
SYDE 112, LECTURE 34 & 35:
Optimization on Restricted Domains and

Lagrange Multipliers

1 Restricted Domains

If we are asked to determine the maximal and minimal values of an arbitrary
multivariable function f(x, y), we know the following things so far:

1. that they may be obtained at only critical points, singular points, or
boundary points of the domain; and

2. the nature of critical points can be determined (most of the time) by
the second derivative test.

We are very close to being able to answer an arbitrary optimization
question. The only glaring omission in our discussion so far is what happens
when we want the optimal value of a function f(x, y) of a restricted domain?
In other words, what happens when we have to consider not only critical
points, but also the boundary of a region?

The answer is perhaps best handled by consider a few examples.

Example 1: Find the maximal and minimal values of f(x, y) = x2− y2
restricted to the interior of the unit circle R =

{
(x, y) ∈ R2 | x2 + y2 ≤ 1

}
(see Figure 1).

Solution: Since there are no singular points, we know that the maximal
and minimal values can only occur at critical values in the interior or the
region R and the boundary of the R. To find the critical points, we solve
∇f(x, y) = (0, 0) which gives

fx(x, y) = 2x = 0 =⇒ x = 0

fy(x, y) = −2y = 0 =⇒ y = 0.
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Figure 1: The function f(x, y) = x2 − y2 restricted to the interior of the
unit circle, i.e. x2 + y2 ≤ 1.

Since (0, 0) is in the interior of R, it is a potential extreme value. We can
see, however, that

A = fxx(x, y) = 2

B = fxy(x, y) = 0

C = fyy(x, y) = −2

which gives B2 −AC = (0)2 − (2)(−2) > 4. It follows that (0, 0) is a saddle
point and therefore cannot be a maximal or minimal value of f(x, y) in R.

It remains to check the boundary of R, which is the unit circle{
(x, y) ∈ R2 | x2 + y2 = 1

}
. There are several methods at this point which

we could follow to find the maximal and minimal values on the boundary.
In all cases, however, the general goal is the same:

• We want to use the constraint to reduce the number of variables, and
then solve the remaining problem as lower-dimensional optimization
problem.

In this case, since we have two variables to begin with, we want to use
the constraint x2 + y2 = 1 to reduce the problem to a one-dimensional
optimization problem. We will go through two methods by which we can
do this for this problem (each question of this type is slightly different so it
important to develop an intuition of different methods of parametrization).

First, consider rearranging the constraint x2 + y2 = 1 into y2 = 1− x2.
Since we are only interested in values of the function f(x, y) satisfying this
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express, we can rewrite f(x, y) entirely in terms of x as

f(x) = x2 − (1− x2) = 2x2 − 1.

We notice that the constraint y2 = 1 − x2 was only valid for −1 ≤ x ≤ 1
so that we have reduced the original two-dimensional optimization problem
to the one-dimensional optimization problem of finding the maximal and
minimal values of

f(x) = 2x2 − 1

on the domain −1 ≤ x ≤ 1! To find the critical values, we find points
satisfying f ′(x) = 0, which are given by

f ′(x) = 4x = 0 =⇒ x = 0.

We also need to consider the endpoints, which are x = −1 and x = 1. We
have

f(−1) = 1

f(0) = −1

f(1) = 1

We have that the function obtains a maximum value of 1 and a minimal
value of −1 on the boundary of R. By the relation y = ±

√
1− x2, we have

that the minimal values occur at (0,±1) and the maximal values occur at
(±1, 0).

We could also solve this question by rewriting the unit circle in polar
coordinates. The expression x2 + y2 = 1 can be parametrized by the single
variable θ ∈ [0, 2π) according to the parametrization (x, y) = (cos(θ), sin(θ)).
The original expression f(x, y) can then be written entirely in terms of θ as

f(θ) = cos2(θ)− sin2(θ).

To find the critical points of this expression, we differentiate to get

f ′(θ) = −2 cos(θ) sin(θ)− 2 sin(θ) cos(θ) = −4 sin(θ) cos(θ) = 0.

This can be satisfied if either sin(θ) = 0 or cos(θ) = 0 so that the required
points are

θ = 0,
π

2
, π,

3π

2
.
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We can see that

f(0) = cos2(0)− sin2(0) = (1)2 − (0)2 = 1

f
(π

2

)
= cos2

(π
2

)
− sin2

(π
2

)
= (0)2 − (1)2 = −1

f(π) = cos2(π)− sin2(π) = (−1)2 − (0)2 = 1

f

(
3π

2

)
= cos2

(
3π

2

)
− sin2

(
3π

2

)
= (0)2 − (−1)2 = −1.

