
Math 133A, October 29:
Forced Systems

Section 1: Forced Systems

Suppose we want to solve the second-order differential equation

y′′ + 4y = 12x. (1)

The only difference between this and the type of equations we have been
considering so far is the term 12x on the right-hand side. This extra term
is enough to make the equation nonhomogeneous.

We might think at first glance that the technique used to solve homoge-
neous equations might work. That is to say, we guess that the solution has
the exponential form y(x) = erx. This gives

y′′ + 4y = erx
(
r2 + 4

)
= 12x.

It should not take much convincing that there is no value of r which satisfies
this equation for all x. That is, the guess we used for homogeneous linear
equations will not work for nonhomogeneous equations.

As unsatisfying as it is, we are simply going to guess something else.
In particular, we are going to guess a function which, when substituted in
the left-hand side, gives the non-homogeneous term 12x on the right-hand
side. This turns out to be easier than we probably suspect. We can see very
quickly that y(x) = 3x works since we have y′′(x) = 0 so that

y′′ + 4y = 4(3x) + 4(0) = 12x.

Probably the only way we would not have seen this would have been to
overthink the problem!

We will say that we have found a particular solution yp(x) = 3x since
it satisfies the differential equation and has no undetermined constants. We
might wonder, however, how to build a general solution to (1) out of
this observation. It is not as easy as multiplying the found solution by a
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constant, since y(x) = Cx is not a solution for all C ∈ R. We must be a
little more careful.

Instead, consider the homogeneous equation

y′′c + 4yc = 0. (2)

This has the solution yc(x) = C1 cos(2x)+C2 sin(2x). Notice, however, that
while this is not a solution of (1), it may be added to any solution since it
yields not additional terms to balance with the RHS. That is, the solution
to (1) should be

y(x) = C1 cos(2x) + C2 sin(2x) + 3x.

In fact, we can directly check. We have

y′′(x) = −4C1 cos(2x)− 4C2 sin(2x)

so that

y′′ + 4y = [−4C1 cos(2x)− 4C2 sin(2x)] + 4[C1 cos(2x) + C2 sin(2x) + 3x]

= 12x.

We have actually stumbled upon the general solution method for solving
second-order (and higher) linear differential equations.

Theorem 1

Any solution of a differential equation of the form

y′′(x) + p(x)y′(x) + q(x)y(x) = g(x). (3)

can be written
y(x) = yc(x) + yp(x)

where yp(x) is any particular solution of (3) and the complemen-
tary function yc(x) = C1y1(x) +C2y2(x) is the general solution of the
homogeneous system

y′′(x) + p(x)y′(x) + q(x)y(x) = 0. (4)
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Proof

We will prove that a function y(x) = yc(x) + yp(x) is a solution of (3).
We will omit the proof that this is the only form of such a solution.

Suppose that yp(x) is a particular solution of (3) and yc(x) = C1y1(x)+
C2y2(x) is a general solution of (4). That is, suppose that

y′′p(x) + p(x)y′p(x) + q(x)yp(x) = g(x)

y′′c (x) + p(x)y′c(x) + q(x)yc(x) = 0.

It follows that we have

y′′(x) + p(x)y′(x) + q(x)y(x)

=
[
y′′c (x) + y′′p(x)

]
+ p(x)

[
y′c(x) + y′p(x)

]
+ q(x) [yc(x) + yp(x)]

=
[
y′′c (x) + p(x)y′c(x) + q(x)yc(x)

]
+
[
y′′p(x) + p(x)y′p(x) + q(x)yp(x)

]
= g(x).

It follows that y(x) = yc(x) + yp(x) is a solution of (3) and we are done.

Note: Since we already know how to solve homogeneous second-order
linear DEs with constant coefficients, this result tells us that we need
only worry about finding yp(x)! In general, however, it may be difficult
to determine the complementary solution yc(x) if the coefficients are
allowed to vary with x.

Example 1

Verify that yp(x) = e2x is a particular solution of

y′′ − 4y′ + 5y = e2x (5)

and then find the solution of the corresponding initial value problem
with y(0) = 0 and y′(0) = 2.

Solution: To check whether yp(x) = e2x is a particular solution, we
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simply need to substitute it into (5). We have

y′′p − 4y′p + 5yp = (4e2x)− 4(2e2x) + 5(e2x) = e2x.

It follows that yp(x) = e2x is a particular solution of (5).

In order to solve the IVP, we first need to find the general solution.
We know from Theorem 1 that every solution of an equation of the
form (5) is of the form y(x) = yc(x) + yp(x). It remains only to find
the complementary solution yc(x) to the corresponding homogeneous
differential equation

y′′ − 4y′ + 5y = 0.

