
Math 123, Week 1:
Linear Systems, Gaussian Elimination

Section 1: Course Structure

In this course, we will study two very important mathematical topics found
throughout the sciences: differential equations and linear algebra. We
will see that, although these two subjects are rich fields in themselves, they
share a significant overlap in application.

Our first topic with linear algebra. We will start with a simple application—
solving linear systems of equations. As we develop the tools required to
analyse and understand such systems and equations, we will see that the
applications and theory go far beyond this motivational example into ma-
trix algebra and eventually vector spaces, which are the bedrock of linear
algebra. Linear algebra is an absolutely essential tool in the many scientific
fields, including economics, statistics, engineering, optimization, computer
science, control theory, quantum information, and many, many others.

Around six weeks into the semester, we will transition into the study of
differential equations. These equation are used across the natural and
social sciences to model many real-world phenomena, from the motion of
physical objects obeying Newton’s laws, to the interactions between com-
peting species in an ecosystem, to the evolution of financial markets. As
computational power has exploded over the past half century, the analysis
of even extremely complicated systems has become manageable. It remains
a very active area of research and application to date.

In the final two-to-three weeks of the course, we will bring these two top-
ics together to solve the most complicated, and most useful, type of systems
we will see in this course, that of a first-order system of differential
equations. Overall, we will study the following topics (roughly Chapters
1, 2, 3, 4, 5, and 6 of the text):

• Linear Systems of Equations (Chapter 1) (Three Weeks)

• Vector Spaces and Bases (Chapter 2) (Two Weeks)

• Eigenvalue and Eigenvectors (Chapter 5) (One Week)
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• First-Order Differential Equations (Chapter 3) (Four Weeks)

• Second-Order Differential Equations (Chapter 4) (Two Weeks)

• Systems of Differential Equations (Chapter 6) (Two Weeks)

Note: A functional knowledge of the basic concepts from Math 30 and
31 will be assumed throughout this course. In particular, application of
basic differentiation rules and integration techniques such as integration
by parts and partial fraction decomposition will be frequently required
when studying differential equations. A review of these topics will
not be given! A course in multivariate calculus (e.g. Math 32) is
helpful but not required.

Section 2: Linear Systems of Equations

Consider being asked to solve the system of two equations in two unknowns
(x and y): {

x− y = 4

2x + 3y = 3.
(1)

Note that, by a solution to this system, we mean a set of values x and y
which satisfy both equations simultaneously. There are a number of naive,
but motivational, ways we could approach such a problem.

1. Guess and check! This is obviously not a viable option if we do
not have some intuition, but it is worth noting that, if a solution is
proposed, we can very easily check whether it is correct. We simply
need to plug it into the equation. For example, we can check the
following points in (1):

(a) (x, y) = (1, 1)
(1)

=⇒
{

(1)− (1) = 0
2(1) + 3(1) = 5

Since this satisfied neither equation, we have that (1, 1) is not a
solution of the system.
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(b) (x, y) = (4, 0)
(1)

=⇒
{

(4)− (0) = 4
2(4) + 3(0) = 8

Since this satisfied the first equation but not the second, we have
that (4, 0) is not a solution of the system.

(c) (x, y) = (3,−1)
(1)

=⇒
{

(3)− (−4) = 4
2(3) + 3(−1) = 3

Since this satisfied both equations, we have that (3,−1) is a so-
lution of the system. In fact, this is the unique solution of the
set of equations.

It is worth noting that this method, while only practical if we have a
well-educated guess, is very quick. That is, if a proposed solution is
given to us, plugging into the equation is the fastest method by which
to verify (or discredit) it.

2. Geometric approach: It is not difficult to see that the two equations
in (1) can be rearranged into the equivalent form y = x− 4

y = −2

3
x + 1.

(2)

We should quickly recognize these as the standard equations for a
line in the (x, y)-plane. In fact, all equations in two variables except
x =constant have this rearranged form. The lines can be visualized by:

(1,1)

(3,-1)

(4,0)

We can quickly reinforce the interpretation obtained from part 1. We
have that (1, 1) lies of neither line, and there satisfied neither equa-
tion. The point (4, 0) lay on one of the lies, but not the other, so it
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satisfied only one equation. The point (3,−1) lies on both lines (it
is the intersection point) and so satisfies both equations. We can see
geometrically that this point is the unique intersection point of these
two lines, since they clearly diverge in the region not shown.

3. Naive algebraic approach: If we did not know a priori that (3,−1)
was the solution, we could work our way through to the solution of the
system (1) by simply solving for one variable in one of the equations
and then substituting into the next. For this example, we have

x− y = 4 =⇒ x = 4 + y

so that

2x + 3y = 3 =⇒ 2(4 + y) + 3y = 3

=⇒ 8 + 2y + 3y = 3

=⇒ 5y = −5

=⇒ y = −1.

