
SYDE 112, LECTURES 22 - 25:
Limits and Continuity

1 Limits

In multiple dimensions, we write limits as

lim
(x,y)→(a,b)

f(x, y) = L.

The intuition is exactly the same as it was for the single variable case.
As we get “closer” and “closer” to a particular point (a, b) in the domain
(or on the edge of the domain), the function gets “closer” and “closer” to
the value L. We will see, however, that there are significant subtleties which
can arise.

Nevertheless, we have the following formal definition.

Definition 1.1. We will say that

lim
(x,y)→(a,b)

f(x, y) = L

if, for every ε > 0, there exists a δ > 0 such that |f(x, y)− L| < ε whenever
(x, y) ∈ D(f) and

0 <
√

(x− a)2 + (y − b)2 < δ.

In other words, a function has a limit at a point in the domain if we
can make the function arbitrarily close to the limit value by considering a
neighbourhood “close enough” to the point of interest.

A few notes are worth making about this definition:

1. If a limit exists, it is unique.

2. We need the limit to be close for all points in a neighbourhood. It
is not sufficient to find a few points, even ones arbitrarily close to
(a, b) which make f(x, y) get closer to L. Another way to state this
is, we need to get the same limit no matter how we approach (a, b);
otherwise, the limit does not exist.

3. It is often more difficult to prove that a limit exists than to prove it
does not, since building the condition

√
(x− a)2 + (y − b)2 required

of the limit is often challenging.
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4. The condition
√

(x− a)2 + (y − b)2 should be familiar to those of you
who have taken linear algebra. It is the condition ‖x − a‖ where
x = (x, y) and a = (a, b) (vector notation) and ‖ · ‖ is the standard
Euclidean norm. It generalizes easily to higher dimensions. (You do
not need to worry if you are not familiar with this!)

To illustrate how to show a multivariable function has no limit, recon-
sider the function

f(x, y) =
2xy

x2 + y2
.

Earlier, we discovered that the level curves of this function consisted of
straight lines through the origin (0, 0). This raises an interesting dilemma,
namely, what happens at (0, 0)? We cannot just evaluate at (0, 0) since it is
undefined there. Which contour line wins out?

We know that f(0, 0) is undefined, but we still might suspect a limit
exists at (0, 0). If this is true, we need to achieve the same limit no matter
how we approach (0, 0). The level curve analysis conducted previously leads
us to believe a good choice would be to approach along straight lines, since
f(x, y) is constant along them.

We take y = tx where t ∈ R is arbitrary. We have

f(x, y) = f(x, tx) =
2tx2

x2 + t2x2
=

2t

1 + t2
.

As expected, this does not depend on x at all! Since taking x → 0 gives
(x, y)→ (0, 0), we have can take

lim
x→0

f(x, y) =
2t

1 + t2
.

This is a non-constant value (it can vary between −1 and 1). It follows that
the limit at (0, 0) is not defined! (This is analogous to a jump discontinuity
for the single-variable case.)

Example 1: Prove that the limit at (0, 0) for the following function is
undefined:

f(x, y) =
x4

x4 + y2
.

Solution: So far we only have one tool in our toolbox for showing that
a limit is undefined: finding two paths of approach along which the limit at
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(a, b) is not equal. In the earlier case, we chose the two paths to be straight
lines. However, in this case we can see that setting y = tx gives

lim
x→0

f(x, tx) = lim
x→0

x4

x4 + t2x2
= 1

regardless of the line chosen. In other words, along straight lines, the func-
tion always converges to 1.

It is tempting to conclude that the limit in fact equals 1. This does not
follow! We must be very careful in applying the intuition regarding the
existence of limits. We require that all paths of approach given the same
limit. It is not sufficient that some paths give the same limit.

In order to find a path of approach which yields a violation, we check
the level curves, i.e. we set the function equal to a constant value and see
what curves are produced. For this function we have

x4

x4 + y2
= C =⇒ x4 = Cx4 + Cy2 =⇒ y =

√
1− C
C

x2.

