
Math 133A, August 25-27:
Slope Fields, IVPs, Existence &

Uniqueness

Section 1: Slope Fields

We have seen examples of differential equations analyzed from an algebraic
perspective. Even precise algebraic expression for solutions y(x), however,
may not give intuition into what the solution is doing. Additionally, it can
be a significant amount of work to verify solutions of DEs are correct. In
this lecture, we consider ways of visualizing solutions. An important feature
of the approach we will take will be the construction of a slope field which
can be constructed independently from determining a solution.

Consider the general first-order ODE:

y′ = f(x, y). (1)

We will suppose that we do not know the exact form of the solution y(x)
but are still interested in how it behaves.

Notice that, although we may not have information about y(x), we do
have information about y′(x). Specifically, at any point (x, y) ∈ R2, we
have that the slope of the solution y(x) through (x, y) must correspond to
the value of f(x, y), which is known at every point (x, y) in the plane.
The diagram produced by drawing lines with slope f(x, y) for a sample of
points (x, y) is called a direction or slope field of the differential equation.

Example 1

Construct a slope field for the differential equation

y′ = cos(x).

Solution: We already saw that this equation had solutions of the form
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y(x) = sin(x) + C for any value of C ∈ R. We now want to construct
a picture. We notice that we have f(x, y) = cos(x) so that the RHS of
the equation only depends on x. In order to determine the slope values
for the tangent lines, it is sufficient therefore to just consider a sample
of values of x. We pick the easiest values we can. We have that

x cos(x)

−π −1
−π/2 0

0 1
π/2 0
π −1

and that the sequence of values repeats from there. When we consider
the (x, y)-plane we arrive at a picture like

(a) (b)

y1(x)

y2(x)

y3(x)

We can now see exactly how the solutions y(x) = sin(x) +C fit into the
bigger picture! In (b), we have different solutions depending on which
points we choose to have the solution pass through. Notice that we
could have guessed the form (or at least the flavor) of the individual
solutions just from the slope field.

Example 2

Construct a slope field for the differential equation

y′ = 1 + y2.
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Solution: Again, we already know that this has the solution y(x) =
tan(x+ C) for any C ∈ R. Now we want to construct the slope field.

We notice that, once again, the RHS of the equation only depends on a
single variable; however, in this case, we have that f(x, y) = 1 + y2 only
depends on y instead of x. We have that

y 1 + y2

−2 5
−1 2
0 1
1 2
2 5

In general, we have that the tangent lines become steeper and steeper
the farther away from y = 0 we are. This gives rise to the following
picture:

(a) (b)

y1(x) y2(x)

y3(x)

In (b), we overlay several solutions y(x) = tan(x) + C. Again, we can
see how the analytic solutions fit into the bigger picture.

Example 3

Construct a slope field for the differential equation

y′ = x2 + y2.
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Solution: This example is different than the previous ones in two im-
portant ways. Firstly, the RHS depends on both x and y, so it will not
be sufficient to consider an assortment of values of just x or y. We will
need to consider an assortment of points in the whole (x, y)-plane. Sec-
ondly, we do not know the explicit solution of the DE; in fact, there is
no explicit solution to this DE which involves only elementary functions
(x2, sin(x), ln(x), ex, etc.)!

We could start by picking a variety of points in the (x, y) plane and
computing the value of f(x, y) = x2 + y2. This is what your computer
does; however, we cannot do computations as quickly as our computers.
We will seek a simpler method. Consider the following logic:

1. For fixed values C2 = x2 + y2, the value of C corresponds to the
radius of a circle centered at (0, 0).

2. By the DE, the value of C2 also corresponds to the slope of the
solution through any corresponding point.

It follows that the slope of any solution through a point on the circle of
radius C is C2. For instance, we have that

radius = 0 =⇒ slope = 0

radius = 1/2 =⇒ slope = 1/4

radius = 1 =⇒ slope = 1

radius = 3/2 =⇒ slope = 9/4

radius = 2 =⇒ slope = 4

Putting everything together gives the following picture:

(a) (b)

y1(x) y2(x) y3(x)
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The really important thing to notice about this example is that, even
though we do not have access to an analytic solution y(x), we can very
clearly see what solutions look like. For example, we can see that all
solutions approach infinity as x grows.

Section 2: Initial Value Problems

A differential equation can, in general, given rise to multiple solutions.
Given our understanding of differential equations as modeling physical phe-
nomenon, we should be slightly disconcerted. When we throw a projectile
(or release a pendulum, or connect an electrical circuit, etc.) we do not
observe multiple solutions—rather, we observe exactly one.

We should recognize then that something is missing from our under-
standing of DEs to date. That missing piece is called an initial condition.
Formally, we define the following.