We guess the solution yc(x) = erx to obtain

erx(r2 − 4r + 5) = 0 =⇒ r2 − 4r + 5 = 0.

It follows that we need

r =
4±

√
(−4)2 − 4(5)(1)

2
= 2± i.

We therefore have that

yc(x) = C1e
2x cos(x) + C2e

2x sin(x)

and the corresponding general solution

y(x) = C1e
2x cos(x) + C2e

2x sin(x) + e2x.

In order to solve the initial value problem, we must use y(0) = 0 and
y′(0) = 2 to solve for C1 and C2. We have

y′(x) = 2C1e
2x cos(x)−C1e

2x sin(x)+2C2e
2x sin(x)+C2e

2x cos(x)+2e2x

so that

y(0) = 0 = C1 + 1

y′(0) = 2 = 2C1 + C2 + 2.
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It follows from the first equation that C1 = −1. Substituting in the
second equation gives C2 = 2 so that the desired solution is

y(x) = −e2x cos(x) + 2e2x sin(x) + e2x

= e2x (1 + 2 sin(x)− cos(x)) .

Section 2: Forced Pendulum

A primary application of nonhomogeneous differential equations like (3) is
when dealing with a forced pendulum model (also, forced spring). In
this situation, we imagine that a pendulum is not only subject to internal
restoring and damping forces, but also an external time-dependent force.
For instance, we could imagine a steady wind blowing across the pendulum,
or coupling the pendulum with a larger system, or simply grabbing the
pendulum and shaking it.

In any case, we consider an equation of the form

mx′′ + cx′ + kx = g(t) (6)

where g(t) is the external forcing function. This is exactly the form we
have just considered so that we know from Theorem 1 that the solution has
the form

x(t) = xc(t) + xp(t)

where xp(t) is a particular solution of (6) and xc(t) is a solution of the
homogeneous system

mx′′ + cx′ + kx = 0.

Consider the following example.

Example 2

Consider a pendulum with a mass of 3kg, subject to a restoring force of
4N/m, a frictional force of 8N/(m/s), and sinusoidal forcing 65 sin(t)N.
Show that that xp(t) = sin(t)− 8 cos(t) is a solution of the correspond-
ing governing differential equation, and then find the general solution.
Describe the transient (i.e. short-term) and long-term behavior of the
solution.
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Solution: We have the governing system of equations

3x′′ + 8x′ + 4x = 65 sin(t).

We can see that, for xp(t) = sin(t) − 8 cos(t) we have x′p(t) = cos(t) +
8 sin(t) and x′′p(t) = − sin(t) + 8 cos(t) so that

3x′′p + 8x′p + 4xp

= 3 [− sin(t) + 8 cos(t)] + 8 [cos(t) + 8 sin(t)] + 4 [sin(t)− 8 cos(t)]

= 65 sin(t).

To find the general solution, we first find the complementary solution
xc(t) to the homogeneous equation

3x′′ + 8x′ + 4x = 0.

We guess x(t) = ert so that

ert
(
3r2 + 8r + 4

)
= 0 =⇒ 3r2 + 8r + 4 = 0.

We have

r =
−8±

√
64− 4(4)(3)

6
=
−4± 2

3

so that r = −2 or r = −2/3. It follows that we have the general solution

x(t) = xc(t) + xp(t) = C1e
−2t + C2e

−2/3t + sin(t)− 8 cos(t).

Even though the constants C1 and C2 depend upon the initial condi-
tions, we can still get a very clear sense of the behavior of the solution.
The underlying system is overdamped, which gives the transient por-
tion of the solution which decays exponentially to zero. The remaining
terms, corresponding to the particular solution, oscillate indefinitely.
This makes sense! We are applying sinusoidal forcing for the system.
This solution tells us that the solution will wobble in the short-term and
then settle into a rhythm which is in phase with the forcing:
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Suggested Problems

1. Show that the following differential equations have the given particular
solutions yp(x). Then determine general solution, and solution to the
given initial value problem. (All derivatives with respect to x.)

(a) y′′ + 2y′ + y = x
yp(x) = x− 2
y(0) = 1, y′(0) = 0

(b) y′′ − 4y = x2 − 1
2

yp(x) = −1
4x

2

y(0) = 2, y′(0) = 0

(c) y′′ + 4y = 3 sin(x)
yp(x) = sin(x)
y(0) = −1, y′(0) = 1

(d) y′′+6y′+10y = 5e−x+10e4x

yp(x) = e−x + e4x

y(0) = 0, y′(0) = 1
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