
Introduction to the Global Attractor
Conjecture

The roots of the Global Attractor Conjecture (GAC) can be found in the
1972 paper “General Mass Action Kinetics” by Fritz Horn and Roy Jackson
[9]. The paper is noted for presenting a general network-based framework
for studying mass action systems and is often credited with initiating the
research area known as Chemical Reaction Network Theory (CRNT). This
area has seen a significant resurgence of interest in recent years as systems
biology has gained prominent within the life sciences, computer science, and
mathematics.

The GAC itself arises from a particular ordinary differential equation
model arising from chemical kinetics known as a mass action system. For
complex balanced systems, Horn and Jackson were able to prove some very
strong results regarding the steady states and dynamics of the standard
ordinary differential equation (ODE) model. In fact, they were able to
define a global Lyapunov function which guaranteed that trajectories of
such systems were required, as if by gravitational force, to tend toward the
complex balanced steady state from anywhere else in the state space.

The natural conclusion is that all trajectories asymptotically approach
the complex balanced state; that is, that the unique state at the bottom
of the valley defined by the Lyapunov function is a global attractor. This
temptation was so strong, in fact, the authors errantly claimed they had
proved this. The authors were unable, however, to eliminate the possibility
that trajectories approached the boundary of the state space rather than the
complex balanced steady state. As such, they retracted the claim in 1974.

This small gap, which extends the local stability guaranteed by the Lya-
punov function to global stability, is the content of the Global Attractor
Conjecture. The conjecture has resisted proof for over 40 years but is now
claimed to have been solved by Gheorghe Craciun. His 41 page manuscript
“Toric Differential Inclusions and a Proof of the Global Attractor Conjec-
ture” incorporates complex ideas from algebraic geometry, differential inclu-
sions, and dynamical systems. It is the purpose of this write-up to present
the background from “General Mass Action Kinetics” necessary to under-
stand and appreciate the importance—and frustration—associated with the
Global Attractor Conjecture.
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Section 1: Mass Action Systems

We start with the following fundamental definition.

Definition 1

A chemical reaction network is a triple of sets (S, C,R) where:

1. The species set S = {X1, . . . , Xm} consists of the elementary
chemical species capable of undergoing chemical change.

2. The complex set C = {C1, . . . , Cn} consists of linear combina-
tions of species of the form

Ci =
m∑
j=1

yijXj , i = 1, . . . , n

where yij ∈ Z≥0 are the stoichiometric coefficients.

3. The reaction set R = {R1, . . . , Rr} consists of ordered pairs of
complexes (Ci, Cj) ∈ R where Ci 6= Cj .

Example 1

Consider the following reactions, corresponding to an enzyme-facilitated
transition of a substrate S into a product P:

S + E −→ SE

SE −→ S + E

SE −→ P + E

P + E −→ SE

(1)
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For this example, we have that

S = {S,E, SE,P}.
C = {S + E,SE,P + E}.
R = {S + E→ SE, SE→ S + E, SE→ P + E,P + E→ SE}.

(2)

Notice that the complexes correspond to the linear combinations of
species which appear as either a net input or net output of a reaction.

The advantage of chemical reaction network formalism is that it permits
a graphical representation which often allows direct insight into the behavior
of the system.

Definition 2

The reaction graph of a chemical reaction network is given by the
digraph G(V,E) where V = C and E = R.

Example 2

For the enzymatic network (1), we have

S + E � SE � P + E. (3)

Note that the reaction graph formulation has condensed the net inputs
and output with common stoichiometry in (1) into a common node.
That is, each complex is only allowed to appear once.

The reaction graph formulism also permits an easy description of the
systems in accordance with the assumption of mass-action kinetics. This
kinetic assumption presumes that the rate of a reaction is proportional to
the product of the reactant species, so that, for example, a reaction of the
form S + E −→ · · · would have rate k · [S][E] where [S] and [E] are the
concentrations of S and E, respectively, and k > 0 is the reaction’s rate
constant.

