
SYDE 112, LECTURE 26:
Partial Derivatives

1 Partial Derivatives

Consider standing on the slope of a hill and asking the following question:

If I take a step forward, how quickly will I climb/fall?

At first glance, this question is identical to the differentiation questions
we dealt with in SYDE 111. There is only one small subtlety, namely,
that we have to ask which direction we are facing. In SYDE 111, we only
measured changed with respect to a single variable. That is to say, we could
only move forward or backward. Now we must specify our direction with
respect to two independent variables (which we will generally call x and y).

We notice, however, that even though there are two directional vari-
ables, we may only proceed in one direction. In other words, this is still
a one-dimensional problem! Let’s set things up so the positive x direction
corresponds to going east, the negative x direction corresponds to going
west, the positive y direction corresponds to going north, and the negative
y direction corresponds to going south. Now ask the question:

If I take a step due east, how quickly will I climb/fall?

Given this set-up, we notice that all of the change in f(x, y) is as a result
of changes in the variable x. In other words, this question does not depend
on y at all! The interpretation for heading due north is analogous: all of the
change is due to y, and there is no change as a result of x!

Formally, we have that the rate of change due to changes in x is given
by

fx(x, y) = lim
h→0

f(x + h, y)− f(x, y)

h

and the rate of change due to changes in y is given by

fy(x, y) = lim
h→0

f(x, y + h)− f(x, y)

h
.

These are called partial derivatives. The following notes are worth
making:
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1. There are various notations used to denote partial derivatives of func-
tions z = f(x, y). The most common are

∂

∂x
f(x, y) =

∂z

∂x
= ∂xf(x, y) = fx(x, y) = f1(x, y).

(I generally prefer fx(x, y) and fy(x, y); however, there are very impor-
tant circumstances where f1(x, y), f2(x, y) is definitely better. In par-
ticularly, it is less ambiguous when the first, second, third, etc., vari-
ables of a function are not assigned variable names, e.g. f(x2−y2, 2xy),
f(u + v, u− v), etc.)

2. We take the partial derivatives of a multivariate function with respect
to one variable exactly as we did in the single-variable case, with the
exception that we hold all other variables constant.

3. All the normal derivative rules apply to partial derivatives. That is to
say, we have

(a)
∂

∂x
[f(x, y) + g(x, y)] = fx(x, y) + gx(x, y)

(b)
∂

∂x
[f(x, y)g(x, y)] = fx(x, y)g(x, y) + f(x, y)gx(x, y)

(c)
∂

∂x

[
f(x, y)

g(x, y)

]
=

fx(x, y)g(x, y)− f(x, y)gx(x, y)

g(x, y)2

(d)
∂

∂x
[f(g(x, y))] = f ′(g(x, y))gx(x, y)

4. These only give the rate of change in the x and y direction, not an
arbitrary direction. We will handle the more general directional case
later in this course.

Example 1: Find the partial derivatives with respect to x and y for

f(x, y) = xy2.

Solution: To determine the partial derivative with respect to x, we take
the derivative of f(x, y) with respect to x holding y constant. We have

∂

∂x
[xy2] = y2.

Conversely, to take the partial derivative with respect to y, we take the
derivative of f(x, y) with respect to y and hold x constant. We have

∂

∂y
[xy2] = 2xy.
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Example 2: Find the partial derivatives with respect to u and v for

f(u, v) = ln(uv).

Solution: We have

∂

∂u
ln(uv) =

1

uv
v =

v

uv
=

1

u

and
∂

∂v
ln(uv) =

1

uv
u =

u

uv
=

1

v
.

Example 3: Find fx(1, 1) for

f(x, y) = xy ln(x).

Solution: We have

∂

∂x
[xy ln(x)] = yxy−1 ln(x) + xy

1

x
= yxy−1 ln(x) + xy−1

= xy−1(y ln(x) + 1).

It follows that
fx(1, 1) = (1)(1(0) + 1) = 1.

2 Tangent Planes

We can immediately extend the earlier one-dimensional notion of a tangent
line at a point to the two-dimensional case. In this case, we have a tangent
plane rather than a tangent line, since we must specify the rate of change
at a point in two directions.

Consider being asked to construct the tangent plane to the point (1/2, 0)
for the multivariate function

f(x, y) = 1− x2 − y2 + x2y2.

The intuition is exactly the same as it was for the one dimensional case!
We need to find a plane (i.e. a multivariate function of the for T (x, y) =
A + Bx + Cy) which agrees with the function f(x, y) in three important
ways:

1. T (1/2, 0) = f(1/2, 0),
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2. Tx(1/2, 0) = fx(1/2, 0), and

3. Ty(1/2, 0) = fy(1/2, 0).

We can immediately see that T (1/2, 0) = A + (1/2)B, Tx(1/2, 0) = B and
Ty(1/2, 0) = C. It only remains to find the partial derivatives of f(x, y).
We have

f(1/2, 0) = 1−
(

1

2

)2

=
3

4

fx(x, y) = −2x + 2xy2 =⇒ fx(1/2, 0) = −1.

fy(x, y) = −2y + 2x2y =⇒ fy(1/2, 0) = 0.

It follows that C = 0, B = −1, and A = 5/4 so that the tangent plane is
given by

T (x, y) =
5

4
− x.

We can see that this plane matches our intuition for what the tangent plane
should do (see Figure 1).

(a) (b)

Figure 1: The function f(x, y) = 1 − x2 − y2 + x2y2 (left) and the tangent
plane at (1/2, 0) overlain (right).

In general, in order to satisfy the three stated conditions, we need to
have

T (a, b) = A + Ba + Cb = f(a, b)

Tx(a, b) = B = fx(a, b)

Ty(a, b) = C = fy(a, b).

