
Math 32, October 22 & 27:
Maxima & Minima

Section 1: Critical Points

Just as in the single variable case, for multivariate functions we are often
interested in determining extreme values of the function. We may be in-
terested, for instance, in determining the maximal value of a multi-factored
profit function, or the minimal value of an actuarial risk function, or an
optimal configuration for some complicated mechanical system. All of these
types of problems can be represented and modeled using mathematics.

This raises the question of how mathematically we determine where to
search for these desired values. First, we must defined what mean by the
maximal and minimal values of a function.

Definition 1

Consider a multivariable function f(x, y) and a point (a, b) ∈ D(f). We
will say that (a, b) is a:

1. global maximum of f(x, y) if f(a, b) ≥ f(x, y) for (x, y) ∈ D(f).

2. global minimum of f(x, y) if f(a, b) ≤ f(x, y) for (x, y) ∈ D(f).

3. local maximum of f(x, y) if f(a, b) ≥ f(x, y) for all (x, y) ∈ D(f)
such that

√
(x− a)2 + (y − b)2 < ε for some ε > 0.

4. local minimum of f(x, y) if f(a, b) ≤ f(x, y) for all (x, y) ∈ D(f)
such that

√
(x− a)2 + (y − b)2 < ε for some ε > 0.

The condition
√

(x− a)2 + (y − b)2 < ε just means that the condition
holds if we are “close” to (a, b). Note also that we often want to consider
a restricted region of the input space, but not the entire domain. We can
accommodate this in the above definitions by replacing D(f) with this re-
stricted region.
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The question then becomes determining how we find maximal and mini-
mal values of a multivariate function f(x, y). We have the following.

Definition 2

Consider a multivariable function f(x, y). A point (a, b) is said to be a:

1. critical point of f(x, y) if ∇f(a, b) = (0, 0).

2. singular point of f(x, y) if ∇f(a, b) does not exist.

3. boundary point of f(x, y) if (a, b) lies on the edge of D(f).

Theorem 1

Consider a multivariable function f(x, y) and a domain D(f). Then, if
f(x, y) attains a local maximal or minimal value at (a, b), then (a, b) is
either a critical point, singular point, or boundary point of f(x, y).

This result tells us that, in order to determine the local maxima and
minima of a function, we only have to look at a handful of points. Our
technique will be compute ∇f to determine the critical points and singular
points, and then to check the boundary by parametrizing the set.

Note: The condition ∇f(a, b) = (0, 0) generates two equations in two
unknowns (or n equations in n unknowns in higher dimension). These
equations can be very difficult to solve because they are typically non-
linear for real-world problems. Solving systems of linear equations is a
major component of linear algebra (Math 129A) while solving non-
linear equations is studied in the very active area known as algebraic
geometry.

Example 1

Determine all critical and singular points of f(x, y) = x2− y2− 4x+ 2y.

Solution: The expression has no singular values. To determine the
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critical values, we need to find the points for which ∇f(x, y) = (0, 0).
We have

fx(x, y) = 2x− 4 = 0

fy(x, y) = −2y + 2 = 0.

This implies that x = 2 and y = 1 so that the only critical point is
(2, 1).

Example 2

Find all critical and singular points of f(x, y) = xy2 − y3 − xy.

Solution: Again, there are no singular values, and for the critical values
we need to find points such that

fx(x, y) = y2 − y = 0

fy(x, y) = 2xy − 3y2 − x = 0.

The first equation gives us y(y − 1) = 0 which can be satisfied if either
y = 0 or y = 1. We break this into two cases. If y = 0, the second
equation gives

2x(0)− 3(0)2 − x = 0 =⇒ x = 0.

It follows that the point (0, 0) is a critical point. If y = 1, the second
equation gives

2x(1)− 3(1)2 − x = 0 =⇒ x = 3.

It follows that the point (3, 1) is also a critical point. Since these are
the only two cases which can satisfied both of the required expressions,
we are done.

Example 3

Find all critical and singular points of f(x, y) =
√
x2 + y2.
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Solution: Notice that we have

∇f =

(
x√

x2 + y2
,

y√
x2 + y2

)
.

In order to find critical points, we need to solve

x√
x2 + y2

= 0, and
y√

x2 + y2
= 0.

This seems to give the solution x = 0 and y = 0, but we notice that this
yields x2 + y2 = 0 so that ∇f is undefined. That is, (0, 0) is a singular
point.

Section 2: Maxima & Minima

Notice that Theorem 1 only tells us where the maximal and minimal values
may occur. It remains to determine which of these points actually corre-
spond to maximums (i.e. peaks of our mountains) and which correspond to
minimums (i.e. bottoms of the valleys) and whether these extremal values
are local or global. It is also possible that these points do not correspond to
extremal values, and for functions to not have extremal values. For example,
the function may have asymptotes or limits at infinity. (There are also other
ways for a function to non-attain a minumum or maximum. This is studied
in some depth in mathematical analysis, Math 131A.)

We will be particularly interested in classifying critical points, since flat
regions of the surface plot can correspond to peaks of mountains, bottoms
of valleys, or saddle points, which are a maximum in one direction but a
minimum in the other:

(a) (b) (c)
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Above, we have the functions (a) f(x, y) = x2 + y2, (b) g(x, y) = −x2 − y2,
and (c) h(x, y) = x2 − y2. All three functions have a single critical value at
(x, y) = (0, 0). This means the tangent plane at (0, 0) is flat. We can clearly
see, however, that (0, 0) corresponds to a minimum of f(x, y), a maximum
of g(x, y), and a saddle of h(x, y).