Back substitution yields

x = 4 + y = 4 + (−1) = 3.

This gives the point (3,−1), which we have already verified is the
solution.

The general form for a linear system of m equations in n variables has
the form: 

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
...

...

am1x1 + am2x2 + · · ·+ amnxn = bm

(3)

where aij ∈ R are known real numbers for i = 1, . . . ,m, and j = 1, . . . , n,
and xi ∈ R are unknown for i = 1, . . . , n.

Remark: It is worth taking a step back and considering what it means
for the system of equations (3) to be linear, since this will be the major
classification of systems we will consider in this course (including when
we consider differential equations!). A linear equation only permits the
variables in the expressions to be modified by scalar multiplication and
addition. Examples of terms which are nonlinear include

√
x, sin(y),

4



1/z, x · y, etc.

It turns out that, in general, linear systems are much easier to solve than
nonlinear. In fact, we will development methods completely sufficient
for explicitly solving linear systems of arbitrary size. Consider, however,
being asked to explicitly solve the following nonlinear equation in even
just a single variable:

e−x = x.

Graphing the curves y = e−x and y = x shows us that there must be
a unique solution to the expression, and that it lies somewhere in the
interval 0 ≤ x ≤ 1:

If we were to try to find the intersection point algebraically, however,
we would quickly grow frustrated. We cannot simply rearrange the
expression into a form x equals something else. The best method we
have is a numerical approximation technique such as Newton’s method,
which can find the point to an arbitrary precision if given enough com-
putational resources. The problem with this expression is that e−x is
nonlinear in the variable x.

We will see that with linear systems such problems simply do not arise.
Through our study of linear algebra, we will see that we are able to
develop methods which allow us to firmly answer such questions for
linear systems—and answer many questions about other systems as
well.
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Section 3: Gaussian Elimination

Now consider the following more complicated system of three equations in
three unknowns: 

x− 2y + z = 4

−3x + y + 2z = 13

x + y − z = −6.

(4)

We could still, use our earlier method of solving for one variable at a time,
and then using back substitution. That is, we would solve for x in equation
one, then substitute it into equation two, then solve for y in this equation,
then substitute both x and y into equation three, etc. This method would
work, but would take a little bit of time. We would like to develop a short-
hand method for going through this process.

Our first observation is that when we solve for x in the first equation
and substitute it in the second, what we are really doing is eliminating x
from the second equation. Explicitly solving for x is not the only avenue
available to us for accomplishing this task, and it is also not usually the
easiest. Instead, notice that we could add three of the first equation to the
second equation and get

3(x− 2y + z) = 3(4)

+(−3x + y + 2z) = (13)

−5y + 5z = 25.

It is easy to see that any solution of this final equation is a solution of both
earlier equations. In other words, we have no changed solutions in any way
by combining them like this.

We can perform this process of elimination to the third equation as well.
We have

(x− 2y + z) = (4)

+(−1)(x + y − z) = (−1)(−6)

−3y + 2z = 10.

Replacing the corresponding original equations with these new (equivalent)
ones, we have the new system

x− 2y + z = 4

−5y + 5z = 25

−3y + 2z = 10.
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We notice that the second two equations represent a system of two equations
in two unknown. In other words, we have reduced the size of the problem
we need to solve. We will continue with our current method. We want to
eliminate the variable y from the last equation by finding suitable multiples
of the first two equations. This is more complicated than the previous
example, but with a little work we might realize that we can take 3 of the
second row and −5 of the third row to get:

3(−5y + 5z) = 3(25)

−5(−3y + 2z) = −5(10)

5z = 25.

That is, we have the new system
x− 2y + z = 4

−5y + 5z = 25

5z = 25.

This clearly implies that z = 5. We can substitute this back into −5y+5z =
25 to get −5y+5(5) = 25 =⇒ y = 0. We then have that x−2y+z = 4 gives
x − 2(0) + (5) = 4 =⇒ x = −1. It follows that the solution is (x, y, z) =
(−1, 0, 5).

Since we are writing out x, y, and z at every step of this process, this
might not initially seem like less work. However, we can simply the process
by noting that, at each step in the process, the basic structure of the equa-
tions has remained the same. That is, we always had a system of equations
of the form 

a11x + a12y + a13z = b1

a21x + a22y + a23z = b2

a31x + a32y + a33z = b3.

(5)

As we eliminated variables, only the coefficients of x, y, and z have changed.
If we could find a short-hand way to represent such systems without having
to write x, y and z at every step, we would save ourselves a lot of writing!

