
Math 133A, Week 6:
Proofs, Harmonic Motion

Section 1: Proofs

We saw in the last lecture that the general solution of the second-order
differential equation

ay′′ + by′ + cy = 0 (1)

can be found by assuming y(x) = erx. This gives the equation ar2+br+c = 0
which we can solve by the quadratic formula:

r =
−b±

√
b2 − 4ac

2a
. (2)

It b2 − 4ac > 0, we obtain two distinct real-valued roots for r so that
we can simply substitute these values of r into y(x) = erx to get the two
required solutions. It is less clear how the required solution forms arise from
our assumption y(x) = erx when b2 − 4ac ≤ 0. We now take a moment to
demonstration how these solutions arise.

Theorem 1

The general solution of the second-order DE (1) is given by the following:

1. If b2−4ac > 0 the general solution is y(x) = C1e
r1x+C2e

r2x where
r1 and r2 are the two distinct roots of (2).

2. If b2−4ac = 0 the general solution is y(x) = C1e
rx+C2xe

rx where
r is the single repeated root of (2).

3. If b2 − 4ac < 0 the general solution is

y(x) = eαx(C1 cos(βx) + C2 sin(βx))

where r = α+ βi.
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Proof

We know that we only need to find two independent solutions y1(x) and
y2(x) and that the general solution would then be y(x) = C1y1(x) +
C2y2(x).

Case 1: If the guess y(x) = erx produces two distinct real values r1
and r2, we have that y1(x) = er1x and y2(x) = er2x are independent
solutions. It follows that we have

y(x) = C1e
r1x + C2e

r2x.

Case 2: In this case, the guess y(x) = erx only produces the single

solution y1(x) = e−
b
2a
x. To find an independent second solution y2(x),

the requirement is that we have y2(x) 6= Cy1(x). That is, the second
solution may not be a multiple of the first solution, e.g. if y1(x) = e5x,
we cannot accept y2(x) = −3e5x or y2(x) = 7

2e
5x, etc. Any other type

of function will be distinct enough from y1(x) to qualify as a second
foundational solution of our system.

We will incorporate this measure of being “sufficiently different” from

y1(x) = e−
b
2a
x in a very particular way. We introduce a non-constant

function u(x) and set:

y2(x) = u(x)y1(x). (3)

This quantifies the fact that y2(x) and y1(x) must have more variance
between them than just constant multiplication. We now attempt to
solve for u(x) (and therefore y2(x)).

We know that y1(x) = erx is a solution. This means that

ay′′1 + by′1 + cy1 = erx(ar2 + br + c) = 0 (4)

and, since b2 − 4ac = 0, we have that

r = − b

2a
(or, alternatively, 2ar + b = 0) (5)
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It follows from (3) that

y2(x) = u(x)y1(x) = u(x)erx

y′2(x) = u′(x)erx + ru(x)erx

y′′2(x) = u′′(x)erx + 2ru′(x)erx + r2u(x)erx.

Substituting this into the left-hand side of the differential equation gives

ay′′2(x) + by′2(x) + cy2(x)

= a(u′′(x)erx + 2ru′(x)erx + r2u(x)erx)

+ b(u′(x)erx + ru(x)erx) + cu(x)erx

=
(
(ar2 + br + c)u(x) + (2ar + b)u′(x) + au′′(x)

)
erx

Here is where we may finally use our given information. The term
coefficient of u(x) must be zero because y1(x) = erx is a solution (4),
while the coefficient of u′(x) must be zero because r is a repeated root
(8). Since the right-hand side of the equation is zero, we have that, in
order for y2(x) to be a solution, it is enough to have au′′(x)erx = 0. The
only way this can happen is if

u′′(x) = 0 =⇒ u(x) = Ax+B.

It follows that the solution y2(x) is given by

y2(x) = u(x)y1(x) = (Ax+B)erx = Axerx +Berx.

We now have

y(x) = C1y1(x) + C2y2(x) = C1e
rx + C2(Axe

rx +Berx)

= (C1 + C2B)erx + C2Axe
rx = C̃1e

rx + C̃2xe
rx.

Case 3: If the guess y(x) = erx yields a complex conjugate pair, we
have that that r1,2 = α± βi where α = Re(r) and β = Im(r) so that

y1,2(x) = e(α±βi)x = eαxe±βix.

This involves the imaginary number i =
√
−1, while we are clearly only

interested in real-valued solutions. It turns out that we can use some
arithmetic to get rid of the imaginary parts of the equation and find
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two linearly independent real-valued solutions to (1).

It is a well-known fact that

eix = cos(x) + i sin(x).