In what follows, we will let x(t) = (x1(t), . . . , xn(t)) ∈ Rn
≥0 denote the

vector of chemical concentrations and k(i, j) > 0 denote the rate constant
associated with the reaction Ci −→ Cj .
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Definition 3

The mass-action system associated with a chemical reaction network
(S, C,R) is given by

dx

dt
= Y ·Ak ·Ψ(x(t)) (4)

where

1. Y ∈ Zm×n
≥0 is the stoichiometric matrix with entries Yi,j = yji;

2. Ak ∈ Rn×n is the Laplacian matrix with entries

[Ak]i,j =

 −
r∑

l=1

k(i, l), if i = j

k(j, i), otherwise;

3. Ψ(x) ∈ Rn
≥0 is the vector with entries Ψi(x) =

∏m
j=1 x

yij
j .

Example 3

Consider the enzymatic network (1). We first convert the system to the
indicial form. For the species, we set X1 = S, X2 = E, X3 = SE, and
X4 = P, and, for the complexes, we set C1 = X1 + X2, C2 = X3, and
C3 = X2 + X4. Notice that we now write (10) as

C1 � C2 � C3 (5)

and incorporate the four nonnegative constants k(1, 2), k(2, 1), k(2, 3),
and k(3, 2) corresponding to the four reactions in (5). The corresponding
mass-action system is given by:

ẋ1
ẋ2
ẋ3
ẋ4

=


1 0 0
1 0 1
0 1 0
0 0 1


 −k(1, 2) k(2, 1) 0

k(1, 2) −k(2, 1)− k(2, 3) k(3, 2)
0 k(2, 3) −k(3, 2)

 x1x2
x3

x2x4

 .

(6)
Note that this system can be expanded to give the following more

4



traditional-looking system of coupled nonlinear differential equations:

ẋ1 = −k(1, 2)x1x2 + k(2, 1)x3

ẋ2 = −k(1, 2)x1x2 + (k(2, 1) + k(2, 3))x3 − k(3, 2)x2x4

ẋ3 = k(1, 2)x1x2 − (k(2, 1) + k(2, 3))x2 + k(3, 2)x2x4

ẋ4 = k(2, 3)x3 − k(3, 2)x2x4.

(7)

Section 2: Complex Balanced Systems

The following classification of mass action systems was the study of Fritz
Horn and Roy Jackson’s seminar paper “General Mass Action Kinetics” [9].

Definition 4

A mass-action system is said to be complex balanced if, at every
strictly positive steady state x∗ ∈ Rm

>0, we have

m∏
l=1

(x∗l )
yil

n∑
j=1

k(i, j) =

n∑
j=1

k(j, i)

m∏
l=1

(x∗l )
yjl , for all i = 1, . . . , n. (8)

Note on connection to (4): It can be easily checked that condition
(8) is equivalent to

Ak ·Ψ(x∗) = 0 (9)

or, alternatively, Ψ(x∗) ∈ ker(Ak). That is, a steady state x∗ ∈ Rm
≥0 is

complex balanced if Y ·Ak ·Ψ(x∗) = 0 implies Ak ·Ψ(x∗) = 0.

Note on graphic representation: Another interpretation of complex
balanced steady states is that they are states at which the “net inflow”
and “net outflow” across each complex is balanced, as in the following
diagram:
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Ci

in(1)

in(2)

in(3)

...

out(1)

out(2)

out(3)

...

where in(j) = k(j, i)
∏m

l=1(x
∗
l )

yjl and out(j) = k(i, j)
∏m

l=1(x
∗
l )

yil are
the net contribution of the corresponding reaction in the differential
equations (4).

Example 4

Consider showing that the mass-action system (7) corresponding to the
enzyme system is complex balanced. In order to be complexes balanced,
we need to have Ak ·Ψ(x) = 0 in (6). This corresponds to the following
set of conditions:

Out In

k(1, 2)x1x2 = k(2, 1)x3

(k(2, 1) + k(2, 3))x3 = k(1, 2)x1x2 + k(3, 2)x2x4

k(3, 2)x2x4 = k(2, 3)x3.

