
Math 32, September 1 & 3:
Three-Dimensional Space

Section 1: Three-Dimensional Space

We have spent most of our time thus far in Calculus describing objects
in the two-dimensional (x, y)-plane. We encountered various prototypical
shapes which we could describe both geometrically (i.e. with pictures) and
algebraically (i.e. with equations). Some examples included the following:

1. Lines (y = mx + b)

2. Parabolas (y = ax2 + bx + c)

3. Circles (x2 + y2 = r2)

4. Ellipses

(
x2

a2
+

y2

b2
= 1

)

5. Hyperbolas

(
x2

a2
− y2

b2
= 1

)
Most real-world phenomena, however, do not fit neatly inside this two-

dimensional (2D) coordinate system. Our universe is three-dimensional (3D)
and contains objects which are ill-described by the shapes so far investigated.
For instance, basketballs and tires are both circular in a particular 2D orien-
tation, but that poorly describes their 3D shape (one, of course, is roughly
spherical while the other is cylindrical). We need to expand our scope to
include a third dimension.

We introduce the following.

Definition 1

The point P in three-dimensional space R3 is given by an ordered triple
of numbers (x, y, z) where x, y, and z called the coordinates of P .

It will be our convention to write the coordinate axes as if x and y corre-
sponded to the floor in a room, and z as if it represents the height. This
will be convenient when we consider multivariate functions in a few weeks.
Notice that this understanding divides the space into three important 2D
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spaces: (1) the (x, y)-plane; (2) the (x, z)-plane; and (3) the (y, z)-plane.

x
y

z

(x,y)-plane

(x,z)-p
lane (y,z)-plane

The orientation of the three axes is commonly remembered by appealing
to the right-hand rule. For this technique, we extend our right hands in
front of us with our thumbs pointed upward. The direction of our thumb
corresponds to the positive z-axis and our fingers curl through the positive
x-axis and then through the positive y-axis. We interpret the positive x-axis
as the one which jumps out of the screen (or off the board) toward us.

Our interpretation of points remains the same as it was for the (x, y)-
plane. For each coordinate, we move the indicated number of units in that
direction along the coordinate axis. For instance, if x = 7, we move 7 units
along the positive x axis; if z = −3, we move 3 units along the negative z
axis (i.e. down). Of course, we now longer have the option of counting the
units in each direction on chart paper. We will have to be creative in our
application of perspective. Consider the following.

Example 1

Place the following points in the (x, y, z)-plane:

(a) P1 = (3,−2, 0) (b) P2 = (0, 2, 2) (c) P3 = (−1, 2,−1)

Solution: For each point, we moved along the corresponding coordi-
nate axes one-by-one until we arrive at our desired points. Notice that
the first two points may be found by considering only two coordinate
axes (the (x, y)-plane for the first point, and the (y, z)-plane for the
second). The resulting location for the points can be given as follows:
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(3,-2,0)

x
y

z

x
y

z

(0,2,2)

x
y

z

(-1,2,-1)

These examples make it clear that, even though the space we live in is
three dimensional, it can be difficult to visualize this space on a flat surface
such as a blackboard on computer screen. Our emphasis, consequently, will
be on developing mathematical intuition and developing tools which do not
depend upon the dimension. As often as possible, we will rely on computer
software packages such as Mathematica, Maple, and MATLAB to perform
the onerous task of visualizing 3D objects.

We may also quickly generalize our notion of the distance between two
points. We formally define the following.

Definition 2

Consider two points P1 = (x1, y1, z1) and P2 = (x2, y2, z2) in 3D space.
The distance between P1 and P2 is given by

|P1 − P2| =
√

(x1 − x2)2 + (y1 − y2)2 + (z1 − z2)2.

This formula is a direct generalization of distance in two-dimensional space
(and generalizes to arbitrary dimensions!).

Note: This formula is easy to prove by the Pythagorean Theorem,
which applies to all two-dimensional right-angled triangles. To keep
things simple, we imagine P1 = (0, 0, 0) and P2 = (x, y, z). To deter-
mine |P1 − P2|, we start by determining the distance |P1 − P3| where
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P3 = (x, y, 0) (blue line below). By the Pythagorean Theorem, we have

|P1 − P3| =
√

x2 + y2.

