the differentials (dx) and rearrange to get∫
u dv = uv −

∫
v du. (1)

This is the Integration by Parts formula and it is one of the primary tools
for integration. It can also be stated for definite integrals as∫ b

a
u dv = [uv]ba −

∫ b

a
v du. (2)

It is probably not immediately obvious how this helps us, since we still
have to evaluate the integral on the right-hand side. The trick is that, if we
make appropriate choices for the parts of the original integral — u and dv
— it may turn out upon differentiating u and integrating dv to get du and
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v, respectively, that the integral on the right-hand side is easier to evaluate
than the one the left. So, ideally, we replace the original integral with a
simpler one!

Let’s see if the above integral can be solved in this matter. Our first task
is to select u and dv from the expression xex dx. One of these quantities
will be differentiated, and one integrated, in order to form our new quantity
to be integrated. It turns out the appropriate choice for this problem is

u = x dv = ex dx
du = dx v = ex.

Now using formula (1) we have∫
xex dx = xex −

∫
ex dx.

The remaining integral can be evaluated trivially so that we have∫
xex dx = xex − ex + C.

It can easily be checked by differentiating that this is correct (try it!). We
also have to remember to adjust by a constant C after our final integration
step, since this is an indefinite integral.

But how in general do we choose our u and dv? There is no universal
rule, although a few guidelines are often useful:

• The term to be integrated, dv, is usually the most complicated compo-
nent of the expression that we know how to integrate. In other words,
if it can be integrated, that is probably what you have to do with it.

• Since polynomial terms (e.g. x2, x, etc.) become lower order upon
differentiation, they are typically good choices for u (but not always).

Of course, things are not always as clear cut as the above example. In
that example, the choices of u and dv were easy and the resulting integral
was easily evaluated. Sometimes, we will have to keep in mind a few other
tricks:

1. Sometimes it is necessary to apply integration by parts multiple times
(this is common when there are higher order terms of x).

2. We can sometimes evaluate integrals with just a single term by choos-
ing dv = dx.
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3. We may have to apply a substitution or other trick to the remaining
integral (this can make the choices of u and dv difficult, however).

4. Sometimes the original integral appears after a few iterations of inte-
gration by parts, in which case we can solve for it by rearranging the
equation.

Example 1:

Evaluate the following integral by integration by parts∫
x2 sin(x) dx.

Since we have a polynomial term, we will let that be our u and see if it
works.

u = x2 dv = sin(x) dx
du = 2x dx v = − cos(x)

.

Following the formula we have∫
x2 sin(x) dx = −x2 cos(x) + 2

∫
x cos(x) dx.

Unfortunately, the remaining integral term cannot be evaluated directly,
but we can apply integration by parts again.

u = x dv = cos(x) dx
du = dx v = sin(x)

.

This gives∫
x2 sin(x) dx = −x2 cos(x) + 2x sin(x)− 2

∫
sin(x) dx

= −x2 cos(x) + 2x sin(x) + 2 cos(x) + C.

As always, we check our answer, which gives

d

dx

[
−x2 cos(x) + 2x sin(x) + 2 cos(x) + C

]
= −2x cos(x) + x2 sin(x) + 2 sin(x) + 2x cos(x)− 2 sin(x)

= x2 sin(x).

We should feel satisfied right now that the integration by parts formula re-
ally works!
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Example 2:

Evaluate the following integral by integration by parts∫
ln(x) dx, x > 0.

At first this seems like a trick question, since there is only one real “part”:
ln(x). What we can notice, however, is that ln(x) is the same as 1 · ln(x) —
one other “part” is 1!

But which do we choose to be u and dv. We actually have less choice
than we might think. We do not know how to integrate ln(x) (that is what
this question will answer!), so it cannot be dv. Similarly, we do not want
to take the derivative of 1 since that would eliminate the integral on the
right-hand side of formula (1). So we must choose

u = ln(x) dv = dx

du =
1

x
dx v = x.

From formula (1) we therefore have∫
ln(x) dx = x ln(x)−

∫
1 · dx = x ln(x)− x+ C.

As always, check the answer (exercise!).