Definition 1

The initial value problem (IVP) associated with a first-order differ-
ential equation is given by

IVP

{
y′ = f(x, y),

y(x0) = y0

where x0, y0 ∈ R.

A solution to an IVP corresponds to picking the specific trajectory in the
slope field diagram which goes through the point (x0, y0). The terminology
initial value was chosen to reflect the reality that we are usually interested in
centering the problem at zero (i.e. setting x0 = 0). We can, however, choose
x0 equal to any value we like (e.g. conditions like y(3) = −7 or y(−1) = 10).

For physical problems, the initial value corresponds to some initial data
which we may incorporate in the model. For instance, when tracking a falling
projectile, we may know whether it was initially released from rest or was
initial moving in the upward or downward direction. This was previously
not capture in our model, but it is clear that our ability to predict when the
projectile hits the ground depends upon it.
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Note: In general, we need as many initial conditions as we have con-
stants in the general solution. For second-order differential equations,
we will typically need two initial conditions, one on the variable it-
self, and one on the derivatives. For instance, for gravitational force
problems where x(t) is the height of an object, we need

x′′ = −g, subject to x(t0) = x0, x
′(t0) = v0

to fully determine the solution to the initial value problem.

Example 4

Consider a projectile thrown up into the air from the top of a cliff which
is 50 meters from the ground. Suppose the projectile is subject only
to the force of gravity (F = −mg = −9.8m kg·m/s2) and suppose the
initial upward velocity of the throw is 10 m/s. Solve the initial value
problem. How long does it take the projectile to reach the bottom of
the cliff?

Solution: From Newton’s second law, we have that F = ma so that

−mg = mx′′.

With the given information, and removing the dimensions (which for-
tunately do match up) we can restate this as an initial value problem
as

x′′ = −9.8, x(0) = 50, x′(0) = 10.

This can be directly integrated to get

x′(t) =

∫
d2x

dt2
dt = −

∫
9.8 dt = −9.8t+ C.

We can now use the first piece of initial information to get

x′(0) = 10 =⇒ 10 = −(9.8)(0) + C =⇒ C = 10.

It follows that we have

x′(t) = −9.8t+ 10.
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We can integrate this again to get

x(t) =

∫
dx

dt
dt =

∫
(−9.8t+ 10) dt = −4.9t2 + 10t+D.

The other piece of initial information gives us

x(0) = 50 =⇒ 50 = −4.9(0)2 + 10(0) +D =⇒ D = 50.

It follows that the solution to the initial value problem is

x(t) = −4.9t2 + 10t+ 50.

As we might have expected, this is a parabola opening down. The vertex
corresponds to the maximum height before it starts its descent to the
ground. To answer the final question, we recognize that reaching the
ground corresponds to setting x = 0. It follows that we need to find a
time such that

−4.9t2 + 10t+ 50 = 0.

The quadratic formula gives the solutions t = −2.33 and t = 4.37.
We can reject the negative value since it occurs before we release the
projectile and conclude that the projectile will reach the ground in 4.37
seconds.

Section 3: Existence & Uniqueness

We have built some intuition to describe and understand solutions of first-
order differential equations. Before we begin our quest to derive solutions,
however, we should pause to ask the more fundamental question of whether
solutions exist, and what kind of form we should expect it to take. In this
section, we will consider examples of first-order differential equations where:

1. No solution exists for any initial condition y(x0) = y0.

2. A solution exists for any initial condition y(x0) = y0, but only for a
finite interval of x.

3. Multiple solutions exist for certain initial conditions y(x0) = y0.
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Example 5

No solution: Consider the following differential equation:(
y′
)2

+ y2 = −1.

At first glance, solving this equation seems sensible. The equation is
a first-orer, nonlinear, ordinary differential equation similar to ones we
have already studied. If somebody were to propose a function y(x), we
could easily verify whether it was a solution or not.

When we dig deeper, however, that we see something is horrendously
wrong. To see why, consider being asked to solve the algebraic equation

x2 + y2 = −1

for x, y ∈ R. We would immediately reject the question as senseless
because the LHS is necessarily positive while the RHS is necessarily
negative.

There is no difference when we consider differential equations. We do
not need to attempt to find a solution in order to know one does not
exist. Differential equations are not guaranteed to have even a
single solution. (Although most of the differential equations we will
consider in this course will have solutions!)

Example 6

Finite escape time: Recall that y(x) = tan(x) is a solution of y′ =
1 + y2. We might, however, notice something strange about it: it has
asymptotes. Every solution shoots off to infinity periodically every π
units:
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(a) (b)

y1(x) y2(x)

y3(x)

It we are traveling along the solution from left to right, we would en-
counter a rather abrupt jump every interval of π where we would switch
instantaneously from +∞ to −∞. This is not a significant concern to
our mathematical analysis but such switches are understandably rare
in physical applications. To accommodate this, we will consider only
connected (i.e. continuous) portions of solutions. For example, for the
initial value problem {

y′ = 1 + y2

y(0) = 0

we will only consider the solution y(x) = tan(x) defined on the interval
x ∈ (−π/2, π/2). That is, although the solution exists, it does not exist
everywhere (i.e. for all t). Such a differential equation is said to have a
finite escape time.