Substituting into T (x, y) = A + Bx + Cy we get that the equation of the
tangent plane for the function f(x, y) at the point (a, b) is given by

T (x, y) = f(a, b) + fx(a, b)(x− a) + fy(a, b)(y − b).
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Example 1: Find the equation to the tangent plane to f(x, y) = x2+y2

at the point (2,−1).

Solution: We need to find f(2,−1), fx(2,−1), and fy(2,−1). We have

f(2,−1) = (2)2 + (−1)2 = 5

fx(x, y) = 2x =⇒ fx(2,−1) = 4

fy(x, y) = 2y =⇒ fy(2,−1) = −2.

It follows that the equation of the tangent line is

T (x, y) = 5 + 4(x− 2)− 2(y + 1).

Example 2: Determine the point (a, b) which has a tangent line to
the curve f(x, y) = xy which goes through the points T (0, 0) = −2 and
T (1, 2) = 2.

Solution: The equation for the tangent line to a point (a, b) is T (x, y) =
f(a, b)+fx(a, b)(x−a)+fy(a, b)(y−b). We need to determine a and b given
that we know T (0, 0) = −2 and T (1, 2) = 2. We have

f(a, b) = ab

fx(x, y) = y =⇒ fx(a, b) = b

fy(x, y) = x =⇒ fy(a, b) = a

so that T (x, y) = ab + b(x− a) + a(y − b). Now we have

T (0, 0) = ab + b((0)− a) + a((0)− b) = ab− ab− ab = −ab = −2

and
T (1, 2) = ab + b((1)− a) + a((2)− b) = b + 2a− ab = 2.

We can solve for b in the first equation to get b = 2/a, which can be plugged
into the second equation to give

2

a
+ 2a− 2 = 2 =⇒ 2a + 2a2 = 4a =⇒ a2 − 2a + 1 = (a− 1)2 = 0.

This implies that a = 1. This can be substituted back into any of the ear-
lier equations to give b = 2. It follows that the point we must choose is
(a, b) = (1, 2).
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Example 3: Show that z = f(x2y) satisfies the partial differential
equation

x
∂z

∂x
− 2y

∂z

∂y
= 0.

Solution: We have
∂z

∂x
= f ′(x2y)(2xy)

and
∂z

∂y
= f ′(x2y)(x2)

so that

x
∂z

∂x
− 2y

∂z

∂y
= xf ′(x2y)(2xy)− 2yf ′(x2y)(x2) = 0.

3 Normal lines to a plane

Consider the question of finding a vector which points straight out from the
surface z = f(x, y) at the point (a, b). It should be fairly clear that this
vector must be orthogonal (i.e. perpendicular in multiple dimensions) to
the tangent plane at the point (a, b). The terminology we will use for this
is that we are looking for the normal line to the function at (a, b).

Well, how do we find an expression for the normal line to z = f(x, y) at
a point (a, b)? Recall from linear algebra that two vectors are orthogonal if
and only if their dot product is zero. In other words, v ∈ R3 and w ∈ R3

are normal if and only if v ·w = v1w1 + v2w2 + v3w3 = 0.
What does this have to do with us? Recall the equation for the tangent

line given by

z = T (x, y) = f(a, b) + fx(a, b)(x− a) + fy(a, b)(y − b).

We can rearrange this to get

(fx(a, b), fy(a, b),−1) · (x− a, y − b, z − f(a, b)) = 0.

We notice that the point (a, b, f(a, b)) in R3 is the point of the surface
z = f(x, y) where we are constructing the tangent plane, and looking for the
normal line. Since the vector (x, y, z)−(a, b, f(a, b)) = (x−a, y−b, z−f(a, b))
spans the tangent plane, it follows from the aforementioned property of the
dot product that (fx(a, b), fy(a, b),−1) must be normal to the tangent line
(and therefore the surface z = f(x, y)) at the point (a, b)!
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Example 1: Determine the equation of the normal line to the surface
f(x, y) = ln(xy) at the point (1, 1).

Solution: We have

f(1, 1) = ln(1) = 0

fx(x, y) =
1

xy
y =

1

x
=⇒ fx(1, 1) = 1.

fy(x, y) =
1

xy
x =

1

y
=⇒ fy(1, 1) = 1.

We know that (fx(1, 1), fy(1, 1),−1) = (1, 1,−1) is normal to the plane at
(1, 1, f(1, 1)) = (1, 1, 0). It follows that the normal line can be parametrized
by

(x, y, z) = (1, 1, 0) + t(1, 1,−1) = (1 + t, 1 + t,−t) t ∈ R.
Example 2: Find the point on the plane f(x, y) = 1 + 2x− y which is

closest to the point (1, 0,−3).

Solution: The point which is closest to (1, 0,−3) will lie on a normal
line to the plane f(x, y). We just need to find the point where the normal
line is centred. We have

f(a, b) = 1 + 2a− b

fx(x, y) = 2 =⇒ fx(a, b) = 2

fy(x, y) = −1 =⇒ fy(a, b) = −1.

The normal line is parametrized by

(x, y, z) = (a, b, f(a, b)) + t(fx(a, b), fy(a, b),−1)

so that we want to satisfy

(1, 0,−3) = (a, b, 1 + 2a− b) + t(2,−1,−1).

This gives rise to the system of equations

a + 2t = 1
b − t = 0

2a − b − t = −4.

The second equations gives b = t so that the first one gives a = 1 − 2b. It
follows from the last equation that

2(1− 2b)− b− b = −4 =⇒ −6b = −6 =⇒ b = 1.

We have a = −1 and t = 1. It follows that the point which is closest to
(1, 0,−3) is (a, b, f(a, b)) = (−1, 1,−2).
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