This formula is known as Euler’s formula (not related to the Euler
method in numerical methods). This formula is not obvious, but it can
be verified by taking the Taylor series expansions of the left- and right-
hand sides of the equation. At any rate, it now follows that we have the
solutions

y1(x) = eαxeβix = eαx (cos(βx) + i sin(βx))

and
y2(x) = eαxe−βix = eαx (cos(βx)− i sin(βx))

We know that any combination of these functions of the form

y(x) = C1y1(x) + C2y2(x)

produces another solution of (1). We will use this to find two new solu-
tions ỹ1(x) and ỹ2(x) which are real-valued.

After trying for a little while, we might notice that

ỹ1(x) =
1

2
y1(x) +

1

2
y2(x) = eαx cos(βx).

Interesting, this new function ỹ1(x) is real-valued even though the two
original functions were complex-valued. We have eliminated all depen-
dence on the complex value i!

We do, however, need a second solution. The method of obtaining this
second real-valued solution is not obvious, but it is easy to verify that
the following holds:

ỹ2(x) = − i
2
y1(x) +

i

2
y2(x) = eαx sin(βx).

That is, we obtain a second independent real-valued solution by taking
a complex combination of the original solutions. The general real-valued
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solution is therefore

y(x) = C1ỹ1(x) + C2ỹ2(x)

= C1e
αx cos(βx) + C2e

αx sin(βx)

and we are done.

Section 2: Pendulum Model

Consider a pendulum acting under the force of gravity (alternatively, an
elongated spring obeying Hooke’s law). Suppose the rest position is x = 0 so
that any displacement to the right corresponds to x > 0 while displacement
to the left corresponds to x < 0.

If we move the pendulum to the right (x > 0), gravity acts against the
pendulum to force it left (F < 0); conversely, if we move the pendulum to
the left (x > 0), gravity acts against the pendulum to force it right (F > 0).
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This gives rise to what is known as a restoring force Frestoring. While it is
clear that this force should act in the opposite direction of the displacement,
it is not so clear what exact form it should take. It is common to assume
that the strength of the restoring force is proportional to the displacement.
That is, we assume there is some k > 0 such that

Frestoring = −kx.
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In most realistic situations, of course, our pendulum would encounter
more that simply a restoring force. The most obvious further force to add is
a damping force Fdamping corresponding to air resistance and/or friction
from the pendulum’s hinge. If we imagine that x′ = 0 corresponds to no
velocity, x′ > 0 corresponds to movement to the right, and x′ < 0 corre-
sponds to movement to the left, we imagine that the damping force should
always acts in the opposite direction as the velocity. It will once again be
convenient to assume that the strength of damping force is proportional to
the velocity. That is, we assume there is some c > 0 such that

Fdamping = −cx′.

We now want to incorporate these assumptions into a differential equa-
tion model for the pendulum. We will invoke Newton’s famous second law
of motion F = ma. We have{

ma = mx′′

F = Frestoring + Fdamping = −kx− cx′.

Our resulting initial value problem is
mx′′ + cx′ + kx = 0,

x(0) = x0,

x′(0) = v0.

(6)

We could derive the same differential equations, with a slightly different
interpretation of the constants involved, by considering a mass-spring ex-
ample obeying Hooke’s law. Surprisingly, the same model also arises for the
current in an RLC electrical circuit.

Note: Even though (6) is a single equation, we require two initial
conditions. We can realize this by considering the pendulum example.
Consider looking at a snapshot of a pendulum at the resting position
x = 0 and asking how the pendulum will move in the next instant. We
should quickly realize that there are three possibilities:

1. The pendulum could truly have been at rest (i.e. it was not
moving), in which case it will stay there.

2. The pendulum could have been swinging to the right, in which
case it will continue to the right, lose speed, and eventually reverse
(or swing over the top).
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3. The pendulum could have been swinging to the left, in which
case it will contnue to the left, lose speed, and eventually reverse
(or swing over the top).

In any case, we see that it is very important to consider not only the
position of the pendulum at the time the snapshot was taken, but also
the velocity—that is, we need two initial conditions.

At this point, we recognize that the initial value problem (6) is exactly
the type of differential equation we have been studying: second-order, lin-
ear, constant coefficient, and homogeneous. The same solution meth-
ods will apply, although we will still have some interpretational questions to
clarify as we get going. Consider the following example.

Example 1

Consider a 2 kg weight attached to the end of a spring which requires
a force of 8 Newtons to stretch one meter. Suppose the spring does not
experience any damping. If the mass is initially stretched 2 meters to
the right and released with an initial velocity of 2 meters per second
to the right, find the solution describing the position of the mass as a
function of time.