In other words, the function f(x, y) is constant along parabolas. We notice,
however, that all of these parabolas go through (0, 0). This leads us to
suspect that if we take a path along any one of these parabolas, we will get
contradictory limits at (0, 0).

Indeed, we set y = tx2 to get

lim
x→0

f(x, tx2) = lim
x→0

x4

x4 + t2x4
=

1

1 + t2
.

Since this is not the same for all parabolas y = tx2, it follows that the limit
at (0, 0) does not exist.

Example 2: Prove that the limit at (0, 0) for the following function is
zero:

f(x, y) =
x3

x2 + y2

Solution: We know that f(0, 0) is undefined, so we need to consider the
formal definition of the limit. Given an ε > 0, we need to find a δ > 0 such
that 0 <

√
x2 + y2 < δ implies |f(x, y)− 0| < ε. We consider

|f(x, y)| =
∣∣∣∣ x3

x2 + y2

∣∣∣∣ =

∣∣∣∣ (x2)x

x2 + y2

∣∣∣∣ ≤ ∣∣∣∣(x2 + y2)x

x2 + y2

∣∣∣∣ = |x| ≤
√
x2 + y2 < ε.
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In this argument, we have used the inequalities x2 ≤ x2 + y2 and |x| ≤√
x2 + y2, which should be obvious.
This argument tells us that, if we pick

√
x2 + y2 < ε we will have

|f(x, y)| < ε. In other words, given an arbitrary ε > 0, we can pick δ = ε in
the definition of the limit, and we are done.

2 Continuity

The notion of continuity for multivariable function is exactly the same as it
was for single variable functions. Functions are continuous at a point if the
limit is defined there and equals the value at the point.

We have the following formal definition.

Definition 2.1. A function f(x, y) is continuous at (a, b) if

lim
(x,y)→(a,b)

= f(a, b).

A function f(x, y) is continuous if it is continuous at every point in its
domain.

There are a few things worth noting about this definition:

1. Just as in the single variable case, continuity is a measure of the con-
nectedness of a function. There is now, however, the subtlety that the
a multivariate function must be connected at a point (x, y) no matter
which path we take through the point (i.e. no jumps in any direction).

2. A multivariate function f(x, y) does not need to be defined at all points
in a neighbourhood of a point (a, b) to be continuous at (a, b). Any
neighbourhood of a point in x2 + y2 = 9 for the function f(x, y) =√

9− x2 − y2 has most of its points lying outside of the domain. It is
enough, however, that the limit be defined at points along this curve,
which it is.

3. It is significantly more difficult to verify continuity for multivariate
functions than single variable functions, unfortunately. The cases we
will see in this course will be manufactured to work out with a reason-
able amount of work.

Example 1: Determine the points where

f(x, y) =

{
sin(x), for x+ y ≥ 0
sin(y), for x+ y < 0
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is continuous.

Solution: We get for free that f(x, y) is continuous in x+y > 0 and x+
y < 0 because the functions defined in any sufficiently small neighbourhood
of a point there are continuous. It is only along the line x + y = 0 that we
need to check, since the function definition changes there.

For any continuous point (x∗, y∗) along this line (i.e. y∗ = −x∗), we need

lim
(x,y)→(x∗,y∗)

f(x, y)

to hold true for both functional definitions (i.e. on both sides of x+ y = 0).
We have for x+ y ≥ 0

lim
(x,y)→(x∗,y∗)

sin(x) = sin(x∗)

and for x+ y < 0
lim

(x,y)→(x∗,y∗)
sin(y) = sin(y∗).

Along the line y∗ = −x∗ we have sin(y∗) = sin(−x∗) = − sin(x∗). Setting
the two functional definitions equal, we get

sin(x∗) = − sin(x∗).

This is clearly only satisfied for points x∗ such that sin(x∗) = 0, which gives

x∗ = kπ, k ∈ Z

(i.e. k in the integers). It follows that f(x, y) is continuous for x + y < 0,
x+ y > 0, and at points (x, y) = (k,−k) where k ∈ Z.
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