
Math 133A, August 20:
Introduction, Definitions & Review

Section 1: Course Structure

Differential equations are everywhere. They are used across the natural and
social sciences to model many real-world phenomena, from the motion of
physical objects obeying Newton’s laws, to the interactions between com-
peting species in an ecosystem, to the evolution of financial markets. A
mathematical model, properly posed and soundly analyzed, allows domi-
nant system features to be identified in a way often not feasible by repeated
field studies and experiments alone. Models can also provide key predictive
insight into the system’s future evolution. As computational power has ex-
ploded over the past half century, the analysis of even extremely complicated
systems has become tractable.

In this course, we will develop techniques and intuition important to
analysis of differential equations arising from the sciences. It should be
pointed out, however, that differential equations are interesting mathemati-
cal objects of study in their own right, and can be studied with no reference
to application at all. The theoretical study of differential equations will be
touched upon in this course, but will not be a primary focus of study.

Throughout this course we will study the following topics (roughly Chap-
ters 1, 2, 3, 4, and 6 of the text):

• First-Order Differential Equations (Three Weeks)

• Linear Systems of Differential Equations (Four Weeks)

• Second-Order Differential Equations (Three Weeks)

• Laplace Transform Methods (Three Weeks)

• Series Solutions to Differential Equations (Two Weeks)

It will be assumed that you are familiar with concepts from Math 30
through Math 32 such as differentiation and basic integration topics such
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as integration by parts and partial fraction decomposition. A review of
these topics will not be given in this course! A course in linear algebra
such as Math 129A would be helpful but is not strictly required. We will
briefly introduce the required algebraic notions when we need them.

Section 2: Differential Equations

We have heard now about how important differential equations are, so we
had better stop for a moment and make sure we understand a differential
equation actually is. We should also motivate some common avenues by
which they arise.

Definition 2.1

A differential equation (DE) is any equation (i.e. algebraic expression)
which involves functions and at least one of their derivatives.

That’s it—if you see an equation and it has a derivative in it, it is a differ-
ential equation. So an equation like

y′′ + 7y = cos(x)

(where y is a function of x) is a differential equation, but

y = 7x + 5

is not. Of course, not all differential equations are created equal. We will
be interested in the following characteristics of differential equations.

Definition 2.2

Consider a differential equation y(n) = f(x, y, . . . , y(n−1)) where y is a
function of x. Then:

• the order of the DE is the order of the highest-order derivative
(in the general case above, it is n).

• the DE is said to be linear if it is linear in all of its dependent
variables and derivatives.
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• the DE is said to be ordinary (ODE) if all derivatives are taken
with respect to the same variable.

Note: If you are unfamiliar with the concept of linearity, it simply
means that we may only modify the quantities of interest by anything
more complicated than addition and scalar multiplication. That is, we
do not allow terms like y2, sin(y′′), 1

y′ , etc. Also note that the linearity
of a DE does not depend on the linearity of the independent variables.
That is, we do allow terms like x2, sin(x), 1

x , etc.

Example 2.1

Classify the following differential equations:

(a) y′′ −
(

4

x

)
y = sin(x)

(b) y′ + y2 = x

(c)
∂u

∂t
=

∂2u

∂x2

Solution: We have that (a) is second-order, linear, and ordinary, (b) is
first-order, nonlinear, and ordinary, and (c) is second-order, linear, and
not ordinary. The DE in (c) is an example of a partial differential
equation (PDE). PDEs are also commonly encountered in the natural
and social sciences and are used particularly often to model spatial phe-
nomena such as dispersion, diffusion, and wave propagation. They will
not, however, be studied significantly in this course (see Math 133B).

The differences between the DEs above may seem small at first glance,
but we will see that the methods required to analyse these systems vary
greatly as we cross the various lines of classification. In this course, we will
only consider ordinary differential equations and will start by considering
equations which are low order and linear. As we expand our focus (e.g.
increasing the order, consideration of nonlinear equations) we will see that
we will need to consider new and sometimes very sophisticated tools.

We now consider the question of how differential equations arise in prac-
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tice. In fact, we have already seen many examples from basic calculus. For
instance, we know that

y = sin(x) (1)

can be differentiated (with respect to x) to give

y′ = cos(x). (2)

After a moment of thought, we notice that (2) fits into the definition we have
just given. This is an example of a differential equation (albeit a trivial one).
We can also easily classify it is first-order, linear, and ordinary—the simplest
case imaginable.

This example also gives us some sense of what it means to solve a dif-
ferential equation.

Definition 2.3

A solution to a differential equation y(n) = f(x, y, . . . , y(n−1)) is any
function y(x) which satisfies the given equation.

Note: It is important to notice that a solution to a DE is always
a function. This is different from equations encountered in algebra,
which typically have numbers as their solutions, e.g. x2 − 5x + 4 = 0
has the solutions x = 1 and x = 4.

We can see that that (1) is a solution of (2) by differentiating. This
gives our first example of a method for solving a DE. If we have the form
y′ = f(x), we can integrate (2) to determine a function y(x) which satisfies
the DE by the First Fundamental Theorem of Calculus (which guarantees
that integration undoes differentiation). For our example, we have∫

dy

dx
dx =

∫
cos(x) dx =⇒ y(x) = sin(x) + C

so that our solution is y(x) = sin(x) + C for any C ∈ R. If we choose
C = 0 we obtain the previous solution. We will discuss the importance of
the integration constant C for physical systems shortly.

Not all DEs are in the form y′ = f(x); in fact, most are not. We should
note, however, that we are always able to check whether a proposed function
y(x) is, in fact, a solution of a given DE. Consider the following.
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Example 2.2

Show that y = tan(x − C) is a solution to the differential equation
y′ = 1 + y2 for any value of C ∈ R.

