
Math 133A, September 17:
Applications

Section 1: Chemical Reactions

Consider now an industrial application which involves not only mixing in
a tank, but also some sort of facilitated chemical reaction within the tank.
Such scenarios are common in the production of many common household
products—from ammonium to polyethylene to toothpaste—and it should
come as no surprise that sound mathematics principles underlie many of
these processes.

Consider for example, the following reversible chemical reaction occuring
in a mixing tank:

X +A
1
�
2

2X.

We imagine that X is our substrate of interest and that A is some substrate
predecessor which is in continuously supply. The forward reaction corre-
sponds to facilitated conversion of one molecule of A into one molecule of
X, where X facilitates the process. The backward reaction corresponds to
the reverse conversion from X into A.

We let x(t) denote the concentration of X and assume that A is con-
stantly replenished to a constant level, so that we have a fixed parameter
a > 0. We wish to model how x(t) changes over time. In order to do this,
we need to make some assumptions on the rate of each reaction. The most
common chemical assumption is mass-action kinetics, which states that “the
rate of a reaction is proportional to the product of the involved concentra-
tions”. For this example, we have:

1. Reaction 1: Involves A and X so need rate ∝ a · x.

2. Reaction 2: Involves X and X so need rate ∝ x · x = x2.

Accounting for how X changes through each reaction, we can then arrive at
the following differential equation model:

dx

dt
= αx− βx2

x(0) = x0

(1)
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where α = k1a > 0 and β = k2 > 0 are the two net proportionality con-
stants. These constants have specific units, which depend upon the system
in question, but for simplicity we will consider the involved quantities to be
unitless. Now consider the following analysis.

Example 1

For the initial value problem (1), perform the following tasks:

(a) Sketch the slope field and make a prediction about the long-term
behavior of the system.

(b) Solve the equation and compare the long-term behavior with that
predicted in part (a).

Solution: To sketch the slope field, we need to determine where x′ < 0,
x′ > 0, and x′ = 0. To accomplish this, we will factor (1). We have

x′ = x(α− βx).

We have the following cases:

x = 0 x′ = 0

0 < x <
α

β
x′ > 0

x =
α

β
x′ = 0

x >
α

β
x′ < 0

It follows that we have the following slope field:
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x

t

α
β

0

x'=0

x'>0

x'<0

x'=0

It looks as though all nonzero solutions approach the limiting value
x = α/β as t → ∞. To see if this intuition is warranted, we find the
solution. The DE can be solved either by separation or as Bernoulli DE
but the method for the Bernoulli equation will be slightly easier here.
We rewrite the equation as

x′ − αx = −βx2

and use the substitution

v = x1−n = x1−2 = x−1.

It follows that x = v−1 and x′ = −v−2v′ so that we have

−v−2v′ − αv−1 = −βv−2 =⇒ v′ + αv = β.

This is first order linear with integration factor eαt so that

d

dt

[
eαtv

]
= βeαt =⇒ eαtv =

β

α
eαt + C

=⇒ 1

y
=
β

α
+ Ce−αt =⇒ y =

α

β + Cαe−αt
.

Substituting the initial condition x(0) = x0 then gives

x(t) =
αx0

βx0 + (α− βx0)e−αt
.
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We can quickly see that, as expected, whenever x0 6= 0, we have

lim
t→∞

x(t) = lim
t→∞

αx0
βx0 + (α− βx0)e−αt

=
αx0
βx0

=
α

β
.

We will now modify this basic motif in several different ways. Rather
than focusing on the details of the analysis, however, we will use the exam-
ples to emphasize the insufficiency of the methods we have learned so far.
Alternative graphical methods will prove to be much more useful (and much
easier to apply).

Example 2

Suppose now that there is a constant small inflow of X at rate ε > 0
into the tank. This gives the following model:

dx

dt
= ε+ αx− βx2

x(0) = x0

(2)

Perform the following tasks:

(b) Sketch the vector field for this differential equation (2). Make a
prediction for the long-term behavior of X.

(c) Attempt to solve the equation and verify the long-term behavior
explicitly.

Solution: To construct the slope field, we are one again interested in
where x′ > 0, x′ < 0, and x′ = 0. The required equation for x′ = 0,
however, is more complicated than we saw previously. We have

ε+ αx− βx2 = 0.

