
Math 32, September 17:
Vector Functions & Derivatives

Section 1: Vector Functions

We have seen that there are multiple representations for points and surfaces
in 3D. Let’s consider a more dynamic problem. Suppose we are tracking a
rocket as it maneuvers in outer space:
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r(t)=(x(t),y(t),z(t))

r'(t)=(x'(t),y'(t),z'(t))
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There are several questions which might be of interest:

1. How do track the rocket as it moves? (e.g. Can we find a compact
algebraic representation which allows us to determine where it is after
10 minutes? an hour? a day?)

2. At any given moment in time, can we quantify where the shuttle is
headed? (e.g. After leaving the rocket to fly for an hour, is it still
ascending, veering to the left or right, or plummetting back to Earth?)

These questions are subtly different than when we considered surfaces like
cylinders and spheres, which were static relationships. The variable rela-
tionships we are interested now are dynamic in nature.

What we should quickly realize is that we can break the problem of how
to represent the rocket’s trajectory down component-wise. That is, we can
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ask what the x-coordinate of the rocket is as a function of time (say t). If
we do this for each component, then we have a system

x = f(t)

y = g(t)

z = h(t)

and we can determine the rocket’s location by combining the three coordi-
nates into a vector as r(t) = 〈f(t), g(t), h(t)〉.

We have already seen examples of this parametric form in 3D when we
considered the parametric form of a line. The difference now is that
the functions f, g, and h may depent upon t in more complicated ways.
For simple parametric representations, we can use intuition to sketch the
corresponding space curves. For complicated representations, we will use
a computer.

Example 1

Describe and plot the space curve r(t) = 〈2 − t, 1 + 5t,−1 + 2t〉 where
0 ≤ t ≤ 1.

Solution: We notice immediately that this curve can be rearranged
into the form

r(t) = 〈2, 1,−1〉+ t〈−1, 5, 2〉 = r0 + tv.

We recognize this as the equation of a line which goes through the point
r0 = 〈2, 1,−1〉 and extends parallel to v = 〈−1, 5, 2〉. Since 0 ≤ t ≤ 1,
we have the extreme points

r(0) = 〈2, 1,−1〉
r(1) = 〈1, 6, 1〉.

We only need to consider the line between these two points. The picture
is the following:

2



x

y

z

(2,1,-1)

(1,6,1)

r(t)=(2-t,1+5t,1+2t)

t=0

t=1

Since we can understand r(t) = 〈f(t), g(t), h(t)〉 as a vector-valued
function, we should take some time to consider some of the common func-
tional considerations we made for single-valued functions. Fortunately, most
of these notions extend naturally to vector-valued functions. Particularly,
we have

1. The domain of r(t) is the intersection of the component domains:

D(r) = D(f) ∩D(g) ∩D(h).

2. Limits are evaluated component-wise:

lim
x→a

r(t) =
〈

lim
x→a

f(t), lim
x→a

g(t), lim
x→a

h(t)
〉
.

3. Derivatives are evaluated component-wise:

r′(t) = 〈f ′(t), g′(t), h′(t)〉. (1)

There will be additional interpretation required when considering derivatives
for vector-valued functions. In particular, notice that (1) is a vector rather
than a scalar value. Consider the following examples.

Example 2

Determine the domain of the following vector valued function, and then
compute the limit as x→∞:

r(t) =
〈

1 + e−t,
ln(t)

t
,

√
t2 − 1

2− t

〉
.

Solution: To determine the domain we must determine the values of t
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which may be substituted into r(t) and give a (finite) value. To do this,
we determine the domains of f , g, and h.

There is no restriction of f(t) = 1 + e−t so that D(f) = R. For g(t) =
ln(t)/t, we must exclude the values t ≤ 0 due to the logarithm (the
violating value t = 0 due to division by zero is included in this). We
therefore have

D(g) = {t ∈ R | t > 0}.

For h(t) =
√
t2 − 1/(2− t), we must exclude any values

t2 − 1 < 0 =⇒ −1 < t < 1

due to the square root, and also the value t = 2 due to division by zero.
We therefore have

D(h) = {t ∈ R | t ≤ −1 or 1 ≤ t < 2 or t > 2}.

Combining these results, we have that

D(r(t)) = D(f) ∩D(g) ∩D(h) = {t ∈ R | 1 ≤ t < 2 or t > 2} .

To compute the limit, we simply compute the limits component-wise.
We have

lim
t→∞

f(t) = lim
t→∞

(
1 + e−t

)
= 1

lim
t→∞

g(t) = lim
t→∞

ln(t)

t
= lim

t→∞

1

t
= 0

lim
t→∞

h(t) = lim
t→∞

√
t2 − 1

2− t
= lim

t→∞

√
1− 1

t2

2
t − 1

= −1.

where the limit for g(t) follows from L’Hopital’s rule and that of h(t)
follows from dividing the numerator and denominator by t. We therefore
that

lim
t→∞

r(t) = 〈1, 0,−1〉.
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Example 3

Show that the curve represented by the vector function

r(t) = 〈cos(t),−1 + sin(t), 2− 2 sin(t)〉

lies on both the paraboloid z = x2 + y2 and the plane 2y + z = 0.