If we reconsider the set of governing differential equations (7):

ẋ1 = −k(1, 2)x1x2 + k(2, 1)x3

ẋ2 = −k(1, 2)x1x2 + (k(2, 1) + k(2, 3))x3 − k(3, 2)x2x4

ẋ3 = k(1, 2)x1x2 − (k(2, 1) + k(2, 3))x2 + k(3, 2)x2x4

ẋ4 = k(2, 3)x3 − k(3, 2)x2x4

we notice that setting this equal to zero immediately gives the desired
conditions. For example, the first condition gives k(1, 2)x1x2 = k(2, 1)x3
at steady state, so that the complex X1+X2 is balanced in (10) at steady
state. And so on.

It is tempting to think, based on this example, that the determination of
complex balancing must be simple; however, this would be premature.
For large systems, it can be very difficult to verify complex balancing
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directly, and surprisely there are simple systems with balancing in the
reaction graph which are not complex balancing. For example, the sys-
tem

2X1 � X1 + X2 � 2X2 (10)

is not complex balancing at any steady state unless the rate parameters
satisfy a very particular relationship. Further graphic characterizations
of complex balancing were given in the papers [4] and [7] by Martin
Feinberg and Fritz Horn, respectively, but will not be expanded upon
here.

Section 3: Dynamical Properties of Com-
plex Balanced Systems

The crowning achievement of [9] is not regarding the nature of the steady
states themselves, but rather the dynamics of the corresponding mass ac-
tion systems (4). They prove the following incredibly powerful Theorem
(Lemma 4C, Theorem 6A [9]). They also claimed to have proved, but later
retracted, the following conjecture which has since become known as the
Global Attractor Conjecture.

Theorem 1

It a mass-action system is complex balanced, then there is a unique
positive complex balanced steady state x∗ ∈ Rm

>0 in each stoichiometric
compatibility class, and this steady state is locally asymptotically stable
relative to trajectories in this this stoichiometric compatibility class.

Global Attractor Conjecture

The stability guaranteed by Theorem 1 extends globally to the stoi-
chiometric compatibility class. That is, any trajectory x(t) of (4) with
x0 ∈ Rm

>0 satisfies
lim
t→∞

x(t) = x∗
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where x∗ ∈ Rm
>0 is the unique steady state of (4) which is stoichiomet-

rically compatible with x0.

Theorem 1 is remarkable for a number of reasons. The first is that it
does not depend on the rate constants or initial conditions; that is, it holds
independent of all parameter values. The second is that it relates algebraic
properties of the steady states to dynamical properties of the system far away
from steady state. Remarkably, the algebraic property of complex balancing
was further related to properties of the underlying network itself by Martin
Feinberg [4] and Fritz Horn [7]. In these papers, sufficient conditions were
derived on the network topology alone for complex balancing, and therefore
the incredibly regular dynamics guaranteed by Theorem 1.

The proof of Theorem 1 depends upon a careful application of the fol-
lowing Lyapunov function:

L(x) =
m∑
i=1

xi(ln(xi)− ln(x∗i )− 1) + x∗i . (11)

The authors show that, along trajectories x(t) of any complex balanced
system, we have:

dL(t)

dt
= ∇L(x) · dx

dt
≤ 0 (12)

with equality with zero if and only if x is a complex balanced steady state.
For completeness, we include a proof; however, we include the more direct
proof contained in the summary of Martin Feinberg [5] than that contained
in the original Horn and Jackson paper [9].

Proof of Property (12)

Consider the function L(x) given by (11). It can be quickly checked
that

∇L(x) = ln
( x

x∗

)
=

(
ln

(
x1
x∗1

)
, . . . , ln

(
xm
x∗m

))
.

It will also be convenient to adopt the vector notation xy =
∏m

i=1 x
yi
i .
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We may rewrite (4) to obtain

dx

dt
= Y ·Ak ·Ψ(x)

=
∑

Ci→Cj∈R
k(i, j) (yj − yi) xyi

=
∑

Ci→Cj∈R
k(i, j) (x∗)yi (yj − yi)

( x

x∗

)yi
=

∑
Ci→Cj∈R

k(i, j) (x∗)yi (yj − yi) e
zi

where x∗ ∈ Rm
>0 is a complex balanced steady state, and we set zi =

yi · ln
(

x
x∗

)
for simplicity.