To that end, we define the coefficient matrix M to be the grid with the
coefficients of the linear system in the appropriate boxes. For this example,
we write

M =

 a11 a12 a13 b1
a21 a22 a23 b2
a31 a32 a33 b3

 .
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Each row of M denotes a single equation in (5). The general idea behind
this representation of a linear system is that we will be able to do the same
intuitive steps outlined above without writing x, y, and z at every step.

We need to be careful that the operations we perform to eliminate vari-
ables do not accidentally alter the solution of the underlying linear system.
To this end, we are allowed to perform the following elementary row op-
erations on the coefficient matrix M :

1. Interchange any two rows Ri and Rj .

2. Scale rows Ri by a non-zero constant.

3. Add two rows Ri and Rj to form a new row.

It is clear that that operations 1 and 2 may be applied without changing
the solution of the system. The third operation is a little trickier, but is the
same reasoning applied during our previous example. It is very important
that we apply these operations properly, and also to recognize how they
correspond to the underlying linear system.

We now apply these operations to the system (4), with the ultimate goal
of eliminating x from the second and third line, and then eliminating y from
the third line. We have 1 −2 1 4

−3 1 2 13
1 1 −1 −6

 R′
2=3R1+R2−→

 1 −2 1 4
0 −5 5 25
1 1 −1 −6


R′

3=R1−R3−→

 1 −2 1 4
0 −5 5 25
0 −3 2 10

 R′
3=3R2−5R3−→

 1 −2 1 4
0 −5 5 25
0 0 −5 −25


We recall that the last line corresponds to (0)x+ (0)y− 5(z) = −25 so that
we have z = 5. We can back substitute this to get our previous solution.

This process is called Gaussian elimination and the matrix form we
have obtained is called row echelon form. In order to be in row echelon
form, we need to have that:

1. Every row of zeroes appears below every line with non-zero entries.

2. Every row Ri except for the last row is followed by a row Ri+1 which
satisfies the following property: if row Ri has zeroes in its first k
columns, then row Ri+1 has zeroes in (at least) its first k+ 1 columns.
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This corresponds to the structure we expect from successively eliminating
variables. For example, if we eliminate x from all but the first equation, the
resulting coefficient matrix will have zeroes in the first column of every row
except the first.

We can, however, carry this example a little further. The process of back
substitution can also be carried out by using elementary row operations. In
this case, we eliminate the variable z from the first two equations, and then
eliminate y from the first. We have

R′
3=(−1/5)R3−→

 1 −2 1 4
0 −5 5 25
0 0 1 5

 R′
2=R2−5R3−→

 1 −2 1 4
0 −5 0 0
0 0 1 5


R′

1=R1−R3−→

 1 −2 0 −1
0 −5 0 0
0 0 1 5

 R2=−(1/5)R2−→

 1 −2 0 −1
0 1 0 0
0 0 1 5


R′

1=R1+2R2−→

 1 0 0 −1
0 1 0 0
0 0 1 5

 .

This process is called Gauss-Jordan elimination and the matrix form
we have obtained is called row-reduced echelon form. In order to be in
row-reduced echelon form, we need to have that:

1. The matrix is in row echelon form.

2. The leading (i.e. first) coefficient in each row is a one.

3. In each column which has a leading one, all other coefficients are zero.

The advantage of having a matrix in row-reduced echelon form is that
the underlying system of equations corresponding to the final matrix form
gives the solutions directly. For this example, we have

(1)x + (0)y + (0)z = −1

(0)x + (1)y + (0)z = 0

(0)x + (0)y + (1)z = 5.

We can clearly read off the final solution (x, y, z) = (−1, 0, 5).
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Section 4: Multiple & Zero Solutions

The examples we have seen so far have had a common feature: a single
solution. We have not given any consideration as to whether, given an
arbitrary linear system of equations (3), we always end up with a single
solution.

Reconsider the previous example, with a slight modification to the last
equation: 

x− 2y + z = 4

−3x + y + 2z = 13

x− z = −6.

(6)

As with the previous example, we set up our coefficient matrix and perform
Gaussian elimination. We have: 1 −2 1 4

−3 1 2 13
1 0 −1 −6

 R′
2=3R1+R2−→

 1 −2 1 4
0 −5 5 25
1 0 −1 −6


R′

3=R1−R3−→

 1 −2 1 4
0 −5 5 25
0 −2 2 10

 R′
3=2R2−5R3−→

 1 −2 1 4
0 −5 5 25
0 0 0 0

 .

We cannot carry this process any farther since we have eliminated both y
and z from the final equation. Something appears to have gone terribly
wrong, but we should be careful before jumping to the worse case scenario.
The final row corresponds to the equation

(0)x + (0)y + (0)z = 0

or, more simply, the tauntology “0 = 0”. While this is certainly not our best
case scenario, it is not in any way inconsistent with a solution to the first
two equations existing—in fact, we will see that infinitely many solutions
exist for the system. We will say that the remaining two equations are
underdetermined since we have three variables to solve for, but only two
meaningful equations within which to do so.