It follows that the maximal value of f(x, y) on the unit circle is 1 and the
minimal value is −1 and that the minimal values are attained at θ = π/2 and
θ = 3π/2, and that the maximal values are attained at θ = 0 and θ = π. By
the relationship x = cos(θ) and y = sin(θ), we have that the minimal values
are attained at (0,±1) and the maximal values are attained at (±1, 0), as
before.

Example 1: Find the maximal and minimal values of f(x, y) = x2− y2
restricted to the interior of the unit box

R =
{

(x, y) ∈ R2 | − 1 ≤ x ≤ 1,−1 ≤ y ≤ 1
}
.

Figure 2: The function f(x, y) = x2 − y2 restricted to the interior of the
unit box, i.e. −1 ≤ x ≤ 1, −1 ≤ y ≤ 1.

Solution: This is always exactly the same question as the previous
example except that the domain has changed (see Figure 2). Since (0, 0)
lies in the interior of this region, and it was the only critical point of the
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function, we may disregard all interior points as potential maximal and
minimal values. This leaves the boundary.

In this case we have to parametrize the boundary as four separate lines.
That is to say, we have to consider the top of the box, the two sides, and the
bottom separately. Fortunately, doing each side individual is very simple!
We notice that on the top of the box, we have y = 1 and −1 ≤ x ≤ 1. This
means that the function f(x, y) can be reduced to

f(x) = x2 − (1)2 = x2 − 1

where we are interested in optimizing this over −1 ≤ x ≤ 1! We need to
check critical points and endpoints. We have

f ′(x) = 2x = 0 =⇒ x = 0

so that the only critical point in −1 ≤ x ≤ 1 is at x = 0. We check all three
relevant points to get

f(−1) = 0

f(0) = −1

f(1) = 0.

It follows that the minimal value attained on the top of the box is −1 and the
maximal value is 0. The minimal value is attained at (x, y) = (0, 1) while the
maximal value is attained at (±1, 1). If we check along the three remaining
sides (left side: x = −1,−1 ≤ y ≤ 1; bottom: −1 ≤ x ≤ 1, y = −1; right
side: x = 1, −1 ≤ x ≤ 1) we find that the maximal values is 1 and is
attained at (±1, 0) and the minimal value is −1 and is attained at (0,±1).

2 Lagrange Multipliers

There is another way to approach a problem of the form:

Maximize/minimize f(x, y)

subject to the constraint
g(x,y) = 0.

Reconsider the question of finding the maximal and minimal values of
f(x, y) = x2 − y2 on the boundary of the unit circle, i.e. subject to the
constraint

g(x, y) = x2 + y2 − 1 = 0.
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Now imagine overlaying the constraint curve g(x, y) onto the contour plot
of f(x, y) (see Figure 3). Recall that the level curves correspond to curves
where the height of the function f(x, y) does not change. If we imagine
travelling from one level curve to another, therefore, we are changing our
height.

Now consider travelling along the curve given by the constraint set
g(x, y) = 0. As we travel along this curve we cut across level sets, changing
our height in the process. Suppose we are descending as we cross these level
curves. It should not take much convincing to realize (see Figure 3) that we
can only reverse course and start ascending (i.e. we reach a minimum and
pass it) at one of two types of points:

1. critical points of f(x, y); and

2. points where g(x, y) meets the lower most level curve of f(x, y) tan-
gentially.

f(x,y)

∆
g(x,y)=0

Figure 3: As we travel around the circle corresponding to the constraint
g(x, y) = x2 + y2 − 1 = 0, we only reach maximal and minimal values of
f(x, y) where we meet the level curves of f(x, y) tangentially.

The question then becomes how we turn this observation into a method
for determining these minimal and maximal values. A method is not imme-
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diately obvious, but consider the function

L(x, y, λ) = f(x, y) + λg(x, y).

This function is called a Lagrangian function and the new variable λ is
called the Langrage multiplier. This function doesn’t look like much at
first glance, but it will be the key to unlocking this optimization puzzle.
It turns out that the critical points of L(x, y, λ) exactly coincide with the
potential maximal and minimal points outlined above!

It is certainly not obvious that this should be the case, but we can
check easily enough. Consider setting the first-order partial derivatives of
L(x, y, λ) equal to zero (including the partial derivative with respect to λ!).
We have

(1)
∂

∂x
L(x, y, λ) =

∂

∂x
f(x, y) + λ

∂

∂x
g(x, y) = 0

(2)
∂

∂y
L(x, y, λ) =

∂

∂y
f(x, y) + λ

∂

∂y
g(x, y) = 0

(3)
∂

∂λ
L(x, y, λ) = g(x, y) = 0.

