
Math 32, September 15:
Quadric Surfaces

Section 1: Sketching in 3D

Consider sketching the following curve in three-dimensional space:

x2 + z2 = 4. (1)

We should recognize very quickly that, in 2D, this corresponds to the equa-
tion for a circle of radius 2. The only remaining subtlety is that the variable
y does not appear in (1) but must be accounted for in our sketch. In fact, we
have the equation (1) is indifferent to any value of y. It follows that for every
cross-section of the (x, y, z)-space satisfying y = k (i.e. the (x, z)-plane) we
may draw a circle of radius 2. We have the following picture:

x y

z

where the red curves correspond to the circles x2 + z2 = 4 for the values
y = −2, y = 0, and y = 2 (i.e. for the cross-sections in the (x, z)-plane).

This example illustrates a commonly encountered three-dimensional shape
of which we are already very familiar. We formally introduce the following.
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Definition 1

A cylinder is any surface which may be constructed entirely out of
parallel lines.

This definition may seem unusual at first glance—after all, we do not think
of cylindrical objects like rods and pipes as consisting of only lines. What
Definition 1 is meant to capture is that cylinders are objects which have
invariant cross-sections which are translations of one another. For (1), the
cross-sections are circles, and the lines extend in the y direction.

Note: The cross sections of cylinders do not need to be circles! For
example, consider sketching z = x2. The cross-sections in the (x, z)-
plane are parabolas while the parallel lines extend in the y direction.

We can extend the intuition using for (1) to sketch more complicated
surfaces. We introduce the following.

Definition 2

Consider a three-dimensional surface f(x, y, z) = 0. The traces of the
surface are the curves corresponding to x = k or y = k or z = k for
some k ∈ R.

What traces accomplish is reducing 3D surfaces to 2D curves along cross-
sections in the corresponding variables. It can be very helpful to first deter-
mine the traces of a surface since we can, for the most part, easily identify
and plot curves in 2D. We then may then plot the surface by combining the
traces into a single three-dimensional picture.

Example 1

Sketch the surface x− y2 − z2 = 1.

Solution: We consider the traces. For x = k, we have

k − y2 − z2 = 1 =⇒ y2 + z2 = k − 1
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so the cross-sections in the (y, z)-plane are circles of radius
√
k − 1. No-

tice in particular that points in these planes only exist for k ≥ 1. We
have the following picture:

x
y

zx=k :

Now consider y = k. This gives

x− k2 − z2 = 1 =⇒ x = z2 + (1 + k2).

This corresponds to parabolas in the (x, z)-plane opening up in the x
direction and shifted by a value of 1 + k2. Notice that, regardless of
whether k (that is, y) is positive or negative, the shift in the parabola
is up in the x direction. The traces z = k correspond very similarly to

x = y2 + (1 + k2)

which has the same interpretation except in the (x, y)-plane. We have
the following pictures:

x
y

z

x
y

zy=k : z=k :
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Combining the three individual plots, we can see that the surface must
look like the following:

x
y

z

Section 2: Quadric Surfaces

Just as in 2D, surfaces in 3D have common shapes and classifications. An
important subset of these surfaces are those which can be generated by
second-order equations. In 2D, this corresponded to conic sections, which
included parabolas, hyperbolas, and ellipses. In 3D, we define the following.

Definition 3

A quadric surface in 3D has the general equation

Ax2 + By2 + Cz2 + Dxy + Eyz + Fxz + Gx + Hy + Iz + J = 0. (2)

We will most often be interested in quadric surfaces which can be brought
easily into one of the two following forms:

(a) Ax2 + By2 + Cz2 + J = 0 (b) Ax2 + By2 + Iz = 0.
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Note that it is possible for a quadratic surface to correspond to a cylin-
der. For instance, consider any equation of the form Ax2+Hy+Iz+J =
0. We can see that the x = k traces correspond to lines.

Just as we were able to classific second-order equations in 2D into parabo-
las, hyperbolas, and ellipses, in 3D we have common classifications for
second-order equations. We have the following:

Ellipsoid:

x2

a2
+

y2

b2
+

z2

c2
= 1

Elliptic Paraboloid:

z

c
=

x2

a2
+

y2

b2

Hyperbolic Paraboloid:

z

c
=

x2

a2
− y2

b2

Cone:
z2

c2
=

x2

a2
+

y2

b2

Hyperboloid / One Sheet:

x2

a2
+

y2

b2
− z2

c2
= 1

Hyperboloid / Two Sheets:

−x2

a2
− y2

b2
+

z2

c2
= 1

Note that the above forms may involve shifts and relabeling of the vari-
ables x, y, and z. Otherwise, the list of possibilities would take pages of
course notes to fully enumerate!

Note that, after rewriting the expressions in the above forms, the traces
in all variables are conic sections. That is, we may easily identify the
cross sections as either parabolas, hyperbolas, or ellipses.

Example 2

Classify and sketch the following quadric surface:

−x2 + y2 + 4z2 + 4x + 8z − 4 = 0

Solution: We first need to complete any squares so that we only have
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second-order terms. We have

− x2 + y2 + 4z2 + 4x + 8z − 4 = 0

=⇒ − x2 + 4x + 4z2 + 8z + y2 = 4

=⇒ − (x2 − 4x + 4) + 4 + y2 + 4(z2 + 2z + 1)− 4 = 4

=⇒ − (x− 2)2 + y2 + 4(z + 1)2 = 4

=⇒ − (x− 2)2

4
+

y2

4
+ (z + 1)2 = 1.

We can see that the equation is second-order in all variables and has
a single negative term. This corresponds to a Hyperboloid of One Sheet.

In order to sketch the picture, it will be helpful to instead consider the
quadratic surface

− x̃2

4
+

ỹ2

4
+ z̃2 = 1

and recognize that we may obtain the picture for the original surface by
shifting the result to be centered at the point (2, 0,−1). We can quickly
check that the traces give the following information:

1. x̃ = k =⇒ ỹ2

4(1 + k2

4 )
+

z̃2

1 + k2

4

= 1 (Ellipses)

2. ỹ = k =⇒ − x̃2

4(1− k2

4 )
+

z̃2

1− k2

4

= 1 (Hyperbolas)

3. z̃ = k =⇒ − x̃2

4(1− k2)
+

ỹ2

4(1− k2)
= 1 (Hyperbolas)

Notice that the radii of the ellipses grow as x̃ grows away from zero in
both the positive and negative directions. Also notice that the direction
in which the hyperbolas opens depends upon the value of k. For the
trace ỹ = k, there is a change at ỹ = 2, while for the trace z̃ = k, there
is a change at z̃ = 1. Adjusting for the shift in the shape, we have the
following picture:
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