To determine the solutions we reconsider the geometry of the simpler two
dimensional problem. A linear system of two equations in two unknowns
looks like

a11x + a12y = b1

a21x + a22y = b2.
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We can rearrange these into two equations of the familiar form line form
y = mx + b. The solution corresponds to the intersection of these lines.
There are only three possibilities:

1. The lines intersect at a unique point =⇒ there is a single solution.

2. The lines are parallel and do not intersect at all =⇒ there are no
solutions.

3. The lines are parallel and overlap =⇒ there are an infinite number of
solutions.

    nonparallel
one intersection

      parallel
no intersection

          parallel
infinite intersections

It is more difficult to visualize this in three-dimensions, but the geomet-
ric intuition is always the same. A linear equation in three variables x, y,
and z corresponds to a plane, and three planes may intersect at a unique
point, along a common line, along a common plane (if they all three over-
lap), or not at all. These intersection cases may, however, occur without the
plane being parallel. For instance, by systems (4) (left) and (6) (right) we
have the following three-dimensional pictures:

11



The planes on the left intersect in a unique point, which is the general case.
The planes on the right, however, intersect in a line (which has an infinite
number of points) even though the planes are not parallel.

We will still like to determine a solution or description of the solution
set to (6), so let’s consider the two remaining equations. We have{

x− 2y + z = 4

−5y + 5z = 25.

Let’s continue to put this into row-reduced echelon form. We have

R′
2=−(1/5)R2−→

 1 −2 1 4
0 1 −1 −5
0 0 0 0

 R′
1=R1+2R2−→

 1 0 −1 −6
0 1 −1 −5
0 0 0 0

 .

This corresponds to the system{
x− z = −6

y − z = −5.

It is not hard to convince ourselves that this system has an infinite number
of solutions. In particular, we may choose any value of z we like and then
solve for x = f(z) and y = g(z). In this form, the solution set is given by{

x = −6 + z

y = −5 + z.

For instance, if we select z = 0, we have the point (x, y, z) = (−6,−5, 0),
which we can easily show satisfies the original system of equations. If we
pick z = 3, we have the point (x, y, z) = (−3,−2, 3), which again can easily
be seen to be a solution of the original system of equations. The really
important point to recognize is that any z value will work so there is an
infinite number of solutions.

To see what else can happen, consider the slightly modified system of
equations 

x− 2y + z = 4

−3x + y + 2z = 13

x− z = −5.

(7)
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we set up our coefficient matrix and begin performing Gaussian elimination.
We have: 1 −2 1 4

−3 1 2 13
1 0 −1 −5

 R′
2=3R1+R2−→

 1 −2 1 4
0 −5 5 25
1 0 −1 −5


R′

3=R1−R3−→

 1 −2 1 4
0 −5 5 25
0 −2 2 9

 R′
3=2R2−5R3−→

 1 −2 1 4
0 −5 5 25
0 0 0 5

 .

This looks deceptively similar to our previous example, and we might be
tempted to continue in the same manner as we proceded before. It would
all, however, to incorrect. Recall that the last equation means

(0)x + (0)y + (0)z = 5.

In other words, the equation says 0 = 5, which is a mathematically nonsen-
sical statement. It does not matter what the first two equations evaluate
to, there can be no solution to this system of equations because there is no
solution to the last equation. We will say that the system is inconsistent,
which means that there is no solution.

This is the third possible case. We should be comforted by the somewhat
remarkable fact that, no matter how large of a linear system we happen to
be considering, these three cases are still all can happen. We can either
have:

1. A unique solution—in which case we can find it;

2. An infinite number of solutions—in which case we can determine a set
of free variables which parametrize the set of solutions; or

3. No solution—in which case we say the system is inconsistent (if there
is at least one solution, we say the system is consistent).
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Suggested Problems

1. Determine the solution of the following systems, if one exists. If mul-
tiple solutions exist, write the solution in the form x = f(y).

(a)

{
2x− y = 3

5x + 4y = 0

(b)

{
x− 4y = 4

−2x + 8y = −8

(c)

{
3x + 2y = 2
6x + 4y = 2

(d)

{
−x + 3y = 0
x + 4y = 0

2. Determine the solution of the following systems, if one exists. If mul-
tiple solutions exist, write the solution in the form x = f(z), y = g(z).

(a)


2x + 3y − 4z = 3

2x− y − z = −6
−x + y + 5z = 9

(b)


3x + y − 5z = 6
−x + 2y − 3z = −2

x− y + z = 2

(c)


x + y + 2z = −5

−2x + 3y + z = −5
x + z = −2

(d)


2x + 2y = 0

2x− y − z = 1
2x + 2z = 3
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