Solution: The given information implies that m = 2, k = 8 and c = 0.
This gives the model

2x′′ + 8x = 0

with initial conditions x(0) = 2 and x′(0) = 2. The guess y(x) = erx

gives
erx(2r2 + 8) = 2erx(r2 + 4) = 0

so that r = ±2i. It follows that the general solution has the form

x(t) = C1 cos(2t) + C2 sin(2t).

To find the particular solution satisfying the initial conditions, we must
compute

x′(t) = −2C1 sin(2t) + 2C2 cos(2t).
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The initial conditions give

x(0) = 2 =⇒ C1 = 2

x′(0) = 2 =⇒ 2C2 = 2 =⇒ C2 = 1.

It follows that the particular solution is

x(t) = 2 cos(2t) + sin(2t). (7)

Before we move on to mechanisms with damping, we will consider the
answer (7) in more depth. In these models, we will often see answers of the
form C1 sin(ωt) + C2 cos(ωt). In these cases, it will be often be convenient
to rewrite the answer in the answer in the following form.

Theorem 2

For any constants C1, C2, and ω, we have

C1 cos(ωt) + C2 sin(ωt) = A cos(ωt− α) (8)

where

A =
√
C2
1 + C2

2 , α =


arctan

(
C2

C1

)
, if C1 ≥ 0

arctan

(
C2

C1

)
+ π, if C1 ≤ 0.

Proof

From basic trignometric identifies, we have

A cos(ωt− α) = A cos(α) cos(ωt) +A sin(α) sin(ωt).

In order to satisfy (8), we need to satisfy

A cos(α) = C1

A sin(α) = C2.
(9)
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Squaring and adding the equations gives

A2(cos2(α) + sin2(α)) = C2
1 + C2

2 =⇒ A =
√
C2
1 + C2

2 .

This gives the required value of the amplitude A. To determine α, we
divide the second equation of (8) by the first to get

A sin(α)

A cos(α)
=
C2

C1
=⇒ tan(α) =

C2

C1
=⇒ α = arctan

(
C2

C1

)
.

Notice, however, that the range of arctan(·) is (−π/2, π/2). We cannot
obtain angles outside of this range, which includes everything in quad-
rant II and quadrant III. We notice that the point (C1, C2) is in these
quadrants only if C1 ≤ 0. We must therefore correct these angles by a
factor of π if C1 ≤ 0, and we are done.

The advantage of the form A cos(ωt − α) is that amplitude and phase-
shift of oscillation is clearly identified. Reconsider the last example.

Example 2

Write the solution of Example 1 in the phase-shifted cosine form x(t) =
A cos(ωt+ α).

Solution: We want to put the solution in the form x(t) = A cos(ωt−α).
From Lemma 2, we have C1 = 2 and C2 = 1 so that A =

√
22 + 12 =

√
5

and α = tan−1(1/2) ≈ 0.4636. We can check that (C1, C2) = (2, 1) is
the first quadrant so that we do not need to adjust by a factor of π. It
follows that the solution can be written:

x(t) =
√

5 cos(2t− 0.4636) :
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x

t

x(t)=  5cos(2t-0.4636)

In particular, it follows that the maximum amplitude of oscillation is√
5 meters.

Example 3

Consider an undamped pendulum weighing 1 kg which experiences a
restoring force of ω2 N per meter of displacement. Determine the solu-
tion x(t) for x(0) = 0 and x′(0) = 1.

Solution: We are interested in the initial value problem
x′′ + ω2x = 0,

x(0) = 0,

x′(0) = 1.

(10)

We assume x(t) = ert to get x′′(t) = r2ert so that

x′′ + ω2x = r2ert + ω2ert = ert(r2 + ω2) = 0.

We need r2 = −ω2 so that r = ωi. It follows by our solution forms that

x(t) = C1 cos(ωt) + C2 sin(ωt).

In order to apply the initial conditions x(0) = 0 and x′(0) = 1, we need
to find the derivative of the solution. We have

x′(t) = −C1ω sin(ωt) + C2ω cos(ωt).
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It follows that we have

x(0) = 0 = C1 cos(ω(0)) + C2 sin(ω(0)) = C1

x′(0) = 1 = −C1ω sin(ω(0)) + C2ω cos(ω(0)) = C2.

It follows that C1 = 0 and C2 = 1
ω so that we have the particular

solution

x(t) =
1

ω
sin(ωt).

This tells us that the pendulum oscillates left and right forever with a
period of 2π/ω and amplitude of 1

ω . This oscillatory behavior should
come as no surprise since we have neglected to incorporate any damping
in the system.







Notice that, after rescaling by the mass m, the equation (10) is char-
acteristic of all undamped mechanisms. It follows that an undamped
pendulum will oscillate indefinitely regardless of the mass or strength
of the restoring force.