We now notice that the points P1, P2, and P3 form a right angle triangle
where |P1 − P2| is the hypotheneuse and the two sides are given by
|P1 − P3| =

√
x2 + y2 and |P2 − P3| = z. It follows again from the

Pythagorean Theorem that

|P1 − P2| =
√

(
√
x2 + y2)2 + z2 =

√
x2 + y2 + z2

and after adjusting for general coordinates of P1 and P2, we are done.

x y

z

P1

P2

P3

Example 2

Determine the distances |P1−P2|, |P1−P3|, and |P2−P3| for the points
P1 = (3,−2, 0), P2 = (0, 2, 2), and P3 = (−1, 2,−1) in Example 1.

Solution: We have

|P1 − P2| =
√

(3− 0)2 + ((−2)− 2)2 + (0− 2)2 =
√

29

|P1 − P3| =
√

(3− (−1))2 + ((−2)− 2)2 + (0− (−1))2 =
√

33

|P2 − P3| =
√

(0− (−1))2 + (2− 2)2 + (2− (−1)2 =
√

10.
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(3,-2,0)

(3,-2,0)

(-1,2,-1)(-1,2,-1)

(0,2,2)(0,2,2)

x y

z

x y

z

x y

z

The computed distances correspond to the lengths of the green lines.

Section 2: Planes and Spheres

The following notions are direct generalizations of 2D counterparts.

Definition 3

Consider a three-dimensional system. Then the equation for a plane is
given by

ax + by + cz = d

and the equation for a sphere with radius r is given by

(x− a)2 + (y − b)2 + (z − c)2 = r2.

These equations should be familiar from two-dimensional geometry as gen-
eralizations of the equation for a line and a circle, respectively. In both
cases, we can obtain two-dimensional equations by simply removing z from
the expressions.

Example 3

Plot the following surfaces in the (x, y, z)-coordinate axes:

(a) x + y = 1 (b) y − 3z = 3
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Solution: It will be helpful to note that, since these equations only
contain two of the three possible variables, the problem reduces to one
of the coordinates planes—the (x, y)-plane and (y, z)-plane respectively.
After rearranging the equations, we have

(a) y = 1− x (b) z = −1 +
y

3

In the respective coordinate planes, we have

x

y

y

z
(a) (b)

The question before us is how to transfer this 2D intuition into our 3D
universe. It is tempting to simply draw this line on the coordinate (x, y)-
plane and (y, z)-plane respectively. This is not correct! We need to
remember that the missing variable, while not present, still represents
points in the respective space. In fact, a missing variable may attain
any value whatsoever while satisfying the governing equation. It follows
that, for at any constant value of z in (a), for instance, the corresponding
slice in the (x, y)-plane looks like the picture above. So the correct
picture extends the line obtained above infinitely in both directions of
the missing variable. We finally arrive at the following:

(a) (b)

x
y

z

x

y

z
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where the lines obtained previously are plotted in red for the missing
variable equal to zero.

Example 4

Plot the following surface in the (x, y, z)-coordinate axes:

x2 + y2 + z2 − 4x− 8y + 2z = 4.

Solution: We recognize this is not in the standard form for a sphere.
We will need to first complete a few squares. We have

x2 + y2 + z2 − 4x− 8y + 2z

=(x2 − 4x + 4) + (y2 − 8y + 16) + (z2 + 2z + 1)− 21

=(x− 2)2 + (y − 4)2 + (z + 1)2 − 21.

It follows that the equation in standard form is

(x− 2)2 + (y − 4)2 + (z + 1)2 = 25

which corresponds to a sphere of radius r =
√

25 = 5 centered at the
point P = (2, 4,−1). This can be plotted as follows:
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Note: In our examples, we only considered how to plot planes which
have one variable missing. Plotting general planes requires some addi-
tional vector algebra, which we will consider shortly.

Section 3: Vectors

Many quantities in the natural sciences can be quantified by both a direction
and a magnitude. For example, the quantify the notion of force on an obect
in classical mechanics we need to know both: (a) which direction the force
is being applied to the object (is it being pushed, or pulled?); and (b) how
strongly we are applying the force (is it being pulled by a horse, or a mouse?).
Formally, we define the following.

Definition 4

A vector v is given an order product of coordinates of the form v =
〈v1, v2〉 (in 2D) or v = 〈v1, v2, v3〉 (in 3D).

