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1. Short Answer:

(a) Give an example of a non-trivial Bernoulli equation (i.e. n 6= 0 and n 6= 1).[1]

(b) Suppose that yp(x) = x2 − 2x + 1 is a particular solution of y′′ + 2y′ + 2y = g(x).[1]
Determine g(x).

2. True/False:

(a) The integrating factor for y′ − y = sin(x) is µ(x) = e−x.[1]
[ True / False ]

(b) The system x′ = 2x− 4y, y′ = x− 2y has a solution x(t) = 4t, y(t) = 2t− 1.[1]
[ True / False ]

(c) Suppose L{f(x)} = F (s). Then L{f(x− c)uc(x)} = F (s)e−cs.[1]
[ True / False ]

(d) Consider the differential equation 16x′′ + x = A cos(ωt), A > 0. This system expe-[1]
riences resonance when ω = 1

4
.

[ True / False ]
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3. First-Order DEs and Slope Fields:

Consider the following first-order differential equation:

y′ = e−2x − y. (1)

(a) Sketch the slope field of (1) over the range −2 ≤ x ≤ 2, −2 ≤ y ≤ 2.[2]

(b) Determine the solution of (1) with the initial condition y(0) = 0.[3]

(c) What is the long-term (i.e. x→∞) behavior of the solution with initial condition[1]
y(0) = 0? You may use either the slope field found in part (a) or the solution found
in part (b) (or both!).
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4. First-Order DEs:

Solve the following first-order differential equations:

(a) y′ =
y

x
+ 2y2[3]

(b)


(

1 + 2xy

x

)
dx+ (2x+ 3y2) dy = 0

y(1) = 1.

[3]
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5. Systems of First-Order DEs:

Consider the following initial value problem (derivatives with respect to t):{
x′ = x− 2y, x(0) = 0

y′ = −x+ 2y, y(0) = 3
(2)

(a) Sketch the vector field of (2).[2]

(b) Find the solution {x(t), y(t)} to the initial value problem (2).[4]
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6. Second-Order DEs:

Consider the following second-order differential equation (derivatives with respect to x):

4y′′ − 9y′ + 2y = g(x). (3)

(a) Determine the complementary solution yc(x) of (3).[2]

(b) State the form of the trial function yp(x) for (3) given the following candidate func-
tions g(x). [Note: You do not need to solve the constants!]

(i) g(x) = e
1
4
x cos(x)[1]

(ii) g(x) = (x2 − x)e2x[1]

(c) Find the particular solution yp(x) for (3) for g(x) = −15ex + 5e−x. [Note: Now[2]
you have to solve the constants!]
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7. Laplace Transforms:

Compute the following Laplace transforms and inverse Laplace transforms:

(a) L
{
e−2x

(
x2 + 2x+ 1

)}
[1]

(b) L−1
{

s2 + s+ 1

s3 + 2s2 + s

}
[2]

(c) L
{

(x2 − 2x)u2(x)
}

, where u2(x) is the Heaviside function centered at x = 2:[2]

u2(x) =

{
0, 0 ≤ x < 2
1, x ≥ 2.
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8. Applications (Thermal Conduction):

Suppose a tank of liquid is divided into two well-insulated chambers and that a burner
held at 100◦C forces the temperature in the lower chamber. Assuming that temperature
differences between chambers give rise to changing temperature, but that temperature
equilibriates instantaneously within the chambers, Newton’s Law of cooling yields the
following system of differential equations:

{
x′ = −4x+ y + 300

y′ = 4x− 4y. x(t)

y(t)

First chamber

Second chamber

Applied heat T

Given that

[
−4 1
4 −4

]
has eigenvalue/eigenvector pairs λ1 = −6 / v1 = (1,−2), and[5]

λ2 = −2 / v2 = (1, 2), determine the general solution {x(t), y(t)} of the system.
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9. Applications:

Consider a pendulum weighting 1kg and with a restoring force constant of 9N/m and a
damping constant of 6N/(m/s). Suppose we extend the pendulum 1m to the right and
give it an initial kick of 1m/s to the left. Suppose furthermore that there is a right-ward
impulse applied to the pendulum at t = 2s. This gives rise to the follow model:

x′′ + 6x′ + 9x = δ (t− 2) , x(0) = 1, x′(0) = −1. (4)

Use the Laplace transform method to determine the solution x(t) of (4).[5]
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THIS PAGE IS FOR ROUGH WORK
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