Computing the derivative of L along a trajectory x(t) of (4) gives

dL(t)

dt
= ∇L(x) · dx

dt

=
∑

Ci→Cj∈R
k(i, j) (x∗)yi

[
ln
( x

x∗

)
· (yj − yi)

]
ezi

=
∑

Ci→Cj∈R
k(i, j) (x∗)yi (zj − zi) e

zi .

It can easily be shown by the Mean Value Theorem that (y − x)ex ≤
ey − ex for all x, y ∈ R, with equality if and only if x = y. It follows
that we have

dL(t)

dt
≤

∑
Ci→Cj∈R

k(i, j) (x∗)yi (ezj − ezi)

=
∑

Ci→Cj∈R
k(i, j) (x∗)yi

(( x

x∗

)yj
−
( x

x∗

)yi)
It is not immediately clear how this helps us but, in fact, this is incred-
ibly used. It can be verified by expanding that is equivalent to

dL(t)

dt
≤ [Ak ·Ψ(x∗)] ·Ψ

( x

x∗

)
= 0
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where the last point follows from the fact that x∗ is a complex balanced
steady state so that Ak · Ψ(x∗) = 0. It follows that trajectories of (4)
are non-increasing with respect to L(x), as we wished to show.

It can further be shown that L(x) is strictly convex on Rm
>0 and has

a unique minimum in each stoichiometric compatibility class at the corre-
sponding complex balanced steady state. It is extremely tempting, therefore,
to conclude that all trajectories of (4) converge to the state x∗. Lyapunov
functions are like energy functions in physics. We have shown that energy
continually dissipates from the system. Without an external input, there is
nothing to stop us from descending toward our lowest energy state, which
corresponds to our complex balanced steady state.

This conclusion is so natural, in fact, that Horn and Jackson stated ex-
actly this in their original statement of Theorem 1 [9] only to retract the
claim two years later [8]. In fact, there is another possibility consistent with
property (12). This possibility becomes clear after more careful considera-
tion of the contour plot of L(x):

Figure 1: Contour (left) and surface (right) plots of L(x) in two dimensions.
Although the surface is strictly convex and has a unique minimum, it is not
radially unbounded with respect to Rm

>0 and, in fact, takes finite values as
we limit toward ∂Rm

>0.

It is clear from the pictures that, while the surface is bowl-shaped, de-
scending to the bottom is not the only possibility. In fact, we could imagine
a downward trajectory which instead approaches a point on ∂Rm

>0 rather
than the complex balanced steady state at the bottom.
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Section 4: Possible Approaches

It is known that trajectories of complex balanced systems are bounded,
non-periodic, and non-chaotic [9]. We can reason that the only possibility
preventing the extension of Theorem 1 to encompass the Global Attractor
Conjecture is the possibility of an ω-limit point (i.e. subsequential limit
point) lying on ∂Rm

>0.
This result has been formally proved in [12] and [2], but using this in-

formation to strengthen Theorem 1 is not as easy as one might imagine.
Consider the following approach, which was used in [2] for detailed balanced
(i.e. reversible) systems and extended to complex balanced systems by my
doctoral supervisor and myself in 2011 [11].

We start by letting x∗ ∈ Rm
>0 denote the positive steady state in the

applicable stoichiometric compatibility class. Then, we divide the state
space by orderings of the complexes in the system. For example, for a
three complex system, where the complexes have complex vectors y1, y2,
and y3, we have ( x

x∗

)y1
>
( x

x∗

)y2
>
( x

x∗

)y3
or we might have ( x

x∗

)y2
>
( x

x∗

)y1
>
( x

x∗

)y3
and so on. The sets of points satisfying these relations correspond to regions
of the state space called strata. If we take all permutations of the complexes,
and include the closures of the sets (corresponding to relations ≥), we can
completely decompose the state space into these strata.

So why would care about dividing the state space into strata? It turns
out that the behavior of trajectories of complex balanced systems within
strata is very rigid. With a little work, it can be shown that, within each
strata, there is a linear Lyapunov function which pushes trajectories away
from any adjacent face of ∂Rm

>0 (Theorem 3.12, [11]). That is to say, within
each and every strata, there is a barrier which cannot be crossed. We have, in
a sense, erected a wall which prevents trajectories from carrying out a direct
assault on the boundary. To make the full implications of this geometry more
concrete, consider the following example.