Consider the intuition that we had for single-variable functions. If we
are at a maximal value of a function f(x), the function must be concave
down, which meant f ′′(x) < 0. Analogously, if we are at a minimal value,
the function f(x) must be concave up, which meant f ′′(x) > 0. We can
extend this to the two-dimensional case by making use of the second-order
partial derivatives. We have the following result.

Theorem 2

Suppose (a, b) is a critical point of the function f(x, y) and set

A = fxx(a, b), B = fxy(a, b), C = fyy(a, b).

Then:

1. If AC − B2 > 0 and A > 0, then f(x, y) has a local minimum at
(a, b).

2. If AC − B2 > 0 and A < 0, then f(x, y) has a local maximum at
(a, b).

3. If AC −B2 < 0, then f(x, y) has a saddle point at (a, b).

4. If AC −B2 = 0, then we cannot say anything about (a, b).

The interpretation is analogous to the one-dimensional case. Condition
1. corresponds to a bowl-shape around (a, b) while Condition 2. corresponds
to a cap-shape around (a, b). Condition 3. corresponds to the new case of a
saddle, while Condition 4. is similar to the indeterminate case f ′′(x) = 0.

Note: The result is derived from a more general result regarding a ma-
trix of second-order partial derivatives known as the Hessian matrix:

Hf (x, y) =

[
fxx(x, y) fxy(x, y)

fyx(x, y) fyy(x, y)

]
.
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It can be quickly be seen that det(Hf (a, b)) = AC −B2, which can be
a useful method for remembering the formulas if you are familiar with
some linear algebra.

Example 4

Classify the critical point (0, 0) for f(x, y) = x2+y2, g(x, y) = −x2−y2,
and h(x, y) = x2 − y2.

Solution: For f(x, y) = x2+y2 we have fx(x, y) = 2x and fy(x, y) = 2y
so that

A = fxx(x, y) = 2

B = fxy(x, y) = 0

C = fyy(x, y) = 2.

It follows that AC − B2 = (2)(2) − (0)2 = 4 > 0 and A = 2 > 0. It
follows from Theorem 2 that (0, 0) is a minimum of f(x, y).

For g(x, y) = −x2 − y2 we have

A = gxx(x, y) = −2

B = gxy(x, y) = 0

C = gyy(x, y) = −2.

It follows that AC − B2 = (−2)(−2) − (0)2 = 4 > 0 and A = −2 < 0.
It follows from Theorem 2 that (0, 0) is a maximum of g(x, y).

For h(x, y) = x2 − y2 we have

A = hxx(x, y) = 2

B = hxy(x, y) = 0

C = hyy(x, y) = −2.

It follows that AC − B2 = (2)(−2) − (0)2 = −2 < 0. It follows from
Theorem 2 that (0, 0) is a saddle of h(x, y).
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Example 5

Find and classify the critical points of f(x, y) = x2 ln(y)− y.

Solution: We need to find the critical points, which means we need to
find the points satisfying ∇f(x, y) = (0, 0). We have

fx(x, y) = 2x ln(y) = 0

fy(x, y) =
x2

y
− 1 = 0.

It follows from the first equation that we need either x = 0 or ln(y) = 0
(i.e. y = 1). We can clearly see, however, that x = 0 reduces the second
expression to −1 = 0, which is nonsense. If we set y = 1 in the second
equation, we have

x2 − 1 = 0 =⇒ x = ±1.

It follows that we have the critical points (1, 1) and (−1, 1). In order to
determine whether these points are local maximums, local minimums,
or saddle points, we perform the second derivative test. We have

A = fxx(x, y) = 2 ln(y)

B = fxy(x, y) = 2
x

y

C = fyy(x, y) = −x
2

y2
.

It follows that

AC −B2 = −2 ln(y)
x2

y2
− 4

x2

y2
= −2

(
x2

y2

)
(2 + ln(y)) .

At both of the points (1, 1) and (−1, 1) we have AC −B2 = −4 < 0 so
that (1, 1) and (−1, 1) are saddle points at both (1, 1) and (−1, 1).

Example 6

Classify the critical points of f(x, y) = x3 − y2 using the second deriva-
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tive test.

Solution: To find the critical points, we set

fx(x, y) = 3x2 = 0 =⇒ x = 0

fy(x, y) = −2y = 0 =⇒ y = 0.

It follows that the only critical point is (0, 0). To use the second deriva-
tive test, we need

A = fxx(x, y) = 6x

B = fxy(x, y) = 0

C = fyy(x, y) = 2.

It follows that AC − B2 = (6x)(2) − (0)2 = 12x. At the critical point
(0, 0), however, we have AC −B2 = 0. The second derivative test does
not give us any information with respect to whether (0, 0) is a maximum,
minimum, or saddle point.

Suggested Problems

1. Determine the critical points of the following functions and then clas-
sify them as either local maxima, minima, or saddle points:

(a) f(x, y) = x2y + 2xy − 3y

(b) f(x, y) = x2 + 4xy + 2xy2
(c) f(x, y) = x2 − 2xy + 3y2 + 4y

(d) f(x, y) = ln(xy)− x− y − xy

2. Determine the maximal and minimal values of the following functions:

(a) f(x, y) =
x

x2 + y2 + 1
(b) f(x, y) = e−x

2−y4+2y2
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