The third equation certainly looks good—it just makes sure we are restrict-
ing ourselves to the constraint set—but what about the first two?

Recall that the gradient ∇f(x, y) lies tangent to the level curves. An-
other way to characterize two curves meeting tangential at a point, therefore,
is to have their gradients be scalar multiples of one another. This is exactly
what equations (1) and (2) give us! Either we have

1. ∇f(x, y) = (fx(x, y), fy(x, y)) = (0, 0) (in which case λ = 0 gives a
solution); or

2. ∇f(x, y) = −λ∇g(x, y) (in which case the two gradients are scalar
multiples of one another, which means the curves meet tangentially).

At any rate, this gives rise to a new way of solve problems of the type

Maximize/minimize f(x, y)

subject to the constraint
g(x,y) = 0.

It is sufficient to find the critical points of L(x, y, λ) = f(x, y)+λg(x, y) and
check f(x, y) at these values.
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Example 1: Determine the maximal and minimal values of f(x, y) =
x2 − y2 subject to the constraint x2 + y2 = 1.

Solution: We have

L(x, y, λ) = f(x, y) + λg(x, y)

= x2 − y2 + λ(x2 + y2 − 1).

It follows that the first order partial derivatives are given by

∂

∂x
L(x, y, λ) = 2x+ 2λx

∂

∂y
L(x, y, λ) = −2y + 2λy

∂

∂λ
L(x, y, λ) = x2 + y2 − 1.

Setting these equations equal to zero gives

x(1 + λ) = 0

y(−1 + λ) = 0

x2 + y2 = 1.

The first equation can be satisfied if either x = 0 or λ = −1. If x = 0, the
third equation gives y = ±1, which gives λ = 1 in the second equation. If
λ = −1 in the first equation, we need y = 0 in the second equation, which
gives x = ±1 in the third equation. It follows that we have the following
solutions

(x, y, λ) = (0,±1, 1)

(x, y, λ) = (±1, 0,−1).

The relevant (x, y) values we need to check are

(x, y) = (1, 0), (x, y) = (−1, 0), (x, y) = (0, 1), and (x, y) = (0,−1).

We can easily see (as before) that

f(1, 0) = 1

f(−1, 0) = 1

f(0, 1) = −1

f(0,−1) = −1.
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so that the maximal values occur at (±1, 0) and the minimal values occur
at (0,±1).

Example 2: Determine the point on the curve y = (1/2)(x2 + 1) which
is closest to the point (2, 0).

Solution: We can set this up as an optimization problem over a re-
stricted domain in the following way. We want to restrict ourselves to
the curve y = (1/2)(x2 + 1). This corresponds to the condition g(x, y) =
2y − x2 − 1 = 0. This is our constraint!

But what are we optimizing? Well, we want to minimize the distance
between the point (2, 0) and this curve. The formula for the distance between
an arbitrary point (x, y) and the point (2, 0) is

√
(x− 2)2 + y2. This is

what was want to minimize! In order to make this easier, however, we
notice that the minimal/maximal points of

√
(x− 2)2 + y2 correspond to

the minimal/maximal points of f(x, y) = (x − 2)2 + y2 (see Figure 4). All
together, we have

minimize (x− 2)2 + y2

subject to
2y − x2 − 1 = 0.

We will solve this using the method of Lagrange multipliers. We initiate
the function

L(x, y, λ) = (x− 2)2 + y2 + λ(2y − x2 − 1).

We have

Lx(x, y, λ) = 2(x− 2)− 2λx

Ly(x, y, λ) = 2y + 2λ

Lλ(x, y, λ) = 2y − x2 − 1.

Setting each of these equations equal to zero gives y = −λ by the second
equation and y = (1/2)(x2+1) by the third. It follows that λ = −(1/2)(x2+
1) which, by the first equation, gives

2(x− 2)− 2(−(1/2)(x2 + 1))x = 0 =⇒ x3 + 3x− 4 = 0.

This is a cubic expression, which is generally difficult to solve; however, we
notice that the coefficients add to zero so that x = 1 must be a root. We
have x3 + 3x− 4 = (x− 1)(x2 + x+ 4) = 0. The remaining quadratic does
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f(x,y)=(x-2)2+y2=C

g(x,y)=2y-x2-1=0

Figure 4: The minimal distance is obtained where the level curves of
f(x, y) = (x− 2)2 + y2 and the curve y = (1/2)(x2 + 1) meet tangentially.

not have any real roots, so that the only solution is x = 1. By the other
expressions, this gives y = 1 and λ = −1. It follows that the point on the
curve y = (1/2)(x2 + 1) closest to the point (2, 0) is (x, y) = (1, 1).
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