Solution: All we need to do is plug y into the right-hand and left-hand
sides of the equation to see if they are equal. We have

LHS =
dy

dx
=

d

dx
[tan(x− C)] = sec2(x− C)

and
RHS = 1 + y2 = 1 + tan2(x− C) = sec2(x− C)

where the last line follows from the well-known trigonometric identity
1 + tan2(x) = sec2(x). Since we have LHS = RHS, we are done!

Note: Whenever we have a differential equation and a solution and are
asked to check whether the solution works, it is sufficient to plug the
function into the equation. You do not need to solve the equation!
(This can be a time-saver on exams and quizzes, since it is easier to
check answers than to derive them!)

It is important to stop here to make a very important note about solving
differential equations. We will see that all of the integration techniques
considered in previous courses (integration by substitution, integration by
parts, trigonometric substitution, integration of rational functions, etc.) will
be very important when solving differential equations. These topics will
be considered background knowledge and will not be reviewed in
this course! If you struggled with those topics in your previous calculus
courses, it is very important to review them as soon as you can. They will
be very important throughout this course!

That said, it turns out that integration is not sufficient for solving differ-
ential equations in general. In fact, differential equations arising in practice
cannot be solve by simple integration. To see why this the case, let’s con-
sider a more physical example, motivated by Newton’s second law of motion
from classical mechanics.
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Example 2.3

Consider the motion of a rigid pendulum suspended from a stationary
pivot as below (alternatively, consider a mass attached to a stiff spring):
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We will assume that the resting position is x = 0 (left is x < 0, right
is x > 0). Newton’s second law of motion guarantees that the force
exerted on the pendulum is equal to its mass times it acceleration, i.e.

F = ma. (3)

The pendulum’s acceleration corresponds to the second derivative of its
position x so that

a = x′′.

Since we have already introduced a derivative into the equation, we are
well on our way toward a complete differential equation modeling the
motion of the pendulum!

To complete the model, we need to make an assumption on the forces
which act on the pendulum. We will make several assumptions in this
course, depending on the application, but the simplest is to assume that
there is a restoring force proportional to the object’s distance from its
resting position. (This arises from gravity in low-amplitude pendulum
models, and Hooke’s law for springs.) The restoring force is commonly
given by F (x) = −kx where k > 0. (Notice that if x > 0, i.e. if the
object is to the right of its resting position, then there is a restoring
force pushing to the left; conversely, if x < 0, i.e. if the object is to the
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left of its resting position, then there is a restoring force pushing to the
right.)

Combining everything into (3), we have

x′′ = − k

m
x =⇒ x′′ +

k

m
x = 0. (4)

This is certainly a differential equation (it involves the function x(t) and
one of its derivatives, in this case the second derivative) but it cannot
be solved directly by integration. To see why, recall that in order
to integrate we need to have a function of the independent variable (in
this case, t). In this case, however, we have the unknown function x(t).
We cannot integrate over t because we do not know what x(t) is.

Nevertheless, if we are given a function x(t) we can check to see if it
is in fact a solution. There are several options. The easiest to check are

x1(t) = sin

(√
k

m
t

)
and x2(t) = cos

(√
k

m
t

)
. In fact, any function of

the form

x(t) = C1 sin

(√
k

m
t

)
+ C2 cos

(√
k

m
t

)
where C1, C2 ∈ R will work. It is interesting to see that there are two
arbitrary constant, but we should note that they did not arise from
integration like we are used to seeing. Nevertheless, we can easily verify
that x(t) is a solution. We will get to the general method which was
used for this example in a few weeks.

There are many contexts where differential equations arise naturally from
simple physical assumptions. For example, consider the following:

• Exponential growth (populations)

P ′ = rP, r > 0

[Rate of population growth (P ′) is proportional to population size (P )]

• Logistic growth (populations)

P ′ = rP (K − P ), r,K > 0

[Rate of population growth (P ′) positive for small population (rKP
dominates) and negative for large population (−rP 2) dominates]
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• Newton’s law of cooling

T ′ = k(Text − T ), Text > 0

[Rate of temperature change (T ′) proportional to difference between
current temperature T and ambient temperature Text]

• Restoring with friction and forcing (second-order linear)

mx′′ + rx′ + kx = f(t), m, r, k > 0

[Newton’s second law with additional forcing terms rx′ (damping) and
f(t) (forcing)]

We now have some sense of the kind of questions we are going to be in-
terested in throughout this course, and also why they are important. We
will continue this discussion with consideration of the general properties of
differential equations.

Suggested Problems

1. Verify that the following functions y(x) are solutions to the given dif-
ferential equation (in all cases, C,C1, C2 ∈ R are arbitrary constants):

(a) y′ = ky2;

y =
1

C − x

(b) y′ =
x2 + 3y2

2xy
;

y =
√
Cx3 − x2

(c) y′′ + y′ − 2y = 2x;
y = C1e

x + C2e
−2x − x− 1

2

(d) x2y′′ − 2xy′ + 2y = x2;
y = C1x + C2x

2 + x2 ln(x)

(e)
∂u

∂t
=

∂2u

∂x2
;

u = t−1/2e−x
2/4t

2. Consider a skydiver in freefall. Suppose that the only force acting on
the diver is air resistence.

(a) Set up a model for the velocity of the diver v which captures the
following reasonable assumption: “The rate of change of the ve-
locity is proportion to the difference between the diver’s velocity
and some terminal velocity vterm > 0.”
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(b) Can you solve the resulting differential equation for the diver’s
position x(t)?

(c) If we knew the skydiver was released from 14000 feet above the
ground and the terminal velocity is vterm = 150 ft/s, can we
calculate how long it will take the skydiver to reach the ground
(assuming he or she tragically forgets to pull the parachute cord)?
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