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Nonhomogeneous Second-Order DEs, Forced Pendulum

Q1: Determine the form of the trial function yp(x) for the following non-
homogeneous second-order differential equations (all derivatives with
respect to x). You do not need to solve the coefficients!

(a) y′′ + 4y′ + 5y = e−2x

(b) y′′ + 4y′ + 5y = e−2x sin(x)

(c) y′′ − 6y′ + 9y = sin(2x)

(d) y′′ − 6y′ + 9y = x2e3x

Q2: Solve the following non-homogeneous second-order differential equa-
tions (all derivatives with respect to x):

(a) y′′ − y′ + 1
2y = 1

2x
2, y(0) = 4, y′(0) = 4

(b) y′′ + 2y′ + y = 2e−x, y(0) = 0, y′(0) = 1

Q3: A 2 kg mass is attached to a spring which has a restoring constant of
3 N/m and damping constant of 1 N/(m/s). Suppose the system is
driven by an external force of f(t) = 3 cos(3t)− 2 sin(3t)N.

(a) Use the given information to set up a second-order differential
equation which tracks the displacement of the mass from its equi-
librium position as a function of time, x(t).

(b) Find the general solution of the differential equation derived in
part (a).

(c) Divide the solution into two parts, a transient solution xtr(t)
and steady periodic solution xsp(t), where lim

t→∞
xtr(t) = 0 and

xsp(t) is periodic. Comment on the behavior of x(t) as t → ∞.
Does this behavior depend on the initial conditions?

(d) Rewrite the forcing function f(t) and steady periodic solution
xsp(t) in the phase-shifted cosine form R cos(ω0t + δ). Interpret
this in terms of the physical spring-mass system. In particular,
what do the two amplitudes correspond to, and how do they
relate? Does this make sense?

Q4: Resonance is not a phenomenon reserved for undamped mechanisms.
Consider the following example:

x′′ + x′ + x = cos(ωt) (1)

corresponding to a pendulum/spring model with m = 1 kg, c = 1
N/(m/s) and k = 1 N/m. We will suppose that ω is a free parameter.



(a) Find the general solution of (1). [Hint: Note that we do not
need to consider cases for ω!]

(b) Divide the solution into two parts, a transient solution xtr(t)
and steady periodic solution xsp(t), where lim

t→∞
xtr(t) = 0 and

xsp(t) is periodic.

(c) Find the amplitude of the steady periodic function xsp(t) found
in part (b). [Hint: Consider writing the portion xsp(t) in the
form A cos(ωt− α) but only find A.]

(d) At which value of ω does A achieve its maximum? Interpret this
value in terms of the physical system. In particular, how does it
compare to the frequency of oscillations in the unforced system?
[Hint: Take the derivative of A with respect to ω!]

BONUS: There is a strong connection between the non-homogeneous systems
of differential equations we studied a few weeks ago, and the non-
homogeneous second-order differential equations we are studying now.
Recall that the substitution y1(x) = y(x) and y2(x) = y′(x) allows us
to write the second-order differential equation

ay′′ + by′ + cy = g(x)

as
y′ = Ay + g(x) (2)

where

y′ =

[
y′1
y′2

]
, A =

[
0 1

− c
a − b

a

]
, y =

[
y1
y2

]
, and g(x) =

[
0

1
ag(x)

]
.

For the initial value problem in Q2(b), use the solution method for
non-homogeneous systems of differential equations like (2) to solve for
y(x).