Solution: We simply need to plug the parametric equations into the
given equations. We have that

x2 + y2 = cos2(t) + (−1 + sin(t))2

= cos2(t) + 1− 2 sin(t) + sin2(t)

= 2− 2 sin(t) = z.

We also have

2y + z = 2(−1 + sin(t))− (2− 2 sin(t)) = 0.

Since the parametric expression satisfies the equations for both curves,
it follows that it lies on the respective surfaces.

It is worth noting that what the curve actually represents is the inter-
section of the two surfaces. That is, when we drew both of the surfaces
on the same graph, we see that the curve of intersection is traced out
by r(t):
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y

z

z=x2+y2

2y-z=0

r(t)=(cos(t),-1+sin(t),2-2sin(t))
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For those interested, the general study of how nonlinear algebraic func-
tions intersect and may be represented parametrically is one important
aspect of the discipline known as algebraic geometry.

Section 2: Vector Derivatives

We saw earlier that derivatives for vector-valued functions r(t) are derived
component-wise. It can be easily checked by vector properties that

d

dt
r(t) = lim

∆t→0

r(t+ ∆t)− r(t)

∆t

=
〈f(t+ ∆t)− f(t)

∆t
,
g(t+ ∆t)− g(t)

∆t
,
h(t+ ∆t)− h(t)

∆t

〉
= 〈f ′(t), g′(t), h′(t)〉.

The interpretation, however, is important to clarify. A vector derivative is a
vector, rather than a scalar value. This vector corresponds the instantaneous
direction in which the space curve is traveling, while the magnitude of the
vector corresponds to the speed.

x
y

z

r(t)

r'(t
0
)

r'(t
1
)

r'(t
2
)

Consider the following examples.
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Example 4

Determine the derivative and magnitude of the following vector-valued
function

r(t) = 〈cos(t), t2 sin(t), t〉

at the points t = 0 and t = π/2. Also determine the magnitude of the
derivative.

Solution: We have

r′(t) = 〈f ′(t), g′(t), h′(t)〉 = 〈− sin(t), 2t sin(t) + t2 cos(t), 1〉.

At t = 0, we have

r′(0) = 〈0, 0, 1〉

|r′(t)| =
√

(0)2 + (0)2 + (1)2 = 1.

It follows that the space curve r(t) is moving in the direction 〈0, 0, 1〉
with a speed of 1 when t = 0. When t = π/2, we have

r′(π/2) = 〈−1, π, 1〉

|r′(t)| =
√

(−1)2 + (π)2 + (1)2 =
√

2 + π2 ≈ 3.45.

The space curve r(t) is therefore moving in the direction 〈−1, π, 1〉 with
a speed of

√
2 + π2 when t = π/2.

Example 5

Consider the following vector valued function:

r(t) = 〈0, cos(t2), sin(t2)〉, t ≥ 0.

For the sequence of values t =
√

2kπ, k = 0, 1, 2, . . ., computer the loca-
tion of the curve, the derivative at the point, and the magnitude of the
derivative. What is happening? Describe the behavior of the curve.
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Solution: For the values t =
√

2kπ, we have that

r(
√

2kπ) = 〈0, cos(2kπ), sin(2kπ)〉 = 〈0, 1, 0〉.

That is, the curve is at the point 〈0, 1, 0〉 for all values t =
√

2kπ.

To compute the derivative, we quickly calculate

r′(t) = 〈0,−2t sin(t2), 2t cos(t2)〉.

When t =
√

2kπ, we have

r′(
√

2kπ) = 〈0,−2
√

2kπ sin(2kπ), 2
√

2kπ cos(2kπ)〉 = 〈0, 0, 2
√

2kπ〉.

This is always a vector in the direction of 〈0, 0, 1〉 so that the curve is
always traveling straight up when t =

√
2kπ. Interestingly, however,

the magnitude does depend upon k, and we have

|r′(t)| = 2
√

2kπ.

Notice that the magnitude increases with k. That is, we keep on re-
turning to the same place, where we are traveling in the same direction,
but each time we return, we are traveling faster.

This makes sense given the curve described. The curve r(t) parametrizes
the unit circle in the (y, z)-plane. (Check that it satisfies y2+z2 = 1!) It
travels around and around, but it is constantly picking up speed. Even
though it will never go anyway it has not already been, the qualitative
behavior of the curve changes immensely!

x y

z
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