Section 3: Damping

We now return to more general consideration of (6). In particular, we now
incorporate some damping force c > 0 and ask the question of what solutions
look like. We can perform this analysis directly by guessing x(t) = ert as
usual. This gives

mx′′ + cx′ + kx = ert(mr2 + cr + k) = 0.
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It follows that we have
mr2 + cr + k = 0.

so that

r =
−c±

√
c2 − 4mk

2m
.

Note that the form of the solution is exactly the three cases we have
already discussed. In particular, we may have two distinct real roots (c2 −
4mk > 0), one repeated real room (c2 − 4mk = 0), or a complex conjugate
pair of roots (c2 − 4mk < 0). We should be careful with our interpretation,
however. Notice that oscillations are only possible if c2 − 4mk < 0, since
this is the condition for obtaining sines and cosines in the solution. For
c2− 4mk > 0, then the solution will consist of exponentials. The somewhat
surprising conclusion is that we may eliminate oscillations in our system by
increasing the damping!

In general, we have the following classifications.

Classifications: The system (6) is said to be:

1. undamped if c = 0,

2. underdamped if c2 < 4mk,

3. critically damped if c2 = 4mk, and

4. overdamped if c2 > 4mk.

Example 4

Determine whether the following systems are underdamped, critically
damped, or overdamped:

(a) 3x′′ + 5x′ + 2x = 0

(b) 2x′′ + 8x′ + 8x = 0

(c) x′′ + cx′ + 9x = 0.

Solution: For (a) we have that m = 3, c = 5, and k = 2. It follows
that c2 = (5)2 = 25 and 4mk = 4(3)(2) = 24. Since c2 > 4mk it follows
that the system is overdamped, and will consequently consistent of ex-
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ponential solutions.

For (b) we have that m = 2, c = 8, and k = 8 we have c2 = (8)2 = 64
and 4mk = 4(2)(8) = 64. Since c2 = 4mk is critically damped. It
follows that the system is exactly at the balancing between where, if
there were any more damping, the solutions would be strictly exponen-
tial, while if there was any less damping, the solutions would begin to
oscillate.

For (c) we have that m = 1, c is undetermined, and k = 9 so that
4mk = 4(1)(9) = 36. It follows that the system is

underdamped if 0 < c2 < 36 =⇒ 0 < c < 6

critically damped if c2 = 36 =⇒ c = 6

overdamped if c2 > 36 =⇒ c > 6.

Example 5

Consider a pendulum with a mass of 3kg, subject to a restoring force of
4N/m, and a frictional force of 8N/(m/s). Set up and a solve a differ-
ential equation for the motion of the pendulum.

Solution: We have the governing system of equations

3x′′ + 8x′ + 4x = 0.

We guess x(t) = ert so that

ert
(
3r2 + 8r + 4

)
= 0 =⇒ 3r2 + 8r + 4 = 0.

We have

r =
−8±

√
64− 4(4)(3)

6
=
−4± 2

3

so that r = −2 or r = −2/3. It follows that the general solution is

x(t) = C1e
−2t + C2e

−2/3t.
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We can see that the pendulum experiences exponential decay toward
the equilibrium state x = 0 (since t → ∞ implies x → 0). The system
is overdamped so the pendulum does not experience any oscillations.

Suggested Problems

1. Determine the values of m, c, or k for which the following systems are
critically damped (all derivatives with respect to t):

(a) mx′′ + 4x′ + 4x = 0

(b) 9x′′ + cx′ + 36x = 0

(c) x′′ + x′ + kx = 0

(d) mx′′ + 4x′ + kx = 0

(e) 4x′′ + cx′ + x = 0

(f) mx′′ + cx′ + 25x = 0

2. Show that the following differential equations have the given particular
solutions yp(x). Then determine general solution, and solution to the
given initial value problem. (All derivatives with respect to x.)

(a) y′′ + 2y′ + y = x
yp(x) = x− 2
y(0) = 1, y′(0) = 0

(b) y′′ − 4y = x2 − 1
2

yp(x) = −1
4x

2

y(0) = 2, y′(0) = 0

(c) y′′ + 4y = 3 sin(x)
yp(x) = sin(x)
y(0) = −1, y′(0) = 1

(d) y′′+6y′+10y = 5e−x+10e4x

yp(x) = e−x + e4x

y(0) = 0, y′(0) = 1

3. A 4 kg mass is attached to a spring which has a restoring constant of
9 N/m. Suppose the pendulum is not influenced by damping or any
outside forcing. Suppose the pendulum is initially displaced 2 m to
the right and given an initially thrust of 3 m/s to the right. Set-up
and solve the differential equation which governs the motion of the
pendulum. What is the maximum amplitude of displacement from
x = 0?
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