Example 7

Multiple solutions: Consider the differential equation y′ = −2
√
y.

We will first verify that

y(x) =

{
(x− C)2, x < C
0, x ≥ C

is a solution of the DE and then comment on the uniqueness of solutions.

To the first half of the proposed solution [y = (x− C)2], we have

LHS = y′ = 2(x− C)
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and

RHS = −2
√
y = −2

√
(x− C)2 = −2|x− C| = 2(x− C)

where we have used the fact that, for x < C, we have |x−C| = −(x−C).

To the second half of the proposed solution [y = 0], we have y = 0
implies LHS = y′ = 0 and RHS = −2

√
y = 0 trivially. It follows that

both halves of the expression satisfy the differential equation, and since
we have continuity and equality in derivatives at x = C, the function is
smoothly defined at the transition. It follows that the solution is defined
as a parabola to the left of x = C, and zero to the right.

Now consider constructing the slope field. We can easily see that −2
√
y

is only defined for y ≥ 0, is non-positive, and is increasingly negative as
y increases. We have the following:

x

y y=(x-C)2

y=0

Something should seem strange here. To see why, consider taking an
initial condition y(x0) = 0, corresponding to any point (x0, 0) on the
x-axis, and asking which solution passes through this point. We should
quickly convince ourselves that the answer to the right of x0 is always
y = 0; however, something funny happens to the left of x0. Since all so-
lutions converge to y = 0 at a finite x value, we have no way to determine
where the solution just reached y = 0, did so a short while ago, or was
always y = 0. Differential equations are not guaranteed to have
a unique solution through a given initial condition y(x0) = y0.

This differential equation is sometimes use to model the behavior of a
leaky bucket or tank. The idea is very simple: more water will drain
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from the bucket if the amount of water is higher to begin with. This
is captured by the term −√y (the proportionality factor 2 was present
to simplify the algebra). This model also captures the notion that the
bucket will completely drain in finite time, and then stay empty.

The lack of uniqueness of solutions corresponds to asking the question
“Given that the bucket is empty now, when was it full?” As with our
example, it could have just drained, drained several minutes ago, or
never had any water in it to begin with. We have no way of knowing!

This raises an interesting question: Without prior knowledge about a
solution, can be guaranteed a solution exists and/or that it is unique? For-
tunately, the answer is yes and is the content of the following theorem.

Theorem 1

Consider the first-order ODE y′ = f(x, y) and an initial point (x0, y0).
Let R denote a non-empty region around the point (x0, y0). Then:

1. if f(x, y) is continuous in R, then there is a subregion R′ ⊆ R also
containing (x0, y0) in which there is a solution of the DE through
(x0, y0);

2. if, furthermore, ∂f/∂y is continuous inR, then there is a subregion
R′′ ⊆ R′(⊆ R) also containing (x0, y0) in which there is a unique
solution of the DE through (x0, y0).

Note: The subregion of existence and/or uniqueness R is the bare
minimum guaranteed by the Theorem. It is quite possible that solutions
exist for a much broader region of the (x, y)-plane, even though the
Theorem does not guarantee it. It is normally the case that solutions
only cease to exist in very small regions.
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Suggested Problems:

1. Verify that the following functions y(x) are solutions to the correspond-
ing DE, and then us the initial conditions to determine the particular
solution of the IVP:

(a)

{
y′ = 5y(1− y)
y(1) = 5

y =
e5x

C + e5x

(b)

{
y′ = y2 + 1
y(0) = 1

y = − tanh(x+ C)

(c)


y′′ + 2y′ + y = 0
y(0) = 1
y′(0) = 5

y = C1e
−x + C2xe

−x

2. Consider a rubber ball dropped from rest at a height of 10 meters
above ground. Suppose the projectile is subject only to the force of
gravity (F = −mg = −9.8m kg·m/s2).

(a) How long does it take the ball to hit the ground?

(b) Suppose that ball bounces straight back into the air with half of
the velocity with which it hits the ground. How long does it take
to hit the ground twice?

(c) Suppose the ball will stop bouncing when its velocity drops below
0.1 m/s. How many bounces will the ball take before stopping?

3. Apply Theorem 1 to comment on the existence and uniqueness of the
following first-order differential equations:

(a) (y′)2 = −y2

(b) y′ = 1 + y2

(c) y′ = 2
√
y

(d) y′ =
√
y2 − 1

(e) y′ =
√
y2 + x2

(f) y′ = x/y
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