
SYDE 112, LECTURE 27:
Higher-Order Derivatives

1 Higher Order Derivatives

We know that multivariable functions can be differentiated component by
component by a process called partial differentiation. This was our reso-
lution to the problem of how to take derivatives when there is more than
one independent variable. In this way we reduced the problem of taking
derivatives in higher dimensions to a single spatial dimension.

In the one-dimensional case, however, we did not stop there. We con-
tinued to take more derivatives. In particular, we pay significant attention
to second derivatives. These derivatives allowed us to determine whether a
function was concave up (accelerating) or concave down (decelerating).

We can do the same process in multiple dimensions! We have

∂2

∂x2
f(x, y) =

∂

∂x

[
∂

∂x
f(x, y)

]
=

∂

∂x
fx(x, y) = fxx(x, y).

The method and interpretation is exactly the same as it was for the single
dimensional case:

1. We take the derivative by holding y constant in fx(x, y).

2. The sign of fxx(x, y) determines whether f(x, y) is concave up or down
in the x direction for a fixed y.

The derivation and interpretation of fyy(x, y) is analogous.

A more interesting case arises, however, when we consider taking the
second derivative with respect to a variable different than the first derivative;
in other words, when we consider operations like

∂

∂y

[
∂

∂x
f(x, y)

]
.

Does such an operation even make sense? The answer is, of course it does!
The first partial derivatives are functions of x and y, so certainly more
derivatives (in either variable) are permitted. (The interpretation of these
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mixed partial derivatives will be more complicated, but we will see in a few
lectures that they are very useful.)

In general, we have

∂2

∂y∂x
=

∂

∂y

[
∂

∂x
f(x, y)

]
=

∂

∂y
fx(x, y) = fxy(x, y)

and
∂2

∂x∂y
=

∂

∂x

[
∂

∂y
f(x, y)

]
=

∂

∂x
fy(x, y) = fyx(x, y).

(Note: The order of the derivatives is read left to right in the subscripts.)

This can easily generalize to higher-order derivatives and multivariate
functions with more than two independent variables. For instance, for the
function f(x, y, z) we have

∂4

∂x2∂z∂y
f(x, y, z) =

∂

∂x

∂

∂x

∂

∂z

∂

∂y
f(x, y, z) = fyzxx(x, y, z).

Example 1: Find the four second-order partial derivatives of f(x, y) =
e2x+y.

Solution: We have

fx(x, y) = 2e2x+y, and fy(x, y) = e2x+y.

It follows that

fxx(x, y) =
∂

∂x
fx(x, y) = 4e2x+y

fxy(x, y) =
∂

∂y
fx(x, y) = 2e2x+y

fyx(x, y) =
∂

∂x
fy(x, y) = 2e2x+y

fyy(x, y) =
∂

∂y
fy(x, y) = e2x+y.

Example 2: Find the four second-order partial derivatives of

f(x, y) =
x

y
.

Solution: We have

fx(x, y) =
1

y
, and fy(x, y) = − x

y2
.
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It follows that

fxx(x, y) =
∂

∂x
fx(x, y) = 0

fxy(x, y) =
∂

∂y
fx(x, y) = − 1

y2

fyx(x, y) =
∂

∂x
fy(x, y) = − 1

y2

fyy(x, y) =
∂

∂y
fy(x, y) =

2x

y3
.

Example 3: Determine fyxx(x, y), fxyx(x, y), and fxxy(x, y) for f(x, y) =
ex sin(y).

Solution: We have

fx(x, y) = ex sin(y), and fy(x, y) = ex cos(y)

so that

fxx(x, y) = ex sin(y), fyx = ex cos(y), and fxy = ex cos(y).

We therefore have

fyxx(x, y) =
∂

∂x
fyx(x, y) =

∂

∂x
[ex cos(y)] = ex cos(y)

fxyx(x, y) =
∂

∂x
fxy(x, y) =

∂

∂x
[ex cos(y)] = ex cos(y)

fxxy(x, y) =
∂

∂y
fxx(x, y) =

∂

∂x
[ex sin(y)] = ex cos(y).

2 Equality of Mixed Partials

We notice something very quickly with the previous examples, namely, that
the mixed partials are equal. In other words, it did not matter which order
we took the derivatives. We might wonder if this is a general properties,
and it turns out that it is!

Theorem 2.1. Consider taking two nth-order mixed partial derivatives of
a function f(x1, x2, . . . , xm) where the only difference is the order of partial
differentiation. If all the relevant partial derivatives are continuous in a
neighbourhood of a point P , then the two mixed partial derivatives are equal.
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Example 1: Determine fyyyxx(x, y) for f(x, y) = x sin(
√
yey).

Solution: Our definition of partial differentiation tells us to take three
derivatives with respect to y, then two derivatives with respect to x. We
would quickly grow tired of taking derivatives with respect to y, however,
since the portion of f(x, y) containing y is complicated.

We can use the equality of mixed partial derivatives, however, to rec-
ognize that we can take the partial derivatives in any order we like. In
particular, we can take the x derivatives before the y derivatives so we have

fyyyxx(x, y) = fxxyyy(x, y).

Since fxx(x, y) = 0 it follows that fyyyxx(x, y) = 0.

3 Partial Differential Equations

An equation between partial derivatives with different independent variables
is called a partial differential equation. They arise in all sorts of applications,
from traffic flow modeling, to heat diffusion problems, to ocean current sim-
ulations. Three canonical and well-understood partial differential equations
are the heat equation, the wave equation, and Laplace’s equation.

Example 1: The wave equation is given by

utt(t, x) = c2uxx(t, x).

This equation models travelling waves and vibrating strings. Show that
u(t, x) = f(x − ct) + g(x + ct) is a solution to the wave equation for any
differentiable functions f and g.

Solution: We have

ut(t, x) = −cf ′(x−ct)+cg′(x+ct), and ux(t, x) = f ′(x−ct)+g′(x+ct).

It follows that

utt(t, x) = c2f ′′(x− ct) + c2g′′(x + ct) = c2(f ′′(x− ct) + g′′(x + ct))

and
uxx(t, x) = f ′′(x− ct) + g′′(x + ct).

It follows that
utt(t, x) = c2uxx(t, x).
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Example 2: Laplace’s equation is given by

uxx(x, y) + uyy(x, y) = 0.

This models a wide variety of physical phenomena, including gravitational
potentials and steady-state temperature distributions. Show that u(x, y) =
x2 − y2 satisfies Laplace’s equation in the whole xy-plane.

Solution: We have

ux(x, y) = 2x, and uy(x, y) = −2y.

It follows that uxx(x, y) = 2 and uyy(x, y) = −2, so that the solution satisfies
uxx(x, y) + uyy(x, y) = 0.
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