Example 3:

Evaluate the following integral by integration by parts∫ 1

0
arcsin(x) dx.

Like the previous example, we consider arcsin(x) as 1 · arcsin(x). Since we
can only integrate 1 and take the derivative of arcsin(x), our choices are u
and dv are set.

u = arcsin(x) dv = dx

du =
1√

1− x2
dx v = x.

By formula (2) we have∫ 1

0
arcsin(x) dx

= [x arcsin(x)]10 −
∫ 1

0

x√
1− x2

dx
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It may not look like we have made it any further, but the second integral
can be solved using integration by substitution. I will omit most of the
details; however, if we set u = 1− x2 we have∫ 1

0

x√
1− x2

dx

= −1

2

∫ x=1

x=0

1

u1/2
du

= −[
√

1− x2]10.

Putting everything together, we have∫ 1

0
arcsin(x) dx

= [x arcsin(x) +
√

1− x2]10
=
π

2
− 1.

It is difficult to intuitively check whether this is actually the area under
the curve or not; however, as always, we can check whether the indefinite
integral is accurate by differentiating (exercise!).

Example 4:

Consider our first example of integration by substitution:∫
x
√

2x− 1 dx.

It turns out this example can be solved by integration by parts as well. We
take

u = x dv = (2x− 1)1/2 dx

du = dx v = 1
3(2x− 1)3/2.

(Note: the integration for v can be done by substitution if it’s unclear how
I have done this.) From formula (1), this gives∫

x
√

2x− 1 dx

=
x

3
(2x− 1)3/2 − 1

3

∫
(2x− 1)3/2 dx

=
x

3
(2x− 1)3/2 − 1

15
(2x− 1)5/2 + C.
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At first glance, this does not appear to agree with the answer we obtained
on Monday; however, in algebra there are many ways to represent the same
thing, and that is the case here. There are several ways to see that they
agree. Perhaps the simplest, although not necessarily most intuitive, is to
add and subtract a term as follows

x

3
(2x− 1)3/2 − 1

15
(2x− 1)5/2 +

1

6
(2x− 1)5/2 − 1

6
(2x− 1)5/2 + C

=
x

3
(2x− 1)3/2 − 1

6
(2x− 1)5/2 +

1

10
(2x− 1)5/2 + C

= (2x− 1)3/2
[
x

3
− 1

6
(2x− 1)

]
+

1

10
(2x− 1)5/2 + C

=
1

6
(2x− 1)3/2 +

1

10
(2x− 1)5/2 + C.

This is exactly the answer we obtained in the previous lecture!

Example 5:

Evaluate the following integral by integration by parts∫
e−2x cos(x) dx.

This seems like a fairly straight-forward question. We can as easily
differentiate and integrate one of these terms as the other so we do not have
a strong bias in choosing u and dv. We will pick

u = e−2x dv = cos(x) dx
du = −2e−2x dx v = sin(x).

By formula (1), this gives∫
e−2x cos(x) dx = e−2x sin(x) + 2

∫
e−2x sin(x) dx.

Unfortunately, the integral on the right-hand side is no easier to evaluate
than our original integral, but we will continue anyway. We have to use
integration by parts again. We have to use the same terms for u and dv (see
what happens if you switch them!).

u = e−2x dv = sin(x) dx
du = −2e−2x dx v = − cos(x).
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Applying this on the second integral, we have∫
e−2x cos(x) dx = e−2x sin(x)− 2e−2x cos(x)− 4

∫
e−2x cos(x) dx.

At first, it does not look like we have accomplished anything since the
remaining integral is not any easier to evaluate than the previous one. But
there is more to notice here: the integral on the right is exactly the orig-
inal integral we were trying to solve for! We can solve for the integral by
manipulating the equation and solving for it.∫

e−2x cos(x) dx+ 4

∫
e−2 cos(x) dx = e−2x sin(x)− 2e−2x cos(x)

=⇒
∫
e−2x cos(x) dx =

1

5
e−2x sin(x)− 2

5
e−2x cos(x).

Again, checking that this is the correct integral is left as an exercise.
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