This can be solved by the quadratic formula, with some messy algebra,
but we will take a more intuitive approach. Notice that we can make the
correspondence for the sign of x′ based on where the function f(x) =
ε+αx−βx2 lies above or below the axis. For the previous case, we had
ε = 0. Notice that f(x) = αx − βx2 is a parabola opening down with
roots x = 0 and x = β/α. Our current function, however, is simply this
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parabola shifted up. No matter what the true value of the roots are, we
know that for any value ε > 0, one root is to the left of x = 0, and one
root is to the right of x = α/β:

ε=0: ε=1/2: ε=1:

Even without computing the precise value of the positive root x∗, and
leaving the three parameters α, β, and ε general, we can determine that
for 0 < x < x∗, we have x′ > 0, and for x > x∗, we have x′ < 0. It
follows that the slope field is given by:

x

t0

x'=0

x'>0

x'<0

x'=0

x*

We can easily see that all solutions with x0 ≥ 0 tend toward the positive
equilibrium x∗ as t→∞. Remarkably, based on our current argument,
we can make this prediction for all values of α, β, and ε. That is, we do
not need numerical values for the parameters to understand the quali-
tative behavior of the system.

Not consider attempting to solve this equation explicitly to verify this
intuition. The equations are no longer Bernoulli; our only option is to
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separate the variables and integrate. We have

1

ε+ αx− βx2
dx = (1) dt.

To integrate the left-hand-side requires either a hyperbolic trigonometric
substitution (eek!) or factoring the quadratic into its two roots and
perform partial fractional decomposition (double eek!). At the end of
this long arduous path, so long as we have been exceptionally careful,
we would arrive at the following form:

x(t) = (x∗)
eC+δt − e−(C+δt)

eC+δt + e−(C+δt)

where

x∗ =
α+

√
α2 + 4εβ

2β
and δ =

√
α2 + 4εβ

2

and C is the constant of integration.

As terrible as this is, we are able to determine that solutions tends to-
ward x∗ as t→∞ by noting that δ > 0 implies e−(C+δt) → 0.

The question at this point, however, should be whether this modest
verification was worth the effort. Indeed, this example (and many other
like it) provide a significant motivation toward the qualitative study
of differential equations, where the emphasis is on interpretation and
graphical methods rather than blindly searching for analytic solutions
to differential equations at every turn. Qualitative methods such as
phase plane and bifurcation analysis will be briefly touched upon in this
course, but are the main topic of Math 134.

Suggested Problems

1. Reconsider the reversible chemical reaction

X +A
1
�
2

2X

but assume that A is no longer in continuous supply. We therefore
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introduce a(t) as the concentration of A at time t. The differential
equation governing the concentrations of X and A can then be given
by

dx

dt
= k1xa− k2x2, x(0) = x0

da

dt
= −k1xa+ k2x

2, a(0) = a0.

(3)

(Note: This equation cannot be solved directly because x(t) and a(t)
appear in both equations.)

(a) Note that the variables x and a are related by the conservation
relationship x+a = C (that is to say, the total amount of X and
A remains constant over time). Use this relationship to rewrite
the RHS of (3) so that it only depends on x (i.e. eliminate a from
the equation).

(b) Solve the initial value problem found in part (a) for x(t).

(c) Use the conservation relationship to solve for y(t).

(d) Describe the long-term behavior of x(t) and y(t). How does this
depend on the initial conditions? Does this make sense in the
context of the physical problem? (Hint: Note that the initial
conditions are related by x0 + y0 = C.)

2. Consider the following system of reactions:

X +A
1−→ 2X

X
2−→ A.

If we let x(t) and a(t) denote the concentrations of X and A respec-
tively, this gives rise to the following mass-action system:

dx

dt
= k1xa− k2x, x(0) = x0

da

dt
= −k1xa+ k2x, a(0) = a0.

(4)

(a) Note that the variables x and a are related by the relationship
x + a = C. Use this relationship to rewrite the RHS of (4) so
that it only depends on x (i.e. eliminate a from the equation).

(b) Sketch the slope field diagram for (4). [Hint: You will have to
consider three cases: k2 = k1C, k2 < k1C, and k2 > k1C!]
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(c) Predict the behavior of solutions for the three cases described in
part (b).

(d) Solve for the solutions x(t) and a(t) in the case k2 > k1C. What
is the long-term behavior of the solution? [Hint: Use the relation
x+ a = C to obtain the solution a(t)!]

3. Suppose we are modeling an industrial chemical reaction of the form
X → Y subject to continuous inflow of X and outflow of both X and
Y . A simple model for the concentrations x = [X] and y = [Y ] is the
system of first-order differential equations

dx

dt
= α− βx, x(0) = x0

dy

dt
= γx− δy, y(0) = y0

where α, β, γ, δ > 0 and γ > β.

(a) Solve this differential equation for the parameter values α = β =
1, γ = δ = 2, and x0 = y0 = 0. [Hint: Solve the equation for x
first, and then substitute it into the equation for y.]

(b) What is the limiting values of the concentrations?
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