Although vectors are notationally similar to points, the key distinction is
that vectors are not fixed to any particular point in the (x, y) or (x, y, z)-
planes. In fact, vectors commonly arise as difference of points. For instance,
for P1 = (2, 3), P2 = (3, 4), P3 = (−1, 2), and P4 = (0, 3), we may assign

v1 =
−−−→
P1P2 = 〈1, 1〉 and v2 =

−−−→
P3P4 = 〈1, 1〉. It is worth noting that, even

though they are centered at different points, v1 and v2 are considered the
same vector.

(-1,1)

(0,2)

(1,0)

(2,1)

v1

v2
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Note: For notational clarify, we will use bold-face notation (e.g. a, b,
etc.) for vectors in the notes, but vector notation (e.g. ~a, ~b, etc.) in
class.

We define the following operations and properties for vectors.

Definition 5

Consider a vectors a = 〈a1, a2, a3〉 and b = 〈b1, b2, b3〉 and a scalar value
c ∈ R. Then we define:

1. Scalar multiplication: ca = 〈ca1, ca2, ca3〉

2. Vector addition: a + b = 〈a1 + b1, a2 + b2, a3 + b3〉

3. Vector magnitude: |a| =
√

a21 + a22 + a23.

A vector u = 〈u1, u2, u3〉 is said to be a unit vector if |u| = 1.

Example 5

Consider the vectors

a = 〈−1, 3, 2〉, b = 〈2, 2, 0〉, and c = 〈1,−1, 2〉.

Determine the quantities a− c, a + b + 2c, |a + b|, and the unit vector
u in the direction of a.

Solution: We have

a− c = 〈−1, 3, 2〉+ (−1)〈1,−1, 2〉
= 〈−1 + (−1)(1), 3 + (−1)(−1), 2 + (−1)(2)〉 = 〈−2, 4, 0〉

a + b + 2c = 〈−1, 3, 2〉+ 〈2, 2, 0〉+ (2)〈1,−1, 2〉
= 〈−1 + 2 + 2, 3 + 2− 2, 2 + 0 + 4〉 = 〈3, 3, 6〉

a + b = 〈−1, 3, 2〉+ 〈2, 2, 0〉 = 〈1, 5, 2〉

|a + b| =
√

(1)2 + (5)2 + (2)2 =
√

30.
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We also have
|a| =

√
(−1)2 + (3)2 + (2)2 =

√
14

so that the unit vector in the direction of a is given by

u =
a

|a|
=

1√
14
〈−1, 3, 2〉 =

〈
− 1√

14
,

3√
14

,
2√
14

〉
.

Note: It is common to reserve the following special vectors:

i = 〈1, 0, 0〉, j = 〈0, 1, 0〉, and k = 〈0, 0, 1〉.

These vectors allow many vector manipulations to be done in a nota-
tionally cleaner fashion. This is because a vector a = 〈a1, a2, a3〉 may
be written a = a1i + a2j + a3k and vector addition may be therefore
written as

a + b = (a1 + b1)i + (a2 + b2)j + (a3 + b3)k.

Suggested Problems

1. Sketch the following surfaces in the (x, y, z)-plane:

(a) x + y = 0

(b) x− 2z = 1

(c) 5y + 3z = −2

(d) y = 1

(e) x2 + y2 + z2 − 2x + 2z − 2 = 0

(f) x2 + y2 + z2 + x− 3y + 2 = 0

2. Sketch the following regions in the (x, y, z)-plane:

(a) R =
{

(x, y, z) ∈ R3 | 1 ≤ x2 + y2 + z2 ≤ 4
}

(b) R =
{

(x, y, z) ∈ R3 | x2 + y2 + z2 ≤ 4 and x ≥ 1
}

(c) R =
{

(x, y, z) ∈ R3 | x2 + y2 + z2 ≥ 1 and x + y ≥ 0
}

3. Consider the following vectors: a = 〈−1, 5, 3〉, b = 〈2, 1, 0〉, and c =
〈−
√

2, 0,
√

2〉. Determine the following:
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(a) 2a + b

(b) 2|a|+ |b|
(c) |a− 2b + c|

(d)
∣∣|a| − |b|∣∣

(e) Unit vector in the direction of a− b

(f) |c|(a− b)
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