Example 5
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Consider the following weakly reversible chemical reaction network:

X 2Y

X + Y

To simplify the work, we will assume that all rate constants are one.
The corresponding mass action system is

ẋ = −x + y2

ẏ = 2x− y2 − xy.
(13)

It can be check directly that the only steady state is x∗ = y∗ = 1 and
that this state is complex balanced.

We now divide the state space R2
≥0 into strata, as defined earlier. To

accomplish this, we need to consider every ordering permutation of the
monomials appearing in the mass action system (13). For example, we
consider

x > y2 > xy

and
y2 > xy > x

and so on. Is it clear that each of the six permutations corresponds
to a region of space; however, it is not so clear what the region looks
like. To understand how R2

≥0 is carved up by this process, we look at
the boundaries between strata. This corresponds to sets of points where
two monomials are balanced. We have

x = y2 =⇒ y =
√
x

y2 = xy =⇒ y = x

x = xy =⇒ y = 1.

This gives the following picture:

12



(x*,y*)

The strata are the six regions bound by the red lines, while the rest
lines correspond to points at which exactly two of the monomials are
balanced. Notice that all three monomials are balanced only at the
steady state (x∗, y∗) in the center.

For this example (and any other two-dimensional one), it is relatively
easy to see how local stability extends to global stability by consider-
ing strata. Within each strata, there is a linear functional (a line, in
this case) which forces trajectories away from any corresponding face of
R2
≥0. Incidentally, it also bounds trajectories away from infinity. Com-

bined with the boundedness of trajectories from the global Lyapunov
function, we may construct a trapping region which bounds any given
initial condition away from the boundary. This is (roughly) the dotted
line in the picture.

So let’s recap. Not only do we have a global Lyapunov function which
forces trajectories toward the complex balanced point, but we also have
linear barriers near every face which push trajectories away. Surely now we
are a position to say the Global Attractor Conjecture has been proved...
right?

This is what I had thought during one particular euphoric week of grad
school. (As you might have guessed, it was followed by a particularly frus-
trating one.) In fact, the problem becomes more complicated in higher
dimensions. The barriers in each strata are linear, but the strata are de-
cidedly curved. In even three dimensions, it is much harder to imagine how
these barriers may be stitches together to form a trapping region as we did
in Example 5. If it is hard in three dimensions, when we can at least visu-
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alize the construction, imagine how hard it must be in four or five or ten
dimensions.

Furthermore, we must allow for the possibility that trajectories leave
strata and then reenter at a point beyond our supposedly impenetrable
barrier. These barrier, after all, are local. Trajectories may enter and leave
strata as they please, and each strata operates by its own local rules. It is
possible to imagine a trajectory—especially in higher dimension—facing a
barrier in one strata, and then simply sidestepping it by moving to the strata
next door. It is like erecting a wall to guard a castle, but not forgotting to
seal off the sides. The castle will survive a direct assault, but not a flanked
one. If the problem has a solution, it is certainly not a simple one.

Section 5: Outlook

Many brave researchers have working hard at constructing increasingly com-
prehensive cases under which the Global Attractor Conjecture holds. The
papers [3] and [10], for instance, prove the conjecture for three-dimensional
systems and systems with a three-dimensional stoichiometric subspace, re-
spectively, using ideas very similar to those outlined here. Other approaches
have involved using tiers (which are similar to strata) to prove complex bal-
anced systems with a single linkage class (one connected component) satisfy
the GAC [1]. Notions from toric geometry were used to prove the result for
a class of systems known as strongly endotactic networks in [6].

As close as people have come to solving the problem by alternative
means, however, it was always clear that the universal proof—valid in all
dimensions—was going to tackle the problem head-on. This is exactly what
Gheorghe Craciun, my postdoctoral mentor and colleague, claims to have
done. His is not a proof for the faint of heart—it incorporates advanced
notions from the theories of differential inclusions, dynamical systems, and
algebraic geometry—but if true, it is a result truly worth understanding,
and a